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Preface 


This fourth edition of ‘Engineering Mathematics’ 
covers a wide range of syllabus requirements. In 
particular, the book is most suitable for the latest 
National Certificate and Diploma courses and 
Vocational Certificate of Education syllabuses in 
Engineering. 

This text will provide a foundation in mathematical 
principles, which will enable students to solve mathe- 
matical, scientific and associated engineering princi- 
ples. In addition, the material will provide engineer- 
ing applications and mathematical principles neces- 
sary for advancement onto a range of Incorporated 
Engineer degree profiles. It is widely recognised that 
a students’ ability to use mathematics is a key element 
in determining subsequent success. First year under- 
graduates who need some remedial mathematics will 
also find this book meets their needs. 

In Engineering Mathematics 4'" Edition, theory 
is introduced in each chapter by a simple outline of 
essential definitions, formulae, laws and procedures. 
The theory is kept to a minimum, for problem solv- 
ing is extensively used to establish and exemplify 
the theory. It is intended that readers will gain real 
understanding through seeing problems solved and 
then through solving similar problems themselves. 

For clarity, the text is divided into ten topic 
areas, these being: number and algebra, mensura- 
tion, trigonometry, graphs, vectors, complex num- 
bers, statistics, differential calculus, integral calculus 
and further number and algebra. 

This new edition will cover the following syl- 
labuses: 


(i) Mathematics for Technicians, the core unit 
for National Certificate/Diploma courses in 
Engineering, to include all or part of the 
following chapters: 


1. Algebra: 2, 4,5, 8-13, 17, 19, 27, 30 
2. Trigonometry: 18, 21, 22, 24 

3. Statistics: 36, 37 

4. Calculus: 44, 46, 47, 54 


Gi) Further Mathematics for Technicians, 
the optional unit for National Certifi- 
cate/Diploma courses in Engineering, to 
include all or part of the following chapters: 


1. Algebraic techniques: 10, 14, 15, 
28-30, 34, 59-61 

2. Trigonometry: 22—24, 26 

3. Calculus: 44-49, 52-58 

4. Statistical and probability: 36-43 


(iii) Applied Mathematics in Engineering, the 
compulsory unit for Advanced VCE (for- 
merly Advanced GNVQ), to include all or 
part of the following chapters: 


1. Number and units: 1, 2, 4 

2. Mensuration: 17—20 

3. Algebra: 5, 8-11 

4. Functions and graphs: 22, 23, 27 
5. Trigonometry: 21, 24 


(iv) Further Mathematics for Engineering, the 
optional unit for Advanced VCE (formerly 
Advanced GNVQ), to include all or part of 
the following chapters: 


1. Algebra and trigonometry: 5, 6, 


12-15, 21, 25 

2. Graphical and numerical techniques: 
20, 22, 26-31 

3. Differential and integral calculus: 
44-47, 54 


(v) The Mathematics content of Applied Sci- 
ence and Mathematics for Engineering, 
for Intermediate GNVQ 

(vi) Mathematics for Engineering, for Founda- 
tion and Intermediate GNVQ 


(vii) Mathematics 2 and Mathematics 3 for City 
& Guilds Technician Diploma in Telecom- 
munications and Electronic Engineering 

(viii) Any imtroductory/access/foundation co- 


urse involving Engineering Mathematics at 
University, Colleges of Further and Higher 
education and in schools. 


Each topic considered in the text is presented in 
a way that assumes in the reader little previous 
knowledge of that topic. 
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xii ENGINEERING MATHEMATICS 


‘Engineering Mathematics 4 Edition’ provides 

a follow-up to ‘Basic Engineering Mathematics’ 
and a lead into ‘Higher Engineering Mathemat- 
ics’. 
This textbook contains over 900 worked 
problems, followed by some 1700 further 
problems (all with answers). The further problems 
are contained within some 208 Exercises; each 
Exercise follows on directly from the relevant 
section of work, every two or three pages. In 
addition, the text contains 234 multiple-choice 
questions. Where at all possible, the problems 
mirror practical situations found in engineering 
and science. 500 line diagrams enhance the 
understanding of the theory. 

At regular intervals throughout the text are some 
16 Assignments to check understanding. For exam- 
ple, Assignment 1 covers material contained in 
Chapters | to 4, Assignment 2 covers the material 
in Chapters 5 to 8, and so on. These Assignments 
do not have answers given since it is envisaged that 


lecturers could set the Assignments for students to 
attempt as part of their course structure. Lecturers’ 
may obtain a complimentary set of solutions of the 
Assignments in an Instructor’s Manual available 
from the publishers via the internet — full worked 
solutions and mark scheme for all the Assignments 
are contained in this Manual, which is available to 
lecturers only. To obtain a password please e-mail 
j-blackford @elsevier.com with the following details: 
course title, number of students, your job title and 
work postal address. 

To download the Instructor’s Manual visit 
http://www.newnespress.com and enter the book 
title in the search box, or use the following direct 
URL: http://www.bh.com/manuals/0750657766/ 

‘Learning by Example’ is at the heart of ‘Engi- 
neering Mathematics 4" Edition’. 


John Bird 


University of Portsmouth 
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Part 1 Number and Algebra 


i 


Revision of fractions, decimals 


and percentages 


1.1 Fractions 


When 2 is divided by 3, it may be written as 2 or 


2/3. 2 is called a fraction. The number above the 
line, i.e. 2, is called the numerator and the number 
below the line, i.e. 3, is called the denominator. 
When the value of the numerator is less than 
the value of the denominator, the fraction is called 
a proper fraction; thus z is a proper fraction. 
When the value of the numerator is greater than 
the denominator, the fraction is called an improper 
fraction. Thus i is an improper fraction and can also 
be expressed as a mixed number, that is, an integer 


. . . T 
and a proper fraction. Thus the improper fraction 5 


is equal to the mixed number 24. 

When a fraction is simplified by dividing the 
numerator and denominator by the same number, 
the process is called cancelling. Cancelling by 0 is 
not permissible. 


1 2 
Problem 1. Simplify 3 + 7 


The lowest common multiple (i.e. LCM) of the two 
denominators is 3 x 7, Le. 21 

Expressing each fraction so that their denomina- 
tors are 21, gives: 


1 2 1 7 2 3 #7 6 
=-.x = 


Alternatively: 
Step (2) Step (3) 
1 1 
Le (7x 1) + (3x 2) 
3° o> oF - 
ft 
Step (1) 
Step 1: the LCM of the two denominators; 
Step 2: for the fraction i, 3 into 21 goes 7 times, 
7 x the numerator is 7 x 1; 
Step 3: for the fraction 2, 7 into 21 goes 3 times, 
3 x the numerator is 3 x 2. 
1 2 74+6 = 13 
Thus -+ == iu a as obtained previously. 
32°F 21 21 


Problem 2. Find the value of 35 — oi 


One method is to split the mixed numbers into 
integers and their fractional parts. Then 


32 be 342 ete 
3 6 3 6 


pale 3 : 
7 3 6 

4 1 3 1 
=—(-—=—=1]-=1- 


Another method is to express the mixed numbers as 
improper fractions. 
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2 ENGINEERING MATHEMATICS 


Sees Henao = es M 
3 3 3 3 3 
12 1 13 


1 
Similarly, 2—- = —+—-= — 
imularly 6 66 6 


as obtained previously. 


Problem 3. Determine the value of 
5 1 2 


ee eee a 
8 4° 5 


a2 —37 itlse (4— 34+ (2-743) 
43 8 4 5 
5x5-10x1+8x2 
~ 40 
j4 2 n 
40 
40 40 


14 


Problem 4. Find the value of = x 5 


Dividing numerator and denominator by 3 gives: 
1B 14 1 14 1x14 
—-_x—=>-xX oO ES 
i de f° 3 7x5 
Dividing numerator and denominator by 7 gives: 
lx a 1x2 2 
Ax5 1x5 5 
This process of dividing both the numerator and 


denominator of a fraction by the same factor(s) is 
called cancelling. 


Evaluate 2 x oi x 33 
5 3 7 


Problem 5. 


Mixed numbers must be expressed as improper 
fractions before multiplication can be performed. 
Thus, 

3 1 3 

1- x 2-x3- 

5 3 7 


wife?) ( Sa! \g [hae 
A Ss 3 3 1-7 


= on ae 8x1x8 
5 ae A, 5xIxi 
SS 
5 5 


3 
Problem 6. Simplify 5 > 


21 


Multiplying both numerator and denominator by the 
reciprocal of the denominator gives: 


3 ‘B® 3 
7 _1A HM, 4 _3 
a 
21 mB, 


This method can be remembered by the rule: invert 
the second fraction and change the operation from 
division to multiplication. Thus: 

3 12 ! * 3 

7 : 1 B ge = — as obtained previously. 


“ah “Yi, 


1 
Problem 7. Find the value of 53 +7= 


3 


The mixed numbers must be expressed as improper 
fractions. Thus, 
3 eh es 28 22 =4 3 42 


“M58 


Problem 8. Simplify 


(s+a)*(5%5) 


The order of precedence of operations for problems 
containing fractions is the same as that for inte- 
gers, 1.e. remembered by BODMAS (Brackets, Of, 
Division, Multiplication, Addition and Subtraction). 
Thus, 


1 8 3 1 
3 5 4 8 3 
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1 4x245x1 £! 5-3 2 1 2 
= ae 2, b 
3 20 "4 (B) @Matqy 5-713 
2 43 47 
ae ae (D) oe wo 
3.0 1 77 63 
1 26 > @ 1 4 55 
ee 3. (a) 10-—8- (b)3-—4-412 
3° «5 (M) Ny og eg ts 
(5 x 1)— G x 26) 16 17 
= S i ey 
15 me C 21 » | 
nies hte? alee 
is ” eM ag. SY a5 TI9 
5 3 
Hee hy 
6 12 5 
i a 
5 12 ears 
@MexgXty Oxy * 739 
3 
7 i 1\..t 3 4 CE (6) 11 
~ of (35-25) +5 aaa 
6 3 8° 16 2 re i = 
6. Go s=. gts e- 
7. 4-_ At 1 
a (B) 8 64 3. «9 
6. 4°8 16 2 C Be ap a 
7. 5 @f 3 1 a) Te 3 
4 ee ©) are 
: i een iz] 
a es (D) ae Cae 24 
I | 5 a 1 4 
35 82 «I 8. ot (15% )+( : ) 55] 
ee ae (M) 15 7 4° 16 5 
m'3 2 
35+656 1 9. ee ee -=| 
= oS (A) a3 5 126 
691 1 2 1 e494 3 [28 
=—, = A 10. (=x1-)+(=+- i 2— 
24 2 = ° (513) (G+5) +13 | | 
_ 691-12 - 
24 
ee oe 1.2. Ratio and proportion 
my 24 


The ratio of one quantity to another is a fraction, and 
is the number of times one quantity is contained in 
another quantity of the same kind. If one quantity is 
directly proportional to another, then as one quan- 


Now try the following exercise 


Exercise 1 Further problems on fractions tity doubles, the other quantity also doubles. When a 
; quantity is inversely proportional to another, then 
Evaluate the following: as one quantity doubles, the other quantity is halved. 
1 2 7 1 . : 
l @a=+= b—-- Problem 10. A piece of timber 273 cm 
2 5 16 4 long is cut into three pieces in the ratio of 3 


9 3 to 7 to 11. Determine the lengths of the three 
a To (b) = pieces 
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The total number of parts is 3+ 7+ 11, that is, 21. 1 person takes three times as long, 1.e. 
Hence 21 parts correspond to 273 cm 
4 x 3 = 12 hours, 


273 
| part corresponds to ya 13 cm 5 people can do it in one fifth of the time that 


12 
3 parts correspond to 3 x 13 = 39 cm one person takes, that is 7 hours or 2 hours 
7 parts correspond to 7 x 13 = 91 cm 24 minutes. 


11 parts correspond to 11 x 13 = 143 cm Now try the following exercixe 

ic. the lengths of the three pieces are 39 cm, 

91 cm and 143 cm. Exercise 5 Further problems on ratio and 
proportion 

(Check: 39 + 91 + 143 = 273) 

Divide 621 cm in the ratio of 3 to 7 to 13. 


[81 cm to 189 cm to 351 cm] 


Problem 11. A gear wheel having 80 teeth 


When mixing a quantity of paints, dyes of 
four different colours are used in the ratio 
of 7:3:19:5. If the mass of the first dye 
used is 34 g, determine the total mass of 
the dyes used. [17 g] 


is in mesh with a 25 tooth gear. What is the 
gear ratio? 


Gear ratio = 80:25 = BY = ie =3:2 


5 5 Determine how much copper and how 


much zinc is needed to make a 99 kg 
i.e. gear ratio = 16 : 5 or 3.2: 1 brass ingot if they have to be in the 
proportions copper : zinc: :8 : 3 by mass. 
[72 kg : 27 kg] 
Problem 12. An alloy is made up of 
metals A and B in the ratio 2.5: 1 by mass. 
How much of A has to be added to 6 kg of 
B to make the alloy? 


It takes 21 hours for 12 men to resurface 
a stretch of road. Find how many men 
it takes to resurface a similar stretch of 
road in 50 hours 24 minutes, assuming 


the work rate remains constant. [5] 
Ratio A: B: :2.5: 1 (ie. A is to B as 2.5 is to 1) . It takes 3 hours 15 minutes to fly from 
A _ 2.5 = city A to city B at a constant speed. Find 
or — = = 2:5 : : 
B 1 how long the journey takes if 


the speed is 15 times that of the 
original speed and 


A ; (a) 
When B = 6kg, A = 2.5 from which, 


A=6x 2.5 = 15kg if the speed is three-quarters of the 
original speed. 

[(a) 2 h 10 min (b) 4 h 20 min] 
Problem 13. If 3 people can complete a 
task in 4 hours, how long will it take 5 


people to complete the same task, assuming 
the rate of work remains constant 


1.3. Decimals 


The more the number of people, the more quickly | The decimal system of numbers is based on the 
the task is done, hence inverse proportion exists. digits 0 to 9. A number such as 53.17 is called 

a decimal fraction, a decimal point separating the 
3 people complete the task in 4 hours, integer part, i.e. 53, from the fractional part, i.e. 0.17 
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A number which can be expressed exactly as 
a decimal fraction is called a terminating deci- 
mal and those which cannot be expressed exactly 
as a decimal fraction are called non-terminating 
decimals. Thus, ; = 1.5 is a terminating decimal, 
but : = 1.33333... is a non-terminating decimal. 


1.33333... can be written as 1.3, called ‘one point- 
three recurring’. 

The answer to a non-terminating decimal may be 
expressed in two ways, depending on the accuracy 
required: 


(i) correct to a number of significant figures, that 
is, figures which signify something, and 


(ii) correct to a number of decimal places, that is, 
the number of figures after the decimal point. 


The last digit in the answer is unaltered if the next 
digit on the right is in the group of numbers 0, 1, 
2, 3 or 4, but is increased by 1 if the next digit 
on the right is in the group of numbers 5, 6, 7, 8 
or 9. Thus the non-terminating decimal 7.6183... 
becomes 7.62, correct to 3 significant figures, since 
the next digit on the right is 8, which is in the group 
of numbers 5, 6, 7, 8 or 9. Also 7.6183... becomes 
7.618, correct to 3 decimal places, since the next 
digit on the right is 3, which is in the group of 
numbers 0, 1, 2, 3 or 4. 


Problem 14. Evaluate 


42.7 + 3.04 + 8.7 + 0.06 


The numbers are written so that the decimal points 
are under each other. Each column is added, starting 
from the right. 


42.7 
3.04 
8.7 
0.06 


54.50 


Thus 42.7 + 3.04 + 8.7 + 0.06 = 54.50 


Problem 15. Take 81.70 from 87.23 


The numbers are written with the decimal points 
under each other. 
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87.23 
—81.70 


5.53 


Thus 87.23 — 81.70 = 5.53 


Problem 16. Find the value of 


23.4 — 17.83 — 57.6 + 32.68 


The sum of the positive decimal fractions is 
23.4 + 32.68 = 56.08 

The sum of the negative decimal fractions is 
17.83 + 57.6 = 75.43 


Taking the sum of the negative decimal fractions 
from the sum of the positive decimal fractions gives: 


56.08 — 75.43 
ie. —(75.43 — 56.08) = —19.35 


Problem 17. Determine the value of 


74.3 x 3.8 


When multiplying decimal fractions: (i) the numbers 
are multiplied as if they are integers, and (ii) the 
position of the decimal point in the answer is such 
that there are as many digits to the right of it as the 
sum of the digits to the right of the decimal points 
of the two numbers being multiplied together. Thus 


(i) 743 
38 


5944 
22 290 


28 234 


(ii) As there are (1 + 1) = 2 digits to the right of 
the decimal points of the two numbers being 
multiplied together, (74.3 x 3.8), then 


74.3 x 3.8 = 282.34 


Problem 18. Evaluate 37.81 + 1.7, correct 
to (i) 4 significant figures and (ii) 4 decimal 


places 
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37.81+1.7= aah 
1.7 


The denominator is changed into an integer by 
multiplying by 10. The numerator is also multiplied 
by 10 to keep the fraction the same. Thus 


781 
patie 
1.7 x 10 17 


The long division is similar to the long division of 
integers and the first four steps are as shown: 


22.24117.. 


17 ) 378. 100000 


34 
38 


Gi) 37.81 + 1.7 = 22.24, correct to 4 significant 
figures, and 


Gi) 37.81 + 1.7 = 22.2412, correct to 4 decimal 
places. 


Problem 19. Convert (a) 0.4375 to a proper 


fraction and (b) 4.285 to a mixed number 


0.4375 x 10000 
(a) 0.4375 can be written as ee 


; at 10.000 
without changing its value, 
4375 
i.e. 0.4375 = —— 
us 10000 


By cancelling 
4375 875 175-35 7 


10000 2000 400 80 16 


7 
ie. 0.4375 = — 
ie 16 


285 57 


b) Similarly, 4.285 = 42> = 47 
PP: Si eh = a 200 


Problem 20. Express as decimal fractions: 


ae db) 52 
yg ee es 


(a) ‘To convert a proper fraction to a decimal frac- 
tion, the numerator is divided by the denomi- 
nator. Division by 16 can be done by the long 
division method, or, more simply, by dividing 
by 2 and then 8: 


4.50 0.5625 
2 ) 9.00 8 4.5000 
Th : 0.5625 
us, — = 0. 
16 
(b) For mixed numbers, it is only necessary to 
convert the proper fraction part of the mixed 
number to a decimal fraction. Thus, dealing 
with the i gives: 
0.875 


7 
ie. = = 0.875 
8 ) 7.000 8 


7 
Thus 55 = 5.875 


Now try the following exercise 


Exercise 3. Further problems on decimals 


In Problems 1 to 6, determine the values of 
the expressions given: 


1. 23.64 14.71 — 18.9—7.421 [11.989] 
2. 73.84 — 113.247 + 8.21 — 0.068 


[—31.265] 
3. 3.8 4.1 x 0.7 [10.906] 
4. 374.1 x 0.006 [2.2446] 


5. 421.8 = 17, (a) correct to 4 significant 
figures and (b) correct to 3 decimal 
places. 


[(a) 24.81 (b) 24.812] 


0.0147 : 
6. ——, (a) correct to 5 decimal places 


and (b) correct to 2 significant figures. 
[(a) 0.00639 (b) 0.0064] 
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7. Convert to proper fractions: 


(a) 0.65 (b) 0.84 (c) 0.0125 (d) 0.282 
and (e) 0.024 
(a) = (b) ae (c) Zh (d) ade (e) 
20 25 80 500 
8. Convert to mixed numbers: 


(a) 1.82 (b) 4.275 (c) 14.125 (d) 15.35 
and (e) 16.2125 


3 
125 


(a) i= (b) (c) iat 
50 40 8 
(d) is (e) ig 
20 80 


In Problems 9 to 12, express as decimal frac- 
tions to the accuracy stated: 


4 
9. 9° correct to 5 significant figures. 


[0.44444] 


17 
10. 7 correct to 5 decimal place. 


[0.62963] 


9 
11. 1—, correct to 4 significant figures. 


16 
[1.563] 


31 
12. 1357, correct to 2 decimal places. 


[13.84] 


1.4 Percentages 


Percentages are used to give a common standard 
and are fractions having the number 100 as their 


25 
denominators. For example, 25 per cent means T00 


1 
1.e. ri and is written 25%. 


Problem 21. Express as percentages: 


(a) 1.875 and (b) 0.0125 


A decimal fraction is converted to a percentage by 
multiplying by 100. Thus, 
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(a) 1.875 corresponds to 1.875 x 100%, i.e. 
187.5% 


(b) 0.0125 corresponds to 0.0125 x 100%, i.e. 
1.25% 


Problem 22. Express as percentages: 


> and (b) 12 
(a) = and (b) 13 


To convert fractions to percentages, they are (i) con- 
verted to decimal fractions and (ii) multiplied by 100 


5 5 
(a) By division, T6 = 0.3125, hence T6 corre- 


sponds to 0.3125 x 100%, i.e. 31.25% 


2 
(b) Similarly, 1 = 


decimal fraction. 


1.4 when expressed as a 


2 
Hence 15 = 1.4 x 100% = 140% 


Problem 23. It takes 50 minutes to machine 
a certain part. Using a new type of tool, the 


time can be reduced by 15%. Calculate the 
new time taken 


15 750 

1 f inut = — = — 

5% of 50 minutes 100 x 5 100 
= 7.5 minutes. 


hence the new time taken is 

50—7.5 = 42.5 minutes. 
Alternatively, if the time is reduced by 15%, then 
it now takes 85% of the original time, i.e. 85% of 


50 = T00 x 50 = 00 = 42.5 minutes, as above. 


Problem 24. Find 12.5% of £378 


12.5 
12.5% of £378 means T00 x 378, since per cent 


means ‘per hundred’. 


125! 1 
Hence 12.5% of £378 = 100 x 378 = 3 x 378 = 


8 
7 
= = £47.25 
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Problem 25. Express 25 minutes as a 


percentage of 2 hours, correct to the 
nearest 1% 


Working in minute units, 2 hours = 120 minutes. 


25 
Hence 25 minutes is 170 hs of 2 hours. By can- 


: 2 5 
celling, —~ = — 
120 24 


i) ; 
Expressing 7A as a decimal fraction gives 0.2083 


Multiplying by 100 to convert the decimal fraction 
to a percentage gives: 


0.2083 x 100 = 20.83% 


Thus 25 minutes is 21% of 2 hours, correct to the 
nearest 1%. 


Problem 26. A German silver alloy consists 
of 60% copper, 25% zinc and 15% nickel. 


Determine the masses of the copper, zinc and 
nickel in a 3.74 kilogram block of the alloy 


By direct proportion: 
100% corresponds to 3.74 kg 
3.74 
1% corresponds to 700 = 0.0374 kg 


60% corresponds to 60 x 0.0374 = 2.244 kg 
25% corresponds to 25 x 0.0374 = 0.935 kg 
15% corresponds to 15 x 0.0374 = 0.561 kg 


Thus, the masses of the copper, zinc and nickel are 
2.244 kg, 0.935 kg and 0.561 kg, respectively. 


(Check: 2.244 + 0.935 + 0.561 = 3.74) 


Now try the following exercise 


Exercise 4 Further problems percentages 


1. Convert to percentages: 


(a) 0.057 (b) 0.374 = (c) 1.285 
[(a) 5.7% (b) 37.4% (cc) 128.5%] 


2. Express as percentages, correct to 3 


significant figures: 


7 (b 19 ha 
(a) 35 yi (c) 16 


[(a) 21.2% (b) 79.2% (c) 169%] 


Calculate correct to 4 significant figures: 


(a) 18% of 2758 tonnes (b) 47% of 


18.42 grams (c) 147% of 14.1 seconds 


[(a) 496.4 t (b) 8.657 g (c) 20.73 s] 


When 1600 bolts are manufactured, 36 
are unsatisfactory. Determine the percent- 
age unsatisfactory. [2.25%] 


Express: (a) 140 kg as a percentage of 
1 t (b) 47s as a percentage of 5 min 
(c) 13.4 cm as a percentage of 2.5 m 


[(a) 14% (b) 15.67% (c) 5.36%] 


A block of monel alloy consists of 70% 
nickel and 30% copper. If it contains 
88.2 g of nickel, determine the mass of 
copper in the block. [37.8 g] 


A drilling machine should be set to 
250 rev/min. The nearest speed available 
on the machine is 268 rev/min. Calculate 
the percentage over speed. [7.2%] 


Two kilograms of a compound contains 
30% of element A, 45% of element B and 
25% of element C. Determine the masses 
of the three elements present. 


[A0.6kg, BO099kg, C05 kg] 


A concrete mixture contains seven parts 
by volume of ballast, four parts by vol- 
ume of sand and two parts by volume of 
cement. Determine the percentage of each 
of these three constituents correct to the 
nearest 1% and the mass of cement in a 
two tonne dry mix, correct to | significant 
figure. 


(54%, 31%, 15%, 0.3 t] 
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Indices and standard form 


2.1 Indices 


The lowest factors of 2000 are 2x2x2x2x5x5x5. 
These factors are written as 2* x 5°, where 2 and 5 
are called bases and the numbers 4 and 3 are called 
indices. 

When an index is an integer it is called a power. 
Thus, 2* is called ‘two to the power of four’, and 
has a base of 2 and an index of 4. Similarly, 5° is 
called ‘five to the power of 3’ and has a base of 5 
and an index of 3. 

Special names may be used when the indices are 
2 and 3, these being called ‘squared’ and ‘cubed’, 
respectively. Thus 77 is called ‘seven squared’ and 
93 is called ‘nine cubed’. When no index is shown, 
the power is 1, ic. 2 means 2!. 


Reciprocal 


The reciprocal of a number is when the index is 
—1 and its value is given by 1, divided by the base. 


Thus the reciprocal of 2 is 2~! and its value is $ 


or 0.5. Similarly, the reciprocal of 5 is 5~! which 


means : or 0.2 


Square root 


The square root of a number is when the index is a. 
and the square root of 2 is written as 2'/? or 2. The 
value of a square root is the value of the base which 
when multiplied by itself gives the number. Since 
3x3 = 9, then /9 = 3. However, (—3) x (—3) = 9, 
Ne) J9 = —3. There are always two answers when 
finding the square root of a number and this is shown 
by putting both a + and a — sign in front of the 
answer to a square root problem. Thus /9 = +3 
and 41/2 = ./4 = +2, and so on. 


Laws of indices 


When simplifying calculations involving indices, 
certain basic rules or laws can be applied, called 
the laws of indices. These are given below. 


(i) When multiplying two or more numbers hav- 
ing the same base, the indices are added. Thus 


32 x 34 = 3244 = 36 


(ii) When a number is divided by a number having 
the same base, the indices are subtracted. Thus 


(iii) When a number which is raised to a power 
is raised to a further power, the indices are 
multiplied. Thus 


(3°) = 35x2 = 310 


(iv) When a number has an index of 0, its value 
is 1. Thus 3° = 1 


(v) A number raised to a negative power is the 
reciprocal of that number raised to a positive 


h a | Si ilar] : oe 
power. Thus 3~* = 7 Similarly, a = 
(vi) When a number is raised to a fractional power 
the denominator of the fraction is the root of 
the number and the numerator is the power. 
Thus 873 = /92= (2) =4 
and = 257? — /25! = V25! = +5 


(Note that / =V/ ) 


2.2 Worked problems on indices 


Problem 1. Evaluate: (a) 5 x 5°, 


(b) 3 x 34 x 3 and (c) 2 x 2? x 2° 


From law (i): 


(a) 5*x53 =5@+3) = 55 =5x5x5x5x5 = 3125 
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(b) 37x 34x 3 = 304) = 37 


=3x3x--- to7 terms 
= 2187 


(c) 2x 2?x 23 = 2+2+5) — 28 — 256 


Problem 2. Find the value of: 
5 7 


T 5 
(a) 7 and (b) 54 


From law (ii): 


7p 
@) BHT =P =49 


5/7 
o) a= 57-4) — 53 = 125 


Problem 3. Evaluate: (a) 5? x 5° + 54 and 


(b) (3 x 3°) = (3? x 33) 


From laws (i) and (ii): 


52x 53 52+3) 
2 3. 64 __ _ 
(a) Sx StS = 54 
5 
=ase%aslas 
aS ae 
5). (92. 93) _ = 
(b) (3x3°)+@ x3) = 233 = 3a 
36 
= 3 = 3° HHI 


Problem 4. Simplify: (a) (23)* (b) 3’), 


expressing the answers in index form. 


From law (iii): 
(a) (23)4 = 93x4 = 22 (b) (32) = 32x5 = 310 
07) 


10* x 10° 


Problem 5. 


Evaluate: 


From the laws of indices: 
(102)3 1902*3) 10° 
10? x 102 10442) ~ 106 
= 10°° = 10° =1 


Problem 6. Find the value of 
(37) 
3 x 39 


94 
x And ) 


tae x 


From the laws of indices: 
2x24 26+ 27 


@) Tyas = oF = 22> 
1 1 
=3 = 32 
(b) ey _ a = on = 36-10 _ 3-4 
3 x 39 3149 310 
1 1 
== BF 


Now try the following exercise 


Exercise 5 Further problems on indices 


In Problems 1 to 10, simplify the expressions 
given, expressing the answers in index form 
and with positive indices: 


1. (a2) 3? x3* 6) 4x4 x 44 
[(a) 37 (b) 47] 
2. (a)22?x2x2? (b7?xtx7Ix7 
[(a) 2° (b) 71°] 
4 37 
3. (a) B (b) z [(a) 2 (b) 3°] 
4. (a) 59=53 (b) 73/719 
[(a) 5°) (b) 77] 
5. (a (7 (b) (33? [(a) 7° (b) 3°] 
2 23 37 34 
6 OS Os 
[(a) 2 (b) 3°] 
5/ 13° 
1 @aye © Bue 
[(a) 5° (b) 137] 
(9 x 37) (16 x 4)? 
&§ @ Gay © Exe 
[(a) 3+ (b) 1] 
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5? 3° x 3-4 
ig WO, 
‘5 1 
(a) 5“ (b) 3 
2 3 3 4 5 
10. one x7 2>x2" x2 


Tx 7-4 aX D2 x 26 


5 1 
@r OO); 


2.3. Further worked problems on 
indices 


33 x 57 


53 x 34 


Problem 7. Evaluate: 


The laws of indices only apply to terms having the 
same base. Grouping terms having the same base, 
and then applying the laws of indices to each of the 
groups independently gives: 


3 7 3 7 


1 
=3!x5t*=— = — = 208- 
- 3 


Problem 8. Find the value of 


Fe SP xy 
Tx 24 x 33 


Bx 3° x (7) 
Tt x 24 x 33 


Problem 9. Evaluate: 


(a) 41/2 (b) 1637/4 (c) 277/3 (d) 9-1? 


(a) 4/2? —=/4=42 
(b) 16°/4 = 7163 = (+2)? = +8 
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(Note that it does not matter whether the 4th root 
of 16 is found first or whether 16 cubed is found 
first —the same answer will result). 


(ce) 2772 =V2P? = 37 =9 
1 1 1 1 


d) 9712 = = ee YH 
) 9/2 /g 43 +3 


Als x gl/3 


Problem 10. Evaluate: ® x 32-215 


415 — 43? — /43 = 23 =8, 


a6 a2. 04 
1 1 1 1 
~ 32/5 302 PG 
at Segue 8x2 16 
Hence ee iG 


2 —2/5 1 
2? x 32 ine 


and 3272/5 


Alternatively, 
A4l5 x gl/3 [2y 3 x (23)1 oe x 2! 


Px 32-25 2X (B/S PX D2 
= 93+1-2-(-2) = 94 = 16 


32x 5433 x 53 


Problem 11. Evaluate: 
34 x 54 


Dividing each term by the HCF (i.e. highest com- 
mon factor) of the three terms, i.e. 37 x 5%, gives: 


Yue Pes 
ee ae Oe 
34 x 54 7 3% «5? 
32 x 53 
32-2) x 56-3) 4 36-2) x 50 
a 34-2) x 54-3) 


39 x 5743! x 59 


32 x 5! 
1x25+3x1 28 
9x5 ~ 45 


Problem 12. Find the value of 
32 x 5 


34 x 544 33 x 53 
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To simplify the arithmetic, each term is divided by 


the HCF of all the terms, ie. 3? x 5°. Thus 
cae oa 
34 x 54+ 33 x 53 
a? x 5° 
= 32 x 53 
Pus”. x5? 
32x 53 32 x 53 
32-2) x 56-3) 
= FDR SED IED SED 
7” 3) _ 8. 
~ 32x 5143! x 50° 4543 48 


Problem 13. Simplify: 


giving the answer with positive indices 


A fraction raised to a power means that both the 
numerator and the denominator of the fraction are 
43 


33 


A fraction raised to a negative power has the 
same value as the inverse of the fraction raised to a 
positive power. 


a 1 1 52 §2 
Thus, (=) — = SS Le SS SS 


\ 73 3 3 

Similarly, (3) = (3) = > 
4 3 
3 


raised to that power, i.e. (5) = 


43 52 23 

BN an 58 

_ 2 ee ee? 

~~ 33+2) x 5-2) 
2? 

~ 3x5 
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Now try the following exercise 


Exercise 6 Further problems on indices 


In Problems | and 2, simplify the expressions 
given, expressing the answers in index form 
and with positive indices: 


72x 37? 
35 x 74 x 7-3 


1 1 
ee, a 
Os ®) =| 
8-2 x 5% x 374 
252 x 24 x 9-2 
ng 1 
a 35 (b) | 


210 x 52 


33 x 5? 
54 x 34 


I. (a) (b) 


(b) 


1 -l 
3. Evaluate (a) (=) (By 81° 


1/2 
(c) 161 — d) (5) 


a 9 (b) +3 (c) + (d) +5 


In Problems 4 to 8, evaluate the expressions 
given. 


4 9? x 74 147 
"34% 74433 x 7 148 
(24)? = 3-2 x 44 
23 x 162 


(3293/2 (81/3)2 
BP x @YI? xO)? 
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2.4 Standard form 


A number written with one digit to the left of the 
decimal point and multiplied by 10 raised to some 
power is said to be written in standard form. Thus: 
5837 is written as 5.837 x 10° in standard form, 
and 0.0415 is written as 4.15 x 107? in standard 
form. 

When a number is written in standard form, the 
first factor is called the mantissa and the second 
factor is called the exponent. Thus the number 
5.8 x 10° has a mantissa of 5.8 and an exponent 
of 10°. 


(i) Numbers having the same exponent can be 
added or subtracted in standard form by adding 
or subtracting the mantissae and keeping the 
exponent the same. Thus: 

2.3 x 10° + 3.7 x 10° 
= (2.3 + 3.7) x 10* = 6.0 x 104 
and 5.9 x 10°? — 4.6 x 10°? 
= (5.9—4.6)x 107 = 1.3 x 107 
When the numbers have different exponents, 
one way of adding or subtracting the numbers 
is to express one of the numbers in non- 
standard form, so that both numbers have the 
same exponent. Thus: 
2.3 x 10° + 3.7 x 10° 
= 2.3 x 10*+ 0.37 x 10* 
= (2.3 + 0.37) x 104 = 2.67 x 10* 


Alternatively, 


2.3 x 104+ 3.7 x 10° 
= 23 000 + 3700 = 26 700 
= 2.67 x 104 
(ii) The laws of indices are used when multiplying 
or dividing numbers given in standard form. 
For example, 
(2.5 x 10°) x (5 x 107) 
= (2.5 x 5) x (10°*”) 
= 12.5 x 10° or 1.25 x 10° 


Similarly, 
C2 pay yaa eis 
15x 102 1.5 7 


2.5 Worked problems on standard 
form 


Problem 14. Express in standard form: 


(a) 38.71 (b) 3746 (c) 0.0124 


For a number to be in standard form, it is expressed 
with only one digit to the left of the decimal point. 
Thus: 


(a) 38.71 must be divided by 10 to achieve one 
digit to the left of the decimal point and it 
must also be multiplied by 10 to maintain the 
equality, i.e. 


38.71 . 
38.71 = x 10 = 3.871 x 10 in standard 
form 
(b) 3746 au x 1000 = 3.746 x 10° in stan 
— — Pe FI 1 = 
1000 
dard form 
1 1.24 
(c) 0.0124 = 0.0124 x 205 = 
100 100 


= 1.24 x 107? in standard form 


Problem 15. Express the following 
numbers, which are in standard form, as 


decimal numbers: (a) 1.725 x 107? 
(b) 5.491 x 10 (c) 9.84 x 10° 


1.725 
1.725 x 10-2 = —. = 0.01725 
(a) * 100 


(b) 5.491 x 10* = 5.491 x 10000 = 54910 
(c) 9.84 x 10° = 9.84 x 1 = 9.84 (since 10° = 1) 


Problem 16. Express in standard form, 
correct to 3 significant figures: 


3 2 9 
(a) 5 ) 195 © 7415 


www.jntuworld.com 


14. ENGINEERING MATHEMATICS 


3 
(a) 8 = 0.375, and expressing it in standard form 


gives: 0.375 = 3.75 x 107! 


2 . 
(b) 19, = 19.6 = 1.97 x 10 in standard form, 


correct to 3 significant figures 
9 
(c) TaN = 741.5625 = 7.42 x 107 in standard 


form, correct to 3 significant figures 


Problem 17. Express the following 
numbers, given in standard form, as fractions 


or mixed numbers: (a) 2.5 x 107! 
(b) 6.25 x 10-2 (c) 1.354 x 102 


25 2 1 
2. 10°! = ~ = — == 
aaa 10 100. 4 
6.25 625 1 
100 10000 16 


4 2 
1.354 x 10? = 135.4 = 135— = 135— 
(c) 1.354 x 10? = 135 3575 = 1355 


(b) 6.25 x 107? = 


Now try the following exercise 


Exercise 7 Further problems on standard 
form 


In Problems | to 4, express in standard form: 


1. (a) 73.9 (b) 28.4 (c) 197.72 


[® 7.39 x 10 (b) 2.84 x 10] 
(c) 1.9762 x 10 


2. (a) 2748 (b) 33170) (c) 274218 


[® 2.748 x 10° (b) 3.317 x 104] 
(c) 2.74218 x 10° 


3. (a) 0.2401 (b) 0.0174 (c) 0.00923 


[@ 2.401 x 107! (b) 1.74 x 1077) 
(c) 9.23 x 1073 


(b) ue (c) 1302 (d) : 

— Cc — —, 

8 5 32 
(b) 1.1875 x 10 
(d) 3.125 x 1072 


1 


[ 5x 107! 
(c) 1.306 x 107 


In Problems 5 and 6, express the numbers 
given as integers or decimal fractions: 


5. (a) 1.01 x 10? = (b) 9.327 x 10? 
(c) 5.41 x 10* (d)7~x 10° 
[(a) 1010 (b) 932.7 (c) 54100 (d) 7] 


6. (a) 3.89 x 107? 
(c) 8 x 1073 
[(a) 0.0389 


(b) 6.741 x 107! 


(b) 0.6741 (c) 0.008] 


2.6 Further worked problems on 


standard form 


Problem 18. Find the value of: 


(a) 7.9x 10-7 —5.4 x 107? 


(b) 8.3.x 103+5.415 x 103 and 


(c) 9.293 x 107 + 1.3 x 10° expressing the 
answers in standard form. 


Numbers having the same exponent can be added 
or subtracted by adding or subtracting the mantissae 
and keeping the exponent the same. Thus: 
(a) 7.9x 10-7—5.4 x 107? 

= (7.9 —5.4) x 10°? =2.5 x 107” 
(b) 8.3 x 10°+5.415 x 10° 

= (8.3 + 5.415) x 10° = 13.715 x 10° 

= 1.3715 x 104 in standard form 


(c) Since only numbers having the same exponents 
can be added by straight addition of the man- 
tissae, the numbers are converted to this form 
before adding. Thus: 


9.293 x 107+ 1.3 x 10° 
= 9.293 x 107 + 13 x 107 
= (9.293 + 13) x 10° 
= 22.293 x 107 = 2.2293 x 10° 
in standard form. 


Alternatively, the numbers can be expressed as 
decimal fractions, giving: 


9.293 x 107+ 1.3 x 103 
= 929.3 + 1300 = 2229.3 
= 2.2293 x 10° 


in standard form as obtained previously. This 
method is often the ‘safest’ way of doing this 
type of problem. 
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Problem 19. Evaluate 


5x 10° 
(a) (3.75 x 103)(6 x 10*) and (b) ae 
x 


10° 
expressing answers in standard form 


(a) (3.75 x 10°)(6 x 10*) = (3.75 x 6)(10***) 


= 22.50 x 10’ 
= 2.25 x 108 
3.5x 10° 3.5 
bb 22 IO 
0) “A540 oS 


=0.5x10?=5x 10’ 


Now try the following exercise 


Exercise 8 Further problems on standard 
form 


In Problems | to 4, find values of the expres- 
sions given, stating the answers in standard 
form: 


1. (a) 3.7 x 107 +.9.81 x 10? 
(b) 1.431 x 107'+7.3 x 107! 


[(a) 1.351 x 10° (b) 8.731 x 107'] 
2. (a) 4.831 x 107 + 1.24 x 10° 
(b) 3.24 x 10-3 — 1.11 x 107-4 
[(a) 1.7231 x 10? (b) 3.129 x 1074] 


3: 


5. 
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(a) (4.5 x 1072)(3 x 10%) 
(b) 2 x (5.5 x 10*) 


[(a) 1.35 x 102 (b) 1.1 x 105] 


6 x 1073 
3x 10-5 (b) 


[(a) 2 x 107 


(2.4 x 10°)(3 x 1077) 
(4.8 x 104) 
(b) 1.5 x 1077] 


(a) 


Write the following statements in stan- 
dard form: 


(a) The density of 
2710 kg m=3 


[2.71 x 10° kg m7] 
(b) Poisson’s ratio for gold is 0.44 
[4.4 x 107!] 


aluminium is 


(c) The impedance of free space is 
376.73 Q [3.7673 x 107 Q] 


(d) The electron — rest 
0.511 MeV 


energy is 
[5.11 x 107! MeV] 


(e) Proton charge-mass_ ratio is 


95789700 C kg"! 
[9.57897 x 107 C kg~!] 


(f) The normal volume of a perfect gas 
is 0.02241 m? mol! 


[2.241 x 10-? m? mol] 
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3 


Computer numbering systems 


3.1. Binary numbers 


The system of numbers in everyday use is the 
denary or decimal system of numbers, using 
the digits 0 to 9. It has ten different digits 
(0, 1, 2,3, 4,5, 6, 7,8 and 9) and is said to have a 
radix or base of 10. 

The binary system of numbers has a radix of 2 
and uses only the digits 0 and 1. 


3.2 Conversion of binary to decimal 
The decimal number 234.5 is equivalent to 
2x 10°+3x 10'+4x 10°+5x 107! 
i.e. is the sum of terms comprising: (a digit) multi- 
plied by (the base raised to some power). 
In the binary system of numbers, the base is 2, so 
1101.1 is equivalent to: 


ied ei<2?40%2) 41%2741«%2-' 


Thus the decimal number equivalent to the binary 
number 1101.1 is 


1 
ee that is 13.5 


i.e. 1101.1, = 13.549, the suffixes 2 and 10 denot- 
ing binary and decimal systems of numbers respec- 
tively. 


Problem 1. Convert 110115 to a decimal 
number 
From above: 11011, =1x 2*+1x23+0x 2? 


px 21 xo! 
= 16+8+0+2+1 
= 271 


Problem 2. Convert 0.1011. to a decimal 
fraction 


0.10115 =1 x21 +40x%274+1x2> 
+1x 274 


= 0.5 + 0.125 + 0.0625 
= 0.687510 


Problem 3. 
number 


Convert 101.0101, to a decimal 


101.0101, = 1 x 27+0x2!'+1x 2° 
+0x2'4+1x27? 
+0x27 +12" 

=44+04140+40.25 
+ 0+ 0.0625 
= 5.312549 


Now try the following exercise 


Exercise 9 Further problems on conver- 
sion of binary to decimal num- 
bers 


In Problems 1 to 4, convert the binary num- 
bers given to decimal numbers. 


1. (a) 110 (b) 1011 (c) 1110 (@) 1001 
[(a) 610 «(b) lio §=(C) 1410) dd) 910] 
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2. (a) 10101 (b) 11001 (c) 101101 For fractions, the most significant bit of the result 
is the top bit obtained from the integer part of 
(d) 110011 multiplication by 2. The least significant bit of the 
[(a) 2149 (b) 2519 (c) 4519) (d) 5140] result is the bottom bit obtained from the integer 
part of multiplication by 2. 
3. (a) 0.1101 (b) 0.11001 (c) 0.00111 
(d) 0.01011 Thus 0.62549 = 0.101, 


le 0.812519 — (b) | Problem 4. Convert 47,9 to a binary 
(c) 0.2187519 (d) 0.34375 19 number 
4. (a) 11010.11 (b) 10111.011 
(c) 110101.0111 (d) 11010101.10111 From above, repeatedly dividing by 2 and noting the 


O 26.7510 (b) 23.3751 


remainder gives: 


(c) 53.437519 (d) 213.71875 40 2 |47 Remainder 
2 |23 1 
oo 2 (11 1 
3.3. Conversion of decimal to binary 215 1 
An integer decimal number can be converted to a 2|2 1 
corresponding binary number by repeatedly dividing 211 0 
by 2 and noting the remainder at each stage, as 0 1 
hi below f 
shown below for 394 “4 y 
2 [39 Remainder 101 11 41 
219 1 
2/9 1 Thus 4719 = 101111, 
214 1 
2|2 0 Problem 5. Convert 0.40625;0 to a binary 
2,1 0 number 
0 aa 


(most> 1001 1 1¢ (least From above, repeatedly multiplying by 2 gives: 


significant bit) significant bit) 0.40625 x2 = a ieiaa 


The result is obtained by writing the top digit of ¥ 
the remainder as the least significant bit, (a bit is a 0.81251 x 2= ———____—- 1. 1625} 
binary digit and the least significant bit is the one apa 
on the right). The bottom bit of the remainder is the = ca 
most significant bit, i.e. the bit on the left. 10.625; x 2= -—————— l. el 
Thus 39;) = 100111 2 = 

? 0.251 x2= 0.15! 
The fractional part of a decimal number can be con- 
verted to a binary number by repeatedly multiplying m a oe 1.0 
by 2, as shown below for the fraction 0.625 Vy = [- : 

ee Yoyvrgy¥vioy 
0.625 x 2 = 1. | 250 -O 1 1 0 1 
0256 x2= 0. 500) i.e. 0.406259 = 0.01101, 


ey 
19.500; x 2 = 1. 000 Problem 6. Convert 58.3125;0 to a binary 
La a YY | number 

(most significant bit).1 0 1 (least significant bit) 
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The integer part is repeatedly divided by 2, giving: 3.4 Conversion of decimal to binary 


2 |58 Remainder via octal 

2 |29 0 ee — ay 

2 14 1 For decimal integers containing several digits, repe- 
— atedly dividing by 2 can be a lengthy process. In 

217 0 this case, it is usually easier to convert a decimal 

2|3 1 number to a binary number via the octal system of 

2|1 1 numbers. This system has a radix of 8, using the 
0 1 digits 0, 1, 2, 3, 4, 5, 6 and 7. The denary number 

Y equivalent to the octal number 4317s is 


11101 0 
4x 843x8?+1x8!+7~x 8° 


The fractional part is repeatedly multiplied by 2 ;, gy 512+3x 6441x847 1 or 225549 


giving: 
An integer decimal number can be converted to a 
0.3125 x2= 0.625 corresponding octal number by repeatedly dividing 
0.625 x2= 1.25 by 8 and noting the remainder at each stage, as 
0.25 x2= 0.5 shown below for 49319 
05  x2= - 1.0 
0101 8 [493 Remainder 
8 | 61 5 
Thus 58.3125)9 = 111010.0101, 81 7 5 
. , 0 7 
Now try the following exercise 
Exercise 10 Further problems on conver- 7 xD 
sion of decimal to binary 
numbers Thus 493) = 755s 
In Problems | to 4, convert the decimal The fractional part of a decimal number can be con- 
numbers given to binary numbers. verted to an octal number by repeatedly multiplying 


by 8, as shown below for the fraction 0.43751 
1. (a)5 (b) 15 (c) 19 (d) 29 


is 101, (b) 11115 0.4375 x 8= (—3.15) 
(c) 100112 (d) 11101, fie Se | he 
(a) 31 (b) 42 (c) 57. (d) 63 Y ' 


ie 11111, () ea 


(c) 111001, (d) 1111115 


(a) 0.25 (b) 0.21875 (c) 0.28125 
(d) 0.59375 
fe 0.012 (b) aL 


(c) 0.010012 (d) 0.10011 The natural binary code for digits 0 to 7 is shown 
(a) 47.40625  (b) 30.8125 in Table 3.1, and an octal number can be converted 
(c) 53.90625  (d) 61.65625 to a binary number by writing down the three bits 


corresponding to the octal digit. 
be 101111.01101, (b) 11110.1101, 


Thus 437g = 100 O11 1112 
(c) 110101.11101, (d) 111101.10101, 
and 26.35g = 010 110.011 101, 


For fractions, the most significant bit is the top 
integer obtained by multiplication of the decimal 
fraction by 8, thus 


0.437519 = 0.348 
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Table 3.1 


Problem 9. Convert 5613.90625 9 to a 


Octal digit Natural binary number, via octal 
binary number 


0 000 The integer part is repeatedly divided by 8, noting 
1 001 the remainder, giving: 
2 010 
ie 8 [5613 Remainder 
5 101 8 | 701 5 
6 110 8 | 87 5 
7 111 8 10 7 
8 1 2 
The ‘0’ on the extreme left does not signify any- 0 , 4 | 
thing, thus 26.353 = 10 110.011 1012 oe a ae 


Conversion of decimal to binary via octal is demon- 
strated in the following worked problems. This octal number is converted to a binary number, 
(see Table 3.1) 


Problem 7. Convert 3714; to a binary 127553 = 001 010 111 101 1015 
le. 5613;9 = 1010 111 101 101, 


number, via octal 


Dividing repeatedly by 8, and noting the remainder The fractional part is repeatedly multiplied by 8, and 


gives: noting the integer part, giving: 

8 [3714 Remainder 0.90625 x 8= 7.25 

8 | 464 2 0.25 x 8= - 2.00 

8 |_58 0 72 

8| 7 2 

0 7 This octal fraction is converted to a binary number, 
“4 (see Table 3.1) 
720 2 
0.723 = 0.111 0102 

From Table 3.1, 72028 = 111 010 000 010. i.e. 0.90625 19 =0.111 01, 
ie. 371449 = 111 010 000 010, 


Thus, 5613.90625;9 = 1010 111 101 101.111 01, 


Problem 8. Convert 0.59375 ;9 to a binary 
number, via octal Problem 10. Convert 11 110 011.100 O01, 
to a decimal number via octal 


Multiplying repeatedly by 8, and noting the integer 
values, gives: 


Grouping the binary number in three’s from the 
binary point gives: 011 110 011.100 010, 


0.59375 x 8= 4.75 Using Table 3.1 to convert this binary number to 
0.75 x 8= lr 6.00 an octal number gives: 363.423 and 
= 363.42, = 3 x 8° +6 x 8143 x 8° 
Thus 0.59375 19 = 0.46g +4x8!'4+2x8” 


From Table 3.1, 0.46, = 0.100 1105 = 192+48+3+4+0.5 + 0.03125 
ie. 0.593754) = 0.100 115 = 243.5312549 
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Now try the following exercise 


Exercise 11 Further problems on_ con- 
version between decimal and 
binary numbers via octal 


In Problems 1 to 3, convert the decimal 
numbers given to binary numbers, via octal. 


1. (a) 343 
(a) 101010111, 
lO 100111100015 
(b) 0.6875 (c) 0.71875 
(b) 0.101 = 


(b) 572 (c) 1265 
(b) 1000111100 


(a) 0.46875 


ie 0.011115 


(c) 0.10111, 
(a) 247.09375  (b) 514.4375 
(c) 1716.78125 
(a) 11110111.00011> 
(b) 1000000010.0111, 
(c) 11010110100.110015 


Convert the following binary numbers to 
decimal numbers via octal: 


(a) 111.011 1 (b) 101 001.01 
(c) 1 110 011 011 010.001 1 


(a) 7.437510 (b) 41.2510 
(c) 7386.187510 


3.5 Hexadecimal numbers 


The complexity of computers requires higher order 
numbering systems such as octal (base 8) and hex- 
adecimal (base 16), which are merely extensions 
of the binary system. A hexadecimal numbering 
system has a radix of 16 and uses the following 16 
distinct digits: 


0, 1, 2, 3,4, 5, 6, 7, 8,9, A, B,C, D, E and F 


‘A’ corresponds to 10 in the denary system, B to 
11, C to 12, and so on. 


To convert from hexadecimal to decimal: 


For example 
1Aj =1x 16'+A x 16° 
=1x16'+10x1=16+10=26 
ie. Age = 2610 
Similarly, 
2Ei5 = 2x 16'+Ex 16° 
=2x 16'+ 14x 16° = 324 14 = 4649 
and 1BFy5 = 1 x 167 +B x 16'+F x 16° 
=1x16°+11 x 16'+15 x 16° 
= 256 + 176+ 15 = 44719 


Table 3.2 compares decimal, binary, octal and hex- 
adecimal numbers and shows, for example, that 


23190 = 101112 = 27g = 1716 


Problem 11. Convert the following 


hexadecimal numbers into their decimal 
equivalents: (a) 7Aj6 (b) 3Fi6 


(a) 7A =7x 16'+Ax 16°=7~x 164+10x 1 
= 112+ 10 = 122 
Thus 7Aj5 = 12249 
(b) 3Fj65 =3x 16'+Fx 16°=3x 164+15x 1 
= 48+15=63 
Thus, 3F 16 = 6319 


Problem 12. Convert the following 
hexadecimal numbers into their decimal 


equivalents: (a) C916 (b) BDi¢ 


(a) C96 =Cx 16149 x 169 = 12x 164+9x1 
= 1924+9= 201 
Thus C916 = 20119 
(b) BDj6 =Bx 16'+D~x 16° = 11x 164131 
= 176+ 13 = 189 
Thus BD y6 = 18949 


Problem 13. 
number 


Convert 1A4Ej6 into a denary 
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Table 3.2 
Decimal Binary Octal Hexadecimal 
0 0000 0 0 
1 0001 1 1 
2 0010 2 2 
3 0011 3 3 
4 0100 4 4 
5 0101 5 5 
6 0110 6 6 
7 O111 7 7 
8 1000 10 8 
9 1001 11 9 
10 1010 12 A 
11 1011 13 B 
12 1100 14 C 
13 1101 15 D 
14 1110 16 E 
15 1111 17 F 
16 10000 20 10 
17 10001 21 11 
18 10010 22 12 
19 10011 23 13 
20 10100 24 14 
21 10101 25 15 
22 10110 26 16 
23 10111 27 17 
24 11000 30 18 
25 11001 31 19 
26 11010 32 1A 
27 11011 33 1B 
28 11100 34 1C 
29 11101 35 1D 
30 11110 36 1E 
31 11111 37 1F 
32 100000 40 20 
LA4E 16 


=1x16+Ax 167+4~x 16'+Ex 16° 
=1x16°+10x 167+4~x 16'+ 14 x 16° 
= 1x 4096+ 10 x 256+4x 16+14x 1 
= 4096 + 2560 + 64 + 14 = 6734 

Thus, LA4E 46 = 673449 


To convert from decimal to hexadecimal: 


This is achieved by repeatedly dividing by 16 and 
noting the remainder at each stage, as shown below 


for 2610 
16|26 Remainder 
16,1 10=Aj6 
0 1= lhe A 


most significant bit — 1 A < least significant bit 
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Hence 2619 = 1A46 
Similarly, for 447; 
16 |447 Remainder 


16|27 15=Fi¢6 
11=By6 
1 =116 ai 


16 
1BF 


Le 
0 
Thus 44710 = 1BF 16 


Problem 14. Convert the following decimal 


numbers into their hexadecimal equivalents: 
(a) 3719 (b) 10810 


(a) 16 |37 Remainder 
16,2 S=516 
0 2=216 


most significant bit > 2 5 < least significant bit 


Hence 3739 = 2546 
(b) 16|108 Remainder 


16, 6 12=Cy6 
0 6 = 616 
" 

6C 


Hence 10819 = 6C 46 


Problem 15. Convert the following decimal 


numbers into their hexadecimal equivalents: 
(a) 16219 (b) 23940 


(a) 16 [162 Remainder 
16[10 2 = 216 
0 10= Ais | 
A2 
Hence 16249 = A246 
(b) 16 [239 Remainder 
16,14 15=Fyg 
0 M=Ei 
EF 


Hence 23919 = EF 46 


To convert from binary to hexadecimal: 


The binary bits are arranged in groups of four, 
starting from right to left, and a hexadecimal symbol 
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is assigned to each group. For example, the binary 
number 1110011110101001 is initially grouped in 


fours as: 1110 0111 1010 1001 
and a hexadecimal symbol 


assigned to each group as E 7 A 9 
from Table 3.2 


Hence 1110011110101001, = E7A94¢. 


To convert from hexadecimal to binary: 


The above procedure is reversed, thus, for example, 
6CF3)6 = 0110 1100 1111 0011 


from Table 3.2 
le. 6CF3,6= 110110011110011, 


Problem 16. Convert the following binary 
numbers into their hexadecimal equivalents: 


(a) 110101105 (b) 1100111, 


(a) Grouping bits in fours from the 
right gives: 1101 0110 
and assigning hexadecimal symbols 


to each group gives: D 6 
from Table 3.2 


Thus, 11010110, = D646 

(b) Grouping bits in fours from the 
right gives: 0110 O111 
and assigning hexadecimal symbols 


to each group gives: 6 7 


from Table 3.2 
Thus, 1100111, = 67146 


Problem 17. Convert the following binary 
numbers into their hexadecimal equivalents: 


(a) 110011112 (b) 110011110 


(a) Grouping bits in fours from the 
right gives: 1100 1111 
and assigning hexadecimal 


symbols to each group gives: C F 
from Table 3.2 


Thus, 11001111, = CF, 


(b) 


(a) 


(b) 


(a) 


(b) 


Grouping bits in fours from 
the right gives: 0001 1001 1110 
and assigning hexadecimal 


symbols to each group gives: 1 9 E 
from Table 3.2 


Thus, 1100111102 = 19Ej¢ 


Problem 18. Convert the following 
hexadecimal numbers into their binary 


equivalents: (a) 3Fi6 (b) A616 


Spacing out hexadecimal 
digits gives: 3 F 
and converting each into 


binary gives: 0011 1111 
from Table 3.2 


Thus, 3Fy¢6 = 111111, 

Spacing out hexadecimal digits 

gives: A 6 
and converting each into binary 


gives: 1010 0110 
from Table 3.2 
Thus, A6j5 = 10100110, 


Problem 19. Convert the following 
hexadecimal numbers into their binary 


equivalents: (a) 7Bi¢ (b) 17Dj6 


Spacing out hexadecimal 
digits gives: 7 B 
and converting each into 


binary gives: O111 1011 
from Table 3.2 
Thus, 7Big = 11110112 


Spacing out hexadecimal 
digits gives: 1 7 D 
and converting each into 


binary gives: 0001 O111 1101 
from Table 3.2 


Thus, 17D45 = 101111101, 
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Now try the following exercise 9. 11010111, [D716] 


10. 11101010, [EA j6] 


Exercise 12 Further problems on hexa- 
decimal numbers 11. 100010115 [8Bi6] 
In Problems | to 4, convert the given hexadec- 


imal numbers into their decimal equivalents. [ey 2ON00INE [A516] 
1. E7jo [2310] 2. 2Ci6 [4410] In Problems 13 to 16, convert the given hex- 
adecimal numbers into their binary equiva- 
3. 816 [15210] 4. 2F 1li6 [75310] lents. 
In Problems 5 to 8, convert the given decimal 1 7 110111 
numbers into their hexadecimal equivalents. Be Fg aa 
5. 549 [3616] 6. 20019 [C816] te ED Ie Ee 
7. Olio  [5Bu6] 8. 23819 [EE] 15. 9F 16 [100111115] 


In Problems 9 to 12, convert the given binary 16. A2l1\6 [101000100001] 
numbers into their hexadecimal equivalents. 
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4.1 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


4 


Calculations and evaluation of 


formulae 


Errors and approximations 


In all problems in which the measurement of 
distance, time, mass or other quantities occurs, 
an exact answer cannot be given; only an 
answer which is correct to a stated degree of 
accuracy can be given. To take account of this 
an error due to measurement is said to exist. 


To take account of measurement errors it 
is usual to limit answers so that the result 
given is not more than one significant figure 
greater than the least accurate number 
given in the data. 


Rounding-off errors can exist with decimal 
fractions. For example, to state that 7 = 
3.142 is not strictly correct, but ‘27 = 3.142 
correct to 4 significant figures’ is a true state- 
ment. (Actually, mw = 3.14159265 ...) 


It is possible, through an incorrect procedure, 
to obtain the wrong answer to a calculation. 
This type of error is known as a blunder. 


An order of magnitude error is said to exist 
if incorrect positioning of the decimal point 
occurs after a calculation has been completed. 


Blunders and order of magnitude errors can 
be reduced by determining approximate val- 
ues of calculations. Answers which do not 
seem feasible must be checked and the cal- 
culation must be repeated as necessary. 


An engineer will often need to make a 
quick mental approximation for a calcula- 
49.1 x 18.4 x 122.1 


tion. For example, may 
61.2 x 38.1 
50 x 20 x 120 
be approximated to paiabitieea, and then, 
60 x 40 
1 2p} 
by cancelling, pi aaa = 50. An 
1 80 x AO 41 


accurate answer somewhere between 45 and 


55 could therefore be expected. Certainly 
an answer around 500 or 5 would not be 
expected. Actually, by calculator 


49.1 x 18.4 x 122.1 
61.2 x 38.1 


4 significant figures. 


= 47.31, correct to 


Problem 1. 
1 
given by A = —bh. The base b when 


The area A of a triangle is 


measured is found to be 3.26 cm, and the 
perpendicular height h is 7.5 cm. Determine 
the area of the triangle. 


1 1 
Area of triangle = Phd =e x 3.26 x 7.5 = 


12.225 cm? (by calculator). 


1 
The approximate value is ~ x 3 x 8 = 12 cm’, so 


there are no obvious blunder or magnitude errors. 
However, it is not usual in a measurement type 
problem to state the answer to an accuracy greater 
than | significant figure more than the least accurate 
number in the data: this is 7.5 cm, so the result 
should not have more than 3 significant figures 


Thus, area of triangle = 12.2 cm? 


Problem 2. State which type of error has 
been made in the following statements: 


(a) 72 x 31.429 = 2262.9 
(b) 16 x 0.08 x 7 = 89.6 


(c) 11.714 x 0.0088 = 0.3247 correct to 
4 decimal places. 


29.74 x 0.0512 
peer = 0.12, correct to 


2 significant figures. 
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(a) 72 x 31.429 = 2262.888 (by calculator), 
hence a rounding-off error has occurred. The 
answer should have stated: 


72 x 31.429 = 2262.9, correct to 5 significant 
figures or 2262.9, correct to 1 decimal place. 


i exist Siege 
x Uz. x => x — xX — 
100 25 
224 
tet 66 
25°25 


Hence an order of magnitude error has 
occurred. 


(c) 11.714 x 0.0088 is approximately equal to 
12x 9x 1073, i.e. about 108 x 1073 or 0.108. 
Thus a blunder has been made. 


(a) 29.74 0.0512 _ 30x 5 x 107 


11.89 12 
150 is 4 
= = = _ 0 0.125 
12x10 120° 8” 


hence no order of magnitude error has 
29.74 x 0.0512 _ 0.128 


correct to 3 significant figures, which equals 
0.13 correct to 2 significant figures. 


occurred. However, 


Hence a rounding-off error has occurred. 


Problem 3. Without using a calculator, 
determine an approximate value of: 


(a) 11.7 x 19.1 2.19 x 203.6 x 17.91 
a ——— ee 
9.3 x 5.7 12.1 x 8.76 

( 117x191, imatet fw 
a) ———— is approximate equal to 

iax67  ° eee ee 

10 x 20 

e , 1.e. about 4 
10x 5 
11.7 x 19.1 


(By calculator, = 4.22, correct to 


9.3 x 5.7 
3 significant figures.) 


2.19 x 203.6 x 17.91 ns 2x 2200 x 26 2 
12.1 x 8.76 A x 1, 


= 2 x 20 x 2 after cancelling, 


(b) 


CALCULATIONS AND EVALUATION OF FORMULAE = 25 


2.19 x 203.6 x 17.91 


1.e. ~ 80 
12.1 x 8.76 
2.19 x 203.6 x 17.91 
(By calculator, a a = 75.3, 
12.1 x 8.76 


correct to 3 significant figures.) 
Now try the following exercise 


Exercise 13. Further problems on errors 


In Problems | to 5 state which type of error, 
or errors, have been made: 


1. 25 x 0.06 x 1.4= 0.21 
[order of magnitude error] 


137 x 6.842 = 937.4 
Rounding-off error—should add ‘correct 
to 4 significant figures’ or ‘correct to 
1 decimal place’ 


24 x 0.008 


= 10.42 
12.6 ° 


[Blunder] 


For a gas pV = c. When pressure 


p = 103400 Pa and V = 0.54 m? then 
c = 55 836 Pa m’. 
Peete values, hence 


c = 55800 Pa m? 


4.6 x 0.07 
52.3 x 0.274 


Order of magnitude error and rounding- 
off error—should be 0.0225, correct to 
3 significant figures or 0.0225, 

correct to 4 decimal places 


= 0.225 


In Problems 6 to 8, evaluate the expressions 
approximately, without using a calculator. 


6. 4.7x 6.3 [&30 (29.61, by calculator)] 


2.87 x 4.07 
6.12 x 0.96 
ee (1.988, correct to 4 s.f., | 
calculator) 
72.1 x 1.96 x 48.6 
139.3 x 5.2 


eae (9.481, correct to 4 sf., | 
calculator) 
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4.2 Use of calculator 


The most modern aid to calculations is the pocket- 
sized electronic calculator. With one of these, cal- 
culations can be quickly and accurately performed, 
correct to about 9 significant figures. The scientific 
type of calculator has made the use of tables and 
logarithms largely redundant. 

To help you to become competent at using your 
calculator check that you agree with the answers to 
the following problems: 


Problem 4. Evaluate the following, correct 
to 4 significant figures: 


(a) 4.7826 + 0.02713 (b) 17.6941 — 11.8762 
(c) 21.93 x 0.012981 


(a) 4.7826 + 0.02713 = 4.80973 = 4.810, correct 
to 4 significant figures 


(b) 17.6941 — 11.8762 = 5.8179 = 5.818, correct 
to 4 significant figures 


(c) 21.93 x 0.012981 = 0.2846733... = 0.2847, 
correct to 4 significant figures 


Problem 5. Evaluate the following, correct 
to 4 decimal places: 


(a) 46.32 x 97.17 x 0.01258 (b) eh 
a) 46.32 x 97.17 x 0. 
23.76 


1 
(c) 5(62.49 x 0.0172) 


(a) 46.32 x 97.17 x 0.01258 = 56.6215031... = 
56.6215, correct to 4 decimal places 


(b) ee 0.19448653 = 0.1945 tt 
iT me oo =O. , correct to 


4 decimal places 


1 
(©) 5 (62.49 x 0.0172) = 0.537414 = 0.5374, 


correct to 4 decimal places 


Problem 6. Evaluate the following, correct 
to 3 decimal places: 


1 


(a) 1.97 


(b) 


aa 
2 


OF 


52.73 0.0275 9 


1 
(a) =—~ = 0.01896453... = 0.019, correct to 3 
52.73 


decimal places 
1 
0.0275 


3 decimal places 


1 1 


rect to 3 decimal places 


(b) = 36.3636363 ... = 36.364, correct to 


Problem 7. Evaluate the following, 
expressing the answers in standard form, 
correct to 4 significant figures. 


(a) (0.00451)? (b) 631.7 — (6.21 + 2.95)” 
(c) 46.277 — 31.797 


(a) (0.00451)* = 2.03401x10~> = 2.034 x 1075, 
correct to 4 significant figures 


(b) 631.7 — (6.21 + 2.95)? = 547.7944 = 
5.477944 x 102 = 5.478 x 107, correct to 4 
significant figures 


(c) 46.277 — 31.79? = 1130.3088 = 1.130 x 10°, 
correct to 4 significant figures 


Problem 8. Evaluate the following, correct 
to 3 decimal places: 


2.37)" 3.60 \7 5.40\? 
aye! w (7S) +( ) 


0.0526 1.92 2.45 
15 
© Tea 
(a) 2.37" _ 106.785171 106.785 t 
a = . = .785, correc 
0.0526 


to 3 decimal places 


3.60 \7 5.40\7 
(b) ( ) +( ) = 8.37360084... = 


1.92 2.45 
8.374, correct to 3 decimal places 
15 
(c) —— = 0.43202764... = 0.432, cor- 
7.6° — 4.87 


rect to 3 decimal places 
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Problem 9. Evaluate the following, correct 
to 4 significant figures: 


(a) /5.462 (b) /54.62 (c) /546.2 


(a) 5.462 = 2.3370922... = 2.337, correct to 4 
significant figures 


(b) V54.62 = 7.39053448 ... = 7.391, correct to 
4 significant figures 


(c) 7546.2 = 23.370922... = 23.37, correct to 4 
significant figures 


Problem 10. Evaluate the following, correct 
to 3 decimal places: 


(a) V0.007328 (b) V52.91 — 31.76 
(c) ¥ 1.6291 x 104 


(a) 0.007328 = 0.08560373 = 0.086, correct to 
3 decimal places 


(b) V52.91 — V31.76 = 1.63832491... = 1.638, 


correct to 3 decimal places 


(c) V1.6291 x 10? = V16291 = 127.636201 


... = 127.636, correct to 3 decimal places 


Problem 11. Evaluate the following, correct 
to 4 significant figures: 


(a) 4.723 
(c) /76.212 — 29.102 


(b) (0.8316)* 


(a) 4.72? = 105.15404... = 105.2, correct to 4 
significant figures 


(b) (0.8316)* = 0.47825324... = 0.4783, correct 
to 4 significant figures 


(c) 76.217 — 29.10? = 70.4354605 ... = 70.44, 


correct to 4 significant figures 


Problem 12. Evaluate the following, correct 
to 3 significant figures: 


(a) lc (b) </47.291 
2x J/7 , 


(c) /7.2132 + 6.4183 + 3.2914 


CALCULATIONS AND EVALUATION OF FORMULAE = 27 


6.092 
(a) ———__ = 0.74583457... = 0.746, cor- 
95.2 x a/T 


rect to 3 significant figures 


(b) +/47.291 = 3.61625876... = 3.62, correct to 
3 significant figures 


(c) 7.2137 + 6.4183 + 3.2914 = 20.8252991 
... = 20.8, correct to 3 significant figures 


Problem 13. Evaluate the following, 
expressing the answers in standard form, 
correct to 4 decimal places: 


(a) (5.176 x 1073)? 


1.974 x 10! x 8.61 x 10-2\* 
(b) ( ) 


3.462 
(c) V1.792 x 10-4 


(a) (5.176 x 1073)? = 2.679097... x 107° = 
2.6791 x 1075, correct to 4 decimal places 


1.974 x 10! x 8.61 x 10-2\* 
(eee 


3.462 
= 0.05808887... 
= 5.8089 x 1077, 


correct to 4 decimal places 


(c) 1.792 x 10-4 = 0.0133865... 


= 1.3387 x10~?, correct to 4 decimal places 


Now try the following exercise 


Exercise 14 Further problems on use of 
calculator 


In Problems | to 9, use a calculator to evaluate 
the quantities shown correct to 4 significant 
figures: 


1. (a) 3.249*  (b) 73.787 (c) 311.4? 
(d) 0.06397 
be 10.56 (b) 5443 (c) ou 
(d) 0.004083 


2. (a) V4.735 (b) V35.46 (c) V73 280 
(d) 0.0256 


Bs 2.176 (b) 5.955 


(c) 270.7 
(d) 0.1600 
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3. 


10. 


I I 1 
b 

@ 7768 © aeae © O0sie 

d a 

() T7718 
(a) 0.1287 (b) 0.02064 
(c) 12.25 (d) 0.8945 


(a) 127.8 x 0.0431 x 19.8 
(b) 15.76 + 4.329 


[(a) 109.1 

11.82 x 1.736 
0.041 

[(a) 0.2489 


(b) 3.641] 


137.6 


@ 3579 


(b) 
(b) 500.5] 


(a) 13.69 (b) 3.4764 (c) 0.124" 
[(a) 2515 (b) 146.0 (c) 0.00002932] 


(48 x om) 
(a) | ————_ 


7.412 
0.2681 x 41.22\* 
(b) | —————_ 
32.6 x 11.89 
[(a) 0.005559 (b) 1.900] 
14.323 4.8213 
@—— ® sa 
21.68 17.332 — 15.86 x 11.6 
[(a) 6.248 (b) 0.9630] 
. (15.62) 
29.21 x /10.52 


(b) V6.9212 + 4.8163 — 2.1614 
[(a) 1.605 (b) 11.74] 


Evaluate the following, expressing the 
answers in standard form, correct to 
3 decimal places: (a) (8.291 x 1077)* 


(b) V7.623 x 1073 
[(a) 6.874 x 1073 


(b) 8.731 x 1072] 


4.3 Conversion tables and charts 


It is often necessary to make calculations from vari- 
ous conversion tables and charts. Examples include 
currency exchange rates, imperial to metric unit 
conversions, train or bus timetables, production 
schedules and so on. 


(a) 


(b) 


Problem 14. Currency exchange rates for 
five countries are shown in Table 4.1 


Table 4.1 


£1 = 1.46 euros 
£1 = 190 yen 

£1 = 10.90 kronor 
£1=2 
fl=1 


France 
Japan 
Norway 
Switzerland 
U.S.A. 


.15 francs 
52 dollars ($) 


Calculate: 


how many French euros £27.80 will buy 


the number of Japanese yen which can 
be bought for £23 


the pounds sterling which can be 
exchanged for 6409.20 
Norwegian kronor 


the number of American dollars which 
can be purchased for £90, and 


the pounds sterling which can be 
exchanged for 2795 Swiss francs 


£1 = 1.46 euros, hence 
£27.80 = 27.80 x 1.46 euros = 40.59 euros 


£1 = 190 yen, hence 
£23 = 23 x 190 yen = 4370 yen 


£1 = 10.90 kronor, hence 
6409.20 
6409.20 kr =f = £588 
ont = 10.90 


£1 = 1.52 dollars, hence 
£90 = 90 x 1.52 dollars = $136.80 
£1 = 2.15 Swiss francs, hence 


2795 
2795 franc = £—— = £1300 
2.15 


Problem 15. 
metric conversions are shown in Table 4.2 


Some approximate imperial to 


Table 4.2 


1 inch = 2.54cm 
1 mile = 1.61 km 


2.2Ilb = 1kg 
(1 lb = 160z) 
capacity 1.76 pints = 1 litre 
(8 pints = 1 gallon) 


length 


weight 
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Use the table to determine: 


(a) the number of millimetres in 9.5 inches, 


(b) a speed of 50 miles per hour in 


kilometres per hour, 


(c) the number of miles in 300 km, 
(d) the number of kilograms in 30 pounds 


weight, 


(e) the number of pounds and ounces in 


42 kilograms (correct to the nearest 
ounce), 


(f) the number of litres in 15 gallons, and 


(g) the number of gallons in 40 litres. 


(b) 


(d) 
(e) 


(g) 


9.5 inches = 9.5 x 2.54 cm = 24.13 cm 
24.13 cm = 24.13 x 10 mm = 241.3 mm 
50 m.p.h. = 50 x 1.61 km/h = 80.5 km/h 


300 km = = miles = 186.3 miles 


30 
30 1b = —— ke = 13.64 k 
22 “© 8 


42 kg = 42 x 2.2 Ib = 92.4 Ib 


0.41lb = 0.4 x 16 0z = 6.4 0z = 6 02, correct 
to the nearest ounce 


Thus 42 kg = 92 Ib 6 oz, correct to the near- 
est ounce. 


15 gallons = 15 x 8 pints = 120 pints 

‘ 120 .. : 
120 pints = 76 litres = 68.18 litres 
40 litres = 40 x 1.76 pints = 70.4 pints 


. 70.4 
70.4 pints = > gallons = 8.8 gallons 


Now try the following exercise 


Exercise 15 


Further problems conversion 
tables and charts 


Currency exchange rates listed in a news- 
paper included the following: 


Italy £1 = 1.48 euro 
Japan £1 = 185 yen 
Australia £1 = 2.70 dollars 
Canada £1 = $2.40 


Sweden £1 = 13.25 kronor 


Calculate (a) how many Italian euros 
£32.50 will buy, (b) the number of 
Canadian dollars that can be purchased 
for £74.80, (c) the pounds sterling which 
can be exchanged for 14040 yen, (d) the 
pounds sterling which can be exchanged 
for 1754.30 Swedish kronor, and (e) the 
Australian dollars which can be bought 
for £55 


[(a) 48.10 euros 
(c) £75.89 
(e) 148.50 dollars] 


(b) $179.52 
(d) £132.40 


Below is a list of some metric to imperial 
conversions. 


Length 2.54 cm= 1 inch 
1.61 km = 1| mile 


Weight Ikg = 2.2 lb (1 lb = 16 ounces) 
Capacity | litre = 1.76 pints 
(8 pints = | gallon) 


Use the list to determine (a) the number 
of millimetres in 15 inches, (b) a speed of 
35 mph in km/h, (c) the number of kilo- 
metres in 235 miles, (d) the number of 
pounds and ounces in 24 kg (correct to 
the nearest ounce), (e) the number of kilo- 
grams in 15 lb, (f) the number of litres in 
12 gallons and (g) the number of gallons 
in 25 litres. 


(a) 381 mm _—_—(b) 56.35 km/h 
(c) 378.35 km (d) 52 Ib 13 oz 
(e) 6.82 kg (f) 54.55 1 

(g) 5.5 gallons 


Deduce the following information from 
the BR train timetable shown in Table 4.3: 


(a) At what time should a man catch a 
train at Mossley Hill to enable him 
to be in Manchester Piccadilly by 
8.15 am.? 


(b) A girl leaves Hunts Cross at 
8.17 a.m. and travels to Manchester 
Oxford Road. How long does the 
journey take. What is the average 
speed of the journey? 


(c) A man living at Edge Hill has to be 
at work at Trafford Park by 8.45 a.m. 
It takes him 10 minutes to walk to 
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Table 4.3 Liverpool, Hunt’s Cross and Warrington — Manchester 
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his work from Trafford Park sta- The single term on the left-hand side of the 
tion. What time train should he catch equation, v, is called the subject of the formulae. 
from Edge Hill? Provided values are given for all the symbols in 

(a) 7.09 am. a formula except one, the remaining symbol can 


be made the subject of the formula and may be 
evaluated by using a calculator. 


(b) 51 minutes, 32 m.p.h. 
(c) 7.04 a.m.] 


Problem 16. In an electrical circuit the 
voltage V is given by Ohm’s law, i.e. 


V =7R. Find, correct to 4 significant figures, 
the voltage when J = 5.36 A and 
R= 14.76 Q. 


4.4 Evaluation of formulae 


The statement v = u + at is said to be a formula 
for v in terms of u, a and f. 
v, u, a and t are called symbols. V =7R = (5.36)(14.76) 
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Hence, voltage V = 79.11 V, correct to 4 signifi- 
cant figures. 


Problem 17. The surface area A of a hollow 
cone is given by A = zrl. Determine, correct 


to 1 decimal place, the surface area when 
r = 3.0 cm and / = 8.5 cm. 


A =arl = 1(3.0)(8.5) cm? 


Hence, surface area A = 80.1 cm’, correct to 1 


decimal place. 


Problem 18. Velocity v is given by 
v=u-+at. If u= 9.86 m/s, a = 4.25 m/s” 
and t = 6.84 s, find v, correct to 3 significant 
figures. 


v =u tat = 9.86 + (4.25)(6.84) 
= 9.86 + 29.07 = 38.93 


Hence, velocity v = 38.9 m/s, correct to 3 signi- 
ficant figures. 


Problem 19. The power, P watts, dissipated 
in an electrical circuit may be expressed by 

2 
the formula P = —. Evaluate the power, 


correct to 3 significant figures, given that 
V = 17.48 V and R = 36.12 Q. 


V2 _ (17.48)? 305.5504 


P= — = = 
R 36.12 36.12 


Hence power, P = 8.46 W, correct to 3 signifi- 
cant figures. 


Problem 20. The volume V cm? of a right 


a I 
circular cone is given by V = =zr7h. Given 


that r = 4.321 cm and h = 18.35 cm, find 
the volume, correct to 4 significant figures. 


1 2 1 2. 
V = zm? = zm (4.321) (18.35) 


1 
a gree eee.) 
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Hence volume, V = 358.8 cm*, correct to 4 sig- 
nificant figures. 


Problem 21. Force F newtons is given by 

Gmm 

@ 

are masses, d their distance apart and G is a 
constant. Find the value of the force given 
that G = 6.67 x 107!!, m, = 7.36, mz = 15.5 
and d = 22.6. Express the answer in standard 
form, correct to 3 significant figures. 


2 
, where m, and m2 


the formula F = 


(6.67 x 107!!)(7.36)(15.5) 
dz (22.6) 
_ (6.67)(7.36)(15.5) 1.490 


(10!1)(510.76) 10! 


G 
f= mim _ 


Hence force F = 1.49 x 10-" newtons, correct 
to 3 significant figures. 


Problem 22. The time of swing ¢ seconds, 
of a simple pendulum is given by 

l 
t = 27,/—. Determine the time, correct to 3 
& 


decimal places, given that / = 12.0 and 
g=9.81 


t= 20 EY yo 
g 9.81 


= (2)mv 1.22324159 
= (2)m(1.106002527) 


Hence time t¢t = 6.950 
3 decimal places. 


seconds, correct to 


Problem 23. Resistance, RQ, varies with 
temperature according to the formula 


R= Ro(1 + at). Evaluate R, correct to 3 
significant figures, given Rp = 14.59, 
a = 0.0043 and t = 80. 


R= Ro + at) = 14.59[1 + (0.0043)(80)] 
= 14.59(1 + 0.344) 
= 14.59(1.344) 


Hence, resistance, R = 19.6 Q, correct to 3 sig- 
nificant figures. 
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Now try the following exercise 


Exercise 16 Further problems on evalua- 
tion of formulae 


1. 


A formula used in connection with gases 
is R= (PV)/T. Evaluate R when 
P = 1500, V = 5 and T = 200. 

[R = 37.5] 


The velocity of a body is given by 
v =u + at. The initial velocity u is mea- 
sured when time ¢t is 15 seconds and 
found to be 12 m/s. If the accelera- 
tion a is 9.81 m/s? calculate the final 
velocity v. [159 m/s] 


Find the distance s, given that s = $g7”, 
time t = 0.032 seconds and acceleration 
due to gravity g = 9.81 m/s”. 

[0.00502 m or 5.02 mm] 


The energy stored in a capacitor is given 
by E = $CV? joules. Determine the 
energy when capacitance C = 5 x 
10~° farads and voltage V = 240V. 
[0.144 J] 


Resistance R2 is given by 

Ry = R,(1 + at). Find Ro, correct to 
4 significant figures, when R; = 220, 
a = 0.00027 and t = 75.6 [224.5] 


; mass ; F 
Density = . Find the density 


volume 
when the mass is 2.462 kg and the vol- 
ume is 173 cm. Give the answer in units 
of kg/m?. [14230 kg/m?] 


Velocity = frequency x wavelength. 
Find the velocity when the frequency is 
1825 Hz and the wavelength is 0.154 m. 


[281.1 m/s] 


Evaluate resistance Rr, given 


1 1 1 1 
ek oe 
Ro = 7.42 Q and R3 = 12.6 Q. 
[2.526 Q] 
force x distance . 
Power = —W¥—¥———_.. Find the 


time 
power when a force of 3760 N raises an 
object a distance of 4.73 m in 35 s. 


[508.1 W] 


13. 


15. 


17. 


The potential difference, V volts, avail- 
able at battery terminals is given by 
V = E-TIr. Evaluate V when E = 5.62, 
I = 0.70 and R = 4.30 


[V = 2.61 V] 


Given force F = $m(v? — uw’), find F 
when m = 18.3, v = 12.7 and u = 8.24 


[F = 854.5] 
The current J amperes flowing in a num- 
nE 


ber of cells is given by J = 


R+toar 
Evaluate the current when n = 36. 
E = 2.20, R = 2.80 and r = 0.50 


[UT = 3.81 A] 


The time, f seconds, of oscillation for a 
simple pendulum is given by 


1 . : 
t = 2z,/—. Determine the time when 
g 


m = 3.142, | = 54.32 and g = 9.81 
[t = 14.79 s] 


Energy, E joules, is given by the formula 
E = 4LI’. Evaluate the energy when 
L=5.5 and/ = 1.2 [E = 3.96 J] 


The current / amperes in an a.c. circuit 


is given by J = =: Evaluate the 


2 
current when V = 250, R = 11.0 and 
X= 16.2 {J = 12.77 A] 


Distance s metres is given by the for- 
mula s = ut + 4 af. If u = 9.50, 
t = 4.60 and a = —2.50, evaluate the 
distance. 


[s = 17.25 m] 


The area, A, of any triangle is given 


by A = /s(s — a)(s — b)(s — c) where 
at+tb+c . 

Ss = —————. Evaluate the area given 

a = 3.60 cm, b = 4.00 cm and 

c = 5.20 cm. [A = 7.184 cm?] 


Given that a = 0.290, b = 14.86, 
c = 0.042, d = 31.8 and e = 0.650, 


; ab d 
evaluate v, given that v = ,4/— — — 
c e 

[v = 7.327] 


JNTUWORLD 


www.jntuworld.com JNTUWORLD 


CALCULATIONS AND EVALUATION OF FORMULAE = 33 


A 7. Express the following in standard form: 
Assignment 1 5 
(a) 1623 (b) 0.076 (c) [eve (3) 
This assignment covers the material con- 8. Determine the value of the following, 
tained in Chapters | to 4. The marks for giving the answer in standard form: 
each question are shown in brackets at ; 5 
the end of each question. (a) 5.9 x 10° + 7.31 x 10 
(b) 2.75 x 10-7 — 2.65 x 10-7 (4) 
ays 2) 1 9. Convert the following binary numbers to 
1. Simplify (a) oe > oe decimal form: 
1 oa 7 (a) 1101 (b) 101101.0101 (5) 
(Di ege —e  N e e 10. Convert the following decimal number 
el Aa) Yoon 
= x 2- to binary form: 
7 a (9) 
(a) 27 (b) 44.1875 (6) 
A piece of steel, 1.69 m long, is cut 11. Convert the following decimal numbers 
into three pieces in the ratio 2 to 5 to to binary, via octal: 
6. Determine, in centimetres, the lengths 
of the three pieces. (4) (a) 479 (b) 185.2890625 (6) 
12. Convert (a) 5Fj6 into its decimal equiv- 
Evaluate 576.29 alent (b) 132;9 into its hexadecimal 
9 equivalent (c) 110101011, into its hex- 
(a) correct to 4 significant figures ascetinell Souelloia: (6) 
: 13. Evaluate the following, each correct to 4 
(b) correct to 1 decimal place (2) e aa cant figure oe g 
Determine, correct to 1 decimal places, (a) 61.22? (b) a (c) 0.0527 
57% of 17.64 g (2) 0.0419 (3) 
Express 54.7 mm as a percentage of 14. Evaluate the following, each correct to 2 
1.15 m, correct to 3 significant figures. decimal places: 
3) 36.22 x 0.561\? 
Evaluate the following: @) 27.8 x 12.83 
DD W (23 x 16)? 14.692 
OU errige ih NS rraecerore (0) 4) ———— (7) 
2 (8 x 2) V 17.42 x 37.98 
=il 
(c) i (d) (Q)73 15. If 1.6 km = 1 mile, determine the speed 
4? of 45 miles/hour in kilometres per hour. 
3\-2 9 (3) 
5) a 9 16. Evaluate B, correct to 3 significant 
(e) ie (14) figures, when W = 7.20, v = 10.0 and 
WwW 2, 
(5) g=9.81, given thatB=——. (3) 
2g 
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5 
Algebra 


5.1 Basic operations 


Algebra is that part of mathematics in which the 
relations and properties of numbers are investigated 
by means of general symbols. For example, the area 
of a rectangle is found by multiplying the length 
by the breadth; this is expressed algebraically as 
A =I1~x b, where A represents the area, / the length 
and b the breadth. 

The basic laws introduced in arithmetic are gen- 
eralized in algebra. 

Let a, b, c and d represent any four numbers. 
Then: 


Gi) a+(b+c)=(a+b)+ec 
(ii) a(bc) = (ab)c 
(iii) a+tb=b+a 


(iv) ab=ba 
(v) a(b+c)=ab+ac 
~ atb ab 
(vi) =-4+- 
c c oc 
(vil) (a+ b)(c+d)=ac+ad+bce+bd 


Problem 1. Evaluate: 3ab — 2bc + abc 


when a=1,b=3 andc=5 


Replacing a, b and c with their numerical values 


gives: 


3ab — 2bc +aboc =3X¥1X%3-2x3x5 
+1x3x5 
=9-—30+4+15= —-6 


Problem 2. Find the value of 4pqr°, given 


1 1 
hat p= 2.9 aie Pa 
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Replacing p, gq and r with their numerical values 


gives: 
4p’qr’ =4(2) ye) 
pq= 5 5 


1 
ee, 
2° 2D 


Problem 3. 
and —7x 


Find the sum of: 3x, 2x, —x 


The sum of the positive terms is: 3x + 2x = 5x 


The sum of the negative terms is: x+ 7x = 8x 


Taking the sum of the negative terms from the sum 
of the positive terms gives: 


5x — 8x = —3x 
Alternatively 
3x + 2x + (—x) + (—7x) = 3x + 2x — x — 7x 


= —3x 


Problem 4. Find the sum of 4a, 3b, c, —2a, 


—5b and 6c 


Each symbol must be dealt with individually. 


For the ‘a’ terms: +4a—2a= 2a 
For the ‘b’ terms: +3b—5b=—2b 
For the ‘c’ terms: +c+ 6c = 7c 


Thus 
4a+3b+c+ (—2a) + (—5b) + 6c 
= 4a+ 3b+c —2a—5b+ 6c 
= 2a —2b + 7c 


Problem 5. Find the sum of: 5a — 2b, 


2a+c, 4b —5d and b—a+3d—4c 
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The algebraic expressions may be tabulated as 
shown below, forming columns for the a’s, b’s, c’s 
and d’s. Thus: 


+5a — 2b 
+2a + c¢ 

+ 4b — 5d 
—a+ b—4c + 3d 


Adding gives: 6a + 3b — 3c — 2d 


Problem 6. Subtract 2x + 3y — 4z from 


x—2y+5z 


x — 2y+4+ 53z 
2x + 3y — 4z 
Subtracting gives: —x — 5y + 9z 


(Note that +5z — —4z = +5z+ 4z = 9z) 

An alternative method of subtracting algebraic 
expressions is to ‘change the signs of the bottom 
line and add’. Hence: 


x— 2y + 5z 
—2x — 3y + 4z 
Adding gives: —x — 5y + 9z 


Problem 7. Multiply 2a+ 3b bya+b 


Each term in the first expression is multiplied by a, 
then each term in the first expression is multiplied 
by b, and the two results are added. The usual layout 
is shown below. 


2a + 3b 

a+ Db 
Multiplying bya > 2a”? + 3ab 
Multiplying by b > + 2ab + 3b’ 


Adding gives: 2a* + 5ab + 3b? 


Problem 8. 
2x — Sy 


Multiply 3x — 2y? + 4xy by 


ALGEBRA = 35 


3x — 2y + 4xy 
Ix = 
Multiplying . 5y 
by 2x > 6x = Axy? + 8x7y 
Multiplying 
by —Sy—> — 20xy? — 15xy + 10y° 


Adding gives: 6x? — 24xy? + 8x7y — 15xy + 10y? 


Problem 9. Simplify: 2p + 8 pq 


2 
2p + 8pq means This can be reduced by 
Pq 


cancelling as in arithmetic. 


Thus: 2 2 aaa 4 242 
8 pq 8xpxgq 44 


Now try the following exercise 


Exercise 17. Further problems on_ basic 
operations 


Find the value of 2xy + 3 yz — xyz, when 
x=2, y=-—2andz=4 [—16] 


2 
Evaluate 3 pq?r? when p = a= —2 
and r = —1 [—-8] 


Find the sum of 3a, —2a, —6a, 5a and 
4a [4a] 
Add together 2a+3b+4c, —Sa—2b+c, 
4a — 5b — 6c [a — 4b —c] 
Add together 3d+4e, —2e+ f, 2d—3f, 
4d—e+2f —3e [9d — 2e] 


From 4x — 3y + 2z subtract x + 2y — 3z 
[3x — 5y + 5z] 


Subt c es f 4a —3 
ubtract 5a 3 Chron 5 a— 3c 


gga ped 
a anak 


Multiply 3x + 2y by x — y 
[3x? — xy — 2y?] 
Multiply 2a —5b+c by 3a+b 
[6a* — 13ab + 3ac — 5b? + bc] 
Simplify (i) 3a + 9ab (ii) 4a*b + 2a 


c x (ii) 2ab] 
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5.2 Laws of Indices a 1/2g2,2/3 
_ Problem 13. Simplify: piAgi@rl6 and 
He Two OF Indices ate: an evaluate when p = 16, g =9 andr = 4, 
(Gi) a" xa" =a™ (ii) — =a" taking positive roots only 
aos m\n _. ,~mn ‘ m/n _ fom 
le ads Oe =e Using the second law of indices gives: 
(v) a"= - (vi) a =1 pil/2)-G/4) g2-C/2) 2/3) 1/9) — V4 g3/2p 1/2 


When p = 16, g = 9 andr =4, 

Problem 10. Simplify: a°b*c x abc? 
plity pi4gl2pl/2 = (16)"/4(9)3/2(4yh2 

Grouping like terms gives: = (¥16)(V93 (v4) 


3 = (2)(3°)(2) = 108 


aexaxlxbxcxe 


Using the first law of indices gives: vy +xy? 


Problem 14. Simplify: 


ast! ~ p2+3 x cits 


ie. ab xb x ch =a‘brc® 


b 
Algebraic expressions of the form ae can be split 


Problem 11. Simplify: 


: a b 
into — + —. Thus 
all2b2¢-2 x qi/®pl/2¢ coh 


ey paxy? yh xy? 
Using the first law of indices, xy oxy oxy. 


Bryce? x qll/Opliae 5? 13 i 4. 1y2 1 
= gUD+d/9) y p2+M/2) y p-241 = xy? 4y 

= @7p5/2¢-1 ; : ae 
(since x° = 1, from the sixth law of indices) 


3 p24 


b 
Problem 12. Simplify: malt and evaluate 
abc~? 


x?y 


Problem 15. Simplify: —-—— 
xy" — xy 


We = ade 2 


The highest common factor (HCF) of each of the 
three terms comprising the numerator and denomi- 


Using the second law of indices, nator is xy. Dividing each term by xy gives: 


b xy _ xy x 
CO ACD — 6 ‘aay ay ty PS 1 


G xy xy 


abct jaf 
Thus ——y = a'be Problem 16. Simplify: (p3)!/2(q?)4 


1 
When a = 3, b= — andc = 2, 


Using the third law of indices gives: 


abe® = (3) (=) Qy =) (5) (64) = 72 3x (1/2) 2x4 _ » G/2)28 
8 8 i ake ae 
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(mn*)° 


Problem 17. Simplify: (n'2nl/yt 
mi/2n 


The brackets indicate that each letter in the bracket 
must be raised to the power outside. Using the third 
law of indices gives: 

(mn2)3 pind gone 3,6 
(mi/2y 1/44 ~~ mA/2)x4n W/4x4 ~~ 2! 


Using the second law of indices gives: 


_ m>~2n9-! = mn> 


Problem 18. Simplify: 
(a Vb Vc3) (a Vb? c3) and evaluate 


whe a= Gane 


Using the fourth law of indices, the expression can 
be written as: 


(a b"25/2)(q!/252/3¢3) 
Using the first law of indices gives: 


git 1/2) p0/2D+2/3) (5/243 _ 47/2 p7/6 gll/2 


It is usual to express the answer in the same form 
as the question. Hence 


al ple = Jat JpF Jet 


de fll? 
(d3/2e f5/2)2 
expressing the answer with positive indices 
only 


Problem 19. Simplify: 


ALGEBRA 37 
Using the third law of indices gives: 


ep Pe fr 
(d3/2e f 5/22 a def? 


Using the second law of indices gives: 


ge 2 p(1/2) t= 7 160 9/2 
=d'f- since e° = 1 
from the sixth law of indices 
= 1 
> df 9/2 


from the fifth law of indices 


(x2 yl/2)(/x 3/2) 


Problem 20. Simplify: yy? 


Using the third and fourth laws of indices gives: 


(Pye YI) _ GP yh yl y¥3) 
Od y3)1/2 _ 5/2 y3/2 


Using the first and second laws of indices gives: 


AWUD-S/D yU/D+A/)-G/2) = 9-3 


-1/3 


1 
or ys or Wy 
from the fifth and sixth laws of indices. 


Now try the following exercise 


Exercise 18 Further problems on laws of 
indices 


1. Simplify (x? y*z)(@ yz?) and evaluate 


when x= 5, y= 2 andz=3 
rye Be 
, 2 


2. Simplify (a*/7be~?)(al/?b-'!/7c) and 
evaluate when a = 3,b=4 andc=2 


1 
2pl/2 ee A 
c Cc 5) 
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513 
3. Simplify: be and evaluate when a = 
3 9 
> b= oY and c= 3 laro-*e, =| 
In Problems 4 to 10, simplify the given 
expressions: 
ge yhaZ ts [x7/10 1/6 21/2) 
x7!/2y1/32-1/6 y 
5 awb+asb l+a 
. a2b? b 
Z Pa | Pq 
PY — pq g=p 
7. (a’)!/2(b? 3 (el/2 3 [ab®c3/?] 
(abe) 475 11 
8. (@b'e3 pp [a bc ] 
9. (fx J V2 )(/e Vy V2) 
xyVz3] 
(a3b!/2¢-'/2)(apy!/3 
_——— 
(VaBV/Bc) 
6 3 
g''/6p1/3 6-3/2 of Vall a/b 
V3 


5.3. Brackets and factorisation 


When two or more terms in an algebraic expression 

contain a common factor, then this factor can be 

shown outside of a bracket. For example 
ab+ac=a(b+c) 


which is simply the reverse of law (v) of algebra on 
page 34, and 


6px + 2py —4pz = 2px + y — 2z) 


This process is called factorisation. 


Problem 21. Remove the brackets and 


simplify the expression: 


(a+ b)+2(b+c)—4(c+d) 
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Both b and c in the second bracket have to be 
multiplied by 2, and c and d in the third bracket 
by —4 when the brackets are removed. Thus: 


Ba+b)+2(b+c)—4(c+d) 
=3a+b+ 2b + 2c — 4c — 4d 


Collecting similar terms together gives: 
3a + 3b — 2c — 4d 


Problem 22. Simplify: 


a’ — (2a — ab) — a(3b +a) 


When the brackets are removed, both 2a and —ab 
in the first bracket must be multiplied by —1 and 
both 3b and a in the second bracket by —a. Thus 


a’ — (2a — ab) — a(3b +a) 
=a’ —2a+ ab —3ab— a’ 
Collecting similar terms together gives: —2a — 2ab 


Since —2a is a common factor, the answer can be 
expressed as: —2a(1 +5) 


Problem 23. Simplify: (a+ b)(a— b) 


Each term in the second bracket has to be multiplied 
by each term in the first bracket. Thus: 


(a+ b)\(a—b)=a(a—b)+ b(a—b) 
=a’ —ab+ab—b’ 


= a2 a b2 
Alternatively a+ b 
a— b 
Multiplying by a > a’ + ab 


Multiplying by —b > =ab—p 


Adding gives: a =p 


Problem 24. Simplify: (3x — 3y)? 


(2x — 3y)° = (2x — 3y)(2x — 3y) 
= 2x(2x — 3y) — 3y(2x — 3y) 
= 4x? — 6xy — 6xy + Dy? 
= 4x? — 12xry + 9y? 
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Alternatively, 2x — 3y 

2x — 3 y 
Multiplying by 2x > 4x* — 6xy 
Multiplying by —3y > — 6xy +9y* 


Adding gives: Ae = 12xy + 9y* 


Problem 25. Remove the brackets from the 
expression: 2[p” — 3(q¢+r)+ q’] 


In this problem there are two brackets and the ‘inner’ 
one is removed first. 
Ip? -3q+n)+q'] 

= 2p’ —3q-3r+q'] 

= 2p” — 6q — 6r +. 2q? 


Hence, 


Problem 26. Remove the brackets and 
simplify the expression: 


2a — [3{2(4a — b) — 5(a + 2b)} + 4a] 


Removing the innermost brackets gives: 
2a — [3{8a — 2b — 5a — 10b} + 4a] 


Collecting together similar terms gives: 
2a — [3{3a — 12b} + 4a] 

Removing the ‘curly’ brackets gives: 
2a — [9a — 36b + 4a] 

Collecting together similar terms gives: 
2a — [13a — 36D] 

Removing the outer brackets gives: 
2a — 13a + 36b 

ie. —lla+36b or 36b— Illa 


(see law (iii), page 34) 


Problem 27. Simplify: 


x(2x — 4y) — 2x(4x + y) 


Removing brackets gives: 
Oy? = Axy = 8x" = Ixy 
Collecting together similar terms gives: 


— 6x” — 6xy 


Factorising gives: 
—6x (x +y) 


since —6x is common to both terms 


Problem 28. Factorise: (a) xy — 3xz 


(b) 4a? + 16ab> (c) 3a2b — 6ab? + 15ab 


For each part of this problem, the HCF of the terms 
will become one of the factors. Thus: 


(a) xy —3xz=x(y — 3z) 
(b) 4a? + 16ab? = 4a(a + 4b) 
(c) 3a*b — 6ab* + 15ab = 3ab(a — 2b +5) 


Problem 29. Factorise: ax — ay + bx — by 


The first two terms have a common factor of a and 
the last two terms a common factor of b. Thus: 


ax —ay+bx —by=a(x— y)+d— y) 


The two newly formed terms have a common factor 
of (x — y). Thus: 


ax —y)+ba-—y)=@—y)@+t+b) 


Problem 30. Factorise: 


2ax — 3ay + 2bx — 3by 


ais acommon factor of the first two terms and b a 
common factor of the last two terms. Thus: 


2ax — 3ay + 2bx — 3by 
= a(2x — 3y) + b(2x — 3y) 
(2x — 3y) is now a common factor thus: 
a(2x — 3y) + b(2x — 3y) 
= (2x — 3y)(a +b) 


Alternatively, 2x is a common factor of the original 
first and third terms and —3y is a common factor of 
the second and fourth terms. Thus: 

2ax — 3ay + 2bx — 3by 


= 2x(a+ b) —3y(a+b) 
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(a + b) is now a common factor thus: 
2x(a + b) — 3y(a+b) = (a +b) (2x — 3y) 


as before 


Problem 31. Factorise x? + 3x2 —x —3 


2 


x° is a common factor of the first two terms, thus: 


43x? —x-3 =x*(x+ 3) -—x-3 


—1 is a common factor of the last two terms, thus: 


ix 3)—x=3 =x’(¢+3)— 1x +3) 
(x + 3) is now a common factor, thus: 
x(x +3)— 1443) = @ +3)? —1) 
Now try the following exercise 
Exercise 19 Further problems on_brac- 
kets and factorisation 
In Problems | to 9, remove the brackets and 
simplify where possible: 
(x + 2y) + (2x — y) [3x + y] 
2(x — y) — 3(y — x) [S@ — y)] 
Ap + 3qg=1) —47—g+2p) +P 
[—5p + 10q — 6r] 
[a* + 3ab + 2b7] 
[3p? + pq — 2q7] 


(a+ b)(a + 2b) 
(p + q)3p — 2q) 


(i) (@ —2y)* (ii) Ba — bY 


(i) x? — 4xy + 4y? 
(ii) 9a — 6ab + b* 


3a + 2[a — (a — 2)] [4 — a] 
2 — S[a(a — 2b) — (a — b)?] 


[2+ 5b7] 
9. 24p — [2363p — 4) — 2(p + 2q)) + 34] 
[1lq — 2p] 
In Problems 10 to 12, factorise: 
10. (i) pb + 2pe (ii) 2q? + 8qn 
[G) p(b+2c) (ii) 2q(q + 4n)] 


11. (i) 21a?b? —28ab (ii) 2xy? + 6x7 y+8x7 y 
(i) 7ab(3ab — 4) 
(ii) 2xy(y + 3x + 4x7) 


12. (Gi) ay+by+a+b Gi) px+qxt+ py+qy 
(iii) 2ax + 3ay — 4bx — 6by 


(i) (a+ b)\(y +1) 
(ii) (p+ q)@ + y) 
(iii) (a — 2b)(2x + 3y) 


5.4 Fundamental laws and precedence 


The laws of precedence which apply to arithmetic 
also apply to algebraic expressions. The order is 
Brackets, Of, Division, Multiplication, Addition and 
Subtraction (i.e. BODMAS). 


Problem 32. Simplify: 2a+5a x 3a—a 


Multiplication is performed before addition and sub- 
traction thus: 


2a + 5a x 3a—a=2a+ 15a*—a 
=a + 15a? or a(1 + 15a) 


Problem 33. Simplify: (a+ 5a) x 2a — 3a 


The order of precedence is brackets, multiplication, 
then subtraction. Hence 


(a+ 5a) x 2a — 3a = 6a x 2a — 3a 
= 12a” — 3a 
or 3a (4a — 1) 


Problem 34. Simplify: a+ 5a x (2a — 3a) 


The order of precedence is brackets, multiplication, 
then subtraction. Hence 


a+5ax (Qa—3a)=a+5ax —a 
=qtusa 


=a — 5a” or a(1— 5a) 


Problem 35. Simplify: a + 5a+ 2a — 3a 
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The order of precedence is division, then addition 
and subtraction. Hence 


3a = a +2a— 3a 


+5 2. 
a a+ 2a 5a 


ee ae 
=%3 a i=; a 


Problem 36. Simplify: a + (5a + 2a) — 3a 


The order of precedence is brackets, division and 
subtraction. Hence 


a-~ (5a + 2a) —3a=a~Ta— 3a 
a 1 


Problem 37. Simplify: 


3c + 2c x 4c+c+5c— 8c 


The order of precedence is division, multiplication, 
addition and subtraction. Hence: 


3c + 2c x 4c+c+5c— 8c 
ee ee 
5c 


1 
= 3¢ + 8c° + = — 8c 


a ae ee or c(8e —5) +4 
5 5 


Problem 38. Simplify: 


3c + 2c x 4c +c + (5c — 8c) 


The order of precedence is brackets, division, mul- 
tiplication and addition. Hence, 


3c + 2c x 4c +c + (5c — 8c) 
= 3c+2c x 4c +c¢+—3c 
= Sede tee 


—3c 
c 1 
Now — = — 
—3c -3 
Multiplying numerator and denominator by —1 
gives: 
1x-l1, 1 
—— ie -= 
—3x-1 3 
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Hence: 
qed Mex dede 
—3c 
1 
eee 
1 1 
=3c+8c7—= or c(3+8c)— = 
_ oe \~3 


Problem 39. Simplify: 


(3c + 2c)(4c + c) + (5c — 8c) 


The order of precedence is brackets, division and 
multiplication. Hence 


(3c + 2c)(4c + c) + (5c — 8c) 
= 5c x 5c + —3c = 5c x 2s 
—3c 
25 


=5 -- => 
Cx 3 3° 


Problem 40. Simplify: 


(2a —3)+4a+5 x 6—3a 


The bracket around the (2a — 3) shows that both 2a 
and —3 have to be divided by 4a, and to remove the 
bracket the expression is written in fraction form. 


Hence, (2a—3)+4a+5 x 6-—3a 

2a — 

a ee ig ay 
2a — 3 

= 30-3 
4a a - 
2a 3 

a ee 

ae 3 430 3 

~ 3 4a i 
1 3 

= 30— — — — 3a 
2 4a 


Problem 41. Simplify: 


1 
3 of 3p +4pB3p — p) 


Applying BODMAS, the expression becomes 


1 
3 of 3p +4p x 2p, 
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and changing ‘of’ to ‘x’ gives: 
1 
3 x 3p+4p x 2p 


ie. p+8p? or p+8p) 
Now try the following exercise 


Exercise 20 Further problems on funda- 
mental laws and precedence 


Simplify the following: 
2x + 4x + 6x 


2x + (4x + 6x) 


3a—2ax 4a+a 
3a — 2a(4a + a) 
2y+4+6y+3x4-—5y 
2 
= -3y4 12 
3y 


2y +4 + 6y + 3(4 — Sy) 


[4a(1 — 2a)] 
[a(3 — 10a)] 


3+y4+2+y+l 


[pq] 


: 4 
e- ) 


p’ —3pq x 2p+6q+ pq 
(x + 1)@ — 4) = Qx4+ 2) 


1 1 
A of 2y + 3y(2y — y) E (; ae 3y)| 


5.5 Direct and inverse proportionality 


An expression such as y = 3x contains two vari- 
ables. For every value of x there is a corresponding 
value of y. The variable x is called the independent 
variable and y is called the dependent variable. 
When an increase or decrease in an independent 
variable leads to an increase or decrease of the same 
proportion in the dependent variable this is termed 
direct proportion. If y = 3x then y is directly 


proportional to x, which may be written as y a x 
or y = kx, where k is called the coefficient of 
proportionality (in this case, k being equal to 3). 
When an increase in an independent variable 
leads to a decrease of the same proportion in the 
dependent variable (or vice versa) this is termed 
inverse proportion. If y is inversely proportional 


to x then ya — or y=k/x. Alternatively, k = xy, 
x 


that is, for inverse proportionality the product of the 
variables is constant. 

Examples of laws involving direct and inverse 
proportional in science include: 


(i) Hooke’s law, which states that within the 
elastic limit of a material, the strain ¢ pro- 
duced is directly proportional to the stress, o, 
producing it, i.e. € a o or € = ko. 


(ii) Charles’s law, which states that for a given 
mass of gas at constant pressure the volume V 
is directly proportional to its thermodynamic 
temperature T, i.e. V a T or V = AT. 


(iii) Ohm’s law, which states that the current J 
flowing through a fixed resistor is directly 
proportional to the applied voltage V, i.e. 
TaVorl=kvV. 


(iv) Boyle’s law, which states that for a gas 
at constant temperature, the volume V of a 
fixed mass of gas is inversely proportional 
to its absolute pressure p, i.e. p a (1/V) or 
p=k/V,ie. pV=k 


Problem 42. If y is directly proportional to 
x and y = 2.48 when x = 0.4, determine 


(a) the coefficient of proportionality and 
(b) the value of y when x = 0.65 


(a) yax, te. y= kx. If y = 2.48 when x = 0.4, 


2.48 = k(0.4) 
Hence the coefficient of proportionality, 
2.48 
k = — = 6.2 
0.4 


(b) y=kx, hence, when x = 0.65, 
y = (6.2)(0.65) = 4.03 


Problem 43. 
o is directly proportional to strain ¢ within 

the elastic limit of a material. When, for mild 
steel, the stress is 25 x 10° Pascals, the strain 
is 0.000125. Determine (a) the coefficient of 


Hooke’s law states that stress 
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proportionality and (b) the value of strain 
when the stress is 18 x 10° Pascals 


(a) oaé,ie.o=ke, from which k = o/e. Hence 
the coefficient of proportionality, 

_ 253010? 

~ 0.000125 


(The coefficient of proportionality k in this case 
is called Young’s Modulus of Elasticity) 


(b) Since o = ke, e =a/k 
Hence when o = 18 x 10°, strain 
18 x 10° 


é = ———.,, = 0.00009 
200 x 10° 


= 200 x 10° pascals 


Problem 44. The electrical resistance R of a 
piece of wire is inversely proportional to the 
cross-sectional area A. When A = 5 mm’, 


R=/7.02 ohms. Determine (a) the coefficient 
of proportionality and (b) the cross-sectional 
area when the resistance is 4 ohms 


1 
(a) Ra —, ie. R = k/A or k = RA. Hence, 


when R = 7.2 and A = 5, the coefficient of 
proportionality, k = (7.2)(5) = 36 


(b) Since k = RA thenA=k/R 
When R = 4, the cross sectional area, 


36 
A= — =9 mm 
4 


Problem 45. Boyle’s law states that at 
constant temperature, the volume V of a 
fixed mass of gas is inversely proportional to 
its absolute pressure p. If a gas occupies a 


volume of 0.08 m? at a pressure of 

1.5 x 10° Pascals determine (a) the 
coefficient of proportionality and (b) the 
volume if the pressure is changed to 

4 x 10° Pascals 


1 
(a) Va-,ie. V=k/pork= pV 
P 


Hence the coefficient of proportionality, 
k = (1.5 x 10°)(0.08) = 0.12 x 10° 


k 0.12 x 108 
(b) Volume V= ~ = ——~— = 0.03 m? 
P 


4x 10° 


ALGEBRA 


Now try the following exercise 


Exercise 21 Further problems on direct 
and inverse proportionality 


If p is directly proportional to g and 
p = 37.5 when q = 2.5, determine (a) the 
constant of proportionality and (b) the 
value of p when gq is 5.2 


[(a) 15 


Charles’s law states that for a given mass 
of gas at constant pressure the volume 
is directly proportional to its thermody- 
namic temperature. A gas occupies a vol- 
ume of 2.25 litres at 300 K. Determine 
(a) the constant of proportionality, (b) the 
volume at 420 K, and (c) the temperature 
when the volume is 2.625 litres. 


[(a) 0.0075 (b) 3.15 litres (c) 350 K] 


(b) 78] 


Ohm’s law states that the current flowing 
in a fixed resistor is directly proportional 
to the applied voltage. When 30 volts 
is applied across a resistor the current 
flowing through the resistor is 2.4 x 1077 
amperes. Determine (a) the constant of 


proportionality, (b) the current when the 
voltage is 52 volts and (c) the voltage 
when the current is 3.6 x 10~> amperes. 


(a) 0.00008 
(c) 45 V 


If y is inversely proportional to x and 
y = 15.3 when x = 0.6, determine (a) the 
coefficient of proportionality, (b) the 
value of y when x is 1.5, and (c) the value 
of x when y is 27.2 


[(a) 9.18 


Boyle’s law states that for a gas at con- 
stant temperature, the volume of a fixed 
mass of gas is inversely proportional to 
its absolute pressure. If a gas occupies a 
volume of 1.5 m? at a pressure of 200 x 
10? Pascals, determine (a) the constant of 
proportionality, (b) the volume when the 
pressure is 800 x 10° Pascals and (c) the 
pressure when the volume is 1.25 m?. 


(a) 300 x 10% (b) 0.375 m? 
(c) 240 x 10° Pa 


(b) 4.16 x 10-3 A 


(b) 6.12 (c) 0.3375] 
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6 
Further algebra 


6.1 Polynomial division 


Before looking at long division in algebra let us 
revise long division with numbers (we may have 
forgotten, since calculators do the job for us!) 


208 
For example, 6 is achieved as follows: 


(1) 16 divided into 2 won’t go 
(2) 16 divided into 20 goes 1 
(3) Put | above the zero 
(4) Multiply 16 by 1 giving 16 
(5) Subtract 16 from 20 giving 4 
(6) Bring down the 8 
(7) 16 divided into 48 goes 3 times 
(8) Put the 3 above the 8 
(9) 3x 16= 48 
(10) 48—48=0 


208 
Hence eo 13 exactly 


172 
Similarly, ca is laid out as follows: 


172 : 7 7 
Hence —— = 11 remainder 7 or 11 + — = 11— 
15 15 15 


Below are some examples of division in algebra, 
which in some respects, is similar to long division 
with numbers. 


(Note that a polynomial is an expression of the form 
f@=atbxt+ortdr+.-.- 


and polynomial division is sometimes required 
when resolving into partial fractions—see 
Chapter 7). 


Problem 1. Divide 2x7 +x —3 by x—1 


2x? + x — 3 is called the dividend and x — 1 the 
divisor. The usual layout is shown below with the 
dividend and divisor both arranged in descending 
powers of the symbols. 


2x + 3 
x—-1)2x7+ x-3 
Ox? — 2x 
3x -—3 
3x -—3 


Dividing the first term of the dividend by the first 
2 


wis F X : ae 
term of the divisor, i.e. —— gives 2x, which is put 


above the first term of the dividend as shown. The 
divisor is then multiplied by 2x, i.e. 2x(* — 1) = 
2x2 — 2x, which is placed under the dividend as 
shown. Subtracting gives 3x — 3. The process is 
then repeated, i.e. the first term of the divisor, 
x, 1s divided into 3x, giving +3, which is placed 
above the dividend as shown. Then 3(x — 1) = 
3x — 3 which is placed under the 3x — 3. The 
remainder, on subtraction, is zero, which completes 
the process. 


Thus (2x7+x —3)+(x — 1)= (2x +3) 
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[A check can be made on this answer by multiplying 


(2x + 3) by (x — 1) which equals 2x? + x — 3] 


Problem 2. Divide 3x? + x* + 3x +5 by 


x+1 


(1) 
(2) 
(3) 
(4) 


(5) 
(6) 
(7) 
(8) 
(9) 


ad @ @ 

3x —2x +5 
x+1) 30° + x? + 3x45 

3x? + 3x? 

09g" se 5 

— 2x7 — 2x 
5x +5 
5x +5 


x into 3x3 goes 3x”. Put 3x? above 3x° 
3x7(x + 1) = 3x9 + 3x? 
Subtract 


x into —2x? goes —2x. Put —2x above the 
dividend 


—2x(x + 1) = —2x? — 2x 

Subtract 

x into 5x goes 5. Put 5 above the dividend 
S5@+1)=5x+5 


Subtract 
ax 243 5 
Tie 2? ae 
x+1 
; pl 
Problem 3. Simplify 
x+y 
Gd) @ @ 
x = xy + y 
xty)x +0+0+y 
x + xy 
— xy + 
— xy — xy 
w+ty 


xy ty 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
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x into x° goes x”. Put x? above x? of dividend 
Paty He +x7y 

Subtract 

x into —x*y goes —xy. Put —xy above dividend 
—xy(x + y) = —x?y — xy? 


Subtract 
x into xy” goes y’. Put y? above dividend 


yYat+y=xyty 
Subtract 
3 3 
je 2 pte ey? 
y 


The zero’s shown in the dividend are not normally 
shown, but are included to clarify the subtraction 
process and to keep similar terms in their respective 
columns. 


Problem 4. Divide (x? + 3x — 2) by (x — 2) 


x +5 
x2) 32 + 3x - 2 
x? — 2x 
5x — 2 
5x — 10 
8 

x +3x—-2 


Problem 5. Divide 4a? — 6a7b + 5b° by 
2a—b 
Qn —Jab — 7 
2a—b ) 4a? — 6a7b + 5b° 
4a? — 2a7b 
— 4a*b + 5b° 
— 4a?b + 2ab* 
— 2ab* + 5b3 
—2ab? + b 


4b? 
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Thus 


4a3 — 6a2b + 5b? 4b3 
= 2g? — Qh — hp? 
a= 8 se Yb 


Now try the following exercise 


Exercise 22 Further problems on polyno- 
mial division 
Divide (2x? + xy — y*) by («+ y) 
[2x — y] 
Divide (3x* + 5x — 2) by (x 4+ 2) 
[3x — 1] 
Determine (10x? + 11x — 6) = (2x + 3) 
[5x — 2] 
ed 14x” — 19x —3 
2x —3 
Divide (x? + 3x?y+3xy?+ y>) by (x+y) 
[x? + 2xy + y7] 
Find (5x7 —x+4)+(x—- 1) 


[7x +1] 


[sr+4+ 
x—1 


Divide 3x? + 2x? — 5x + 4) by (x4 2) 


2 
[a 4x+3 
x+2 
5x4 + 3x3 —2x +1 
x—3 


Determine: 


3 5 481 
5x? + 18x° + 54x + 160 + 3 
x— 


6.2 The factor theorem 


There is a simple relationship between the factors of 
a quadratic expression and the roots of the equation 
obtained by equating the expression to zero. 

For example, consider the quadratic equation 
x7 4+2x—-8=0 

To solve this we may factorise the quadratic 
expression x? + 2x — 8 giving (x — 2)(x + 4) 

Hence (x — 2)(x + 4) =0 


Then, if the product of two numbers is zero, one 
or both of those numbers must equal zero. Therefore, 


either (x — 2) = 0, from which, x = 2 
or (x +4) = 0, from which, x = —4 


It is clear then that a factor of (x — 2) indicates a 
root of +2, while a factor of (x +4) indicates a root 
of —4. In general, we can therefore say that: 


a factor of (x — a) corresponds to a 


root of x =a 


In practice, we always deduce the roots of a simple 
quadratic equation from the factors of the quadratic 
expression, as in the above example. However, we 
could reverse this process. If, by trial and error, we 
could determine that x = 2 is a root of the equation 
x? +2x—8 = 0 we could deduce at once that (x — 2) 
is a factor of the expression x?+2x—8. We wouldn’t 
normally solve quadratic equations this way — but 
suppose we have to factorise a cubic expression (i.e. 
one in which the highest power of the variable is 
3). A cubic equation might have three simple linear 
factors and the difficulty of discovering all these 
factors by trial and error would be considerable. It is 
to deal with this kind of case that we use the factor 
theorem. This is just a generalised version of what 
we established above for the quadratic expression. 
The factor theorem provides a method of factorising 
any polynomial, f(x), which has simple factors. 
A statement of the factor theorem says: 


‘if x =a is a root of the equation f (x) = 0, 
then (x — a) is a factor of f(x)’ 
The following worked problems show the use of the 


factor theorem. 


Problem 6. Factorise x? — 7x — 6 and use it 


to solve the cubic equation: x* — 7x — 6 = 0 


Let f(x) =x? —7x-6 


If x =1, then f(1) = 1? —7(1)-6=—12 
If x = 2, then f(2) = 2? -—7(2)-6=-—12 
If x = 3, then f(3) = 3° —7(3) -6=0 


If f(3) = 0, then (x — 3) is a factor—from the 
factor theorem. 

We have a choice now. We can divide x*? — 7x —6 
by (x —3) or we could continue our ‘trial and error’ 
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by substituting further values for x in the given 
expression — and hope to arrive at f(x) = 0. 
Let us do both ways. Firstly, dividing out gives: 


xe+3x +2 
x-3) 2 +0 — 7x —6 
x? — 3x? 
ay? = Tx —6 
3x? — Ox 
2x — 6 
2x — 6 
x — Tx —6 ‘ 
Hence —————— = x° 4+ 3x+2 


ie. x3 — 7x —6 = (x — 3)(X? + 3x42) 


x? + 3x + 2 factorises ‘on sight’ as (x + 1)(x + 2) 
Therefore 


x? — 7x — 6= (x —3)(x + D(x +2) 


A second method is to continue to substitute values 
of x into f(x). 

Our expression for f(3) was 3° — 7(3) — 6. We 
can see that if we continue with positive values of 
x the first term will predominate such that f(x) will 
not be zero. 

Therefore let us try some negative values for x: 
f(—1) = (-1) —7(-1) — 6 = 0; hence (x + 1) is 
a factor (as shown above). 

Also, f(—2) = (—2)? — 7(—2) — 6 = 0; hence 
(x + 2) is a factor (also as shown above). 

To solve x7 — 7x — 6 = 0, we substitute the 
factors, i.e. 


(x—3)\x+ 1D~+2)=0 


from which, x = 3, x = —1 andx = —2 

Note that the values of x, i.e. 3, —1 and —2, are 
all factors of the constant term, i.e. the 6. This can 
give us a clue as to what values of x we should 
consider. 


Problem 7. Solve the cubic equation 


5x + 6 = 0 by using the factor 


x? — 2x? 
theorem 


Let f(x) = x? — 2x* — 5x +6 and let us substitute 
simple values of x like 1, 2, 3, —1, —2, and so on. 
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f(l)= VP - 20) — 50) +6 =0, 
hence (x — 1) is a factor 
f 2) = 2° — 22) -52)+6 #0 
f 3) = 3? — 287 —53)+6=0, 
hence (x — 3) is a factor 
2(-1)? — 5(-1) +6 40 
2(-2)? — 5(-2) + 6 =0, 
hence (x + 2) is a factor 


f(-l)= C1 
f(—2) = (-29° 


Hence, x* — 2x? — 5x +6 = (x — 1)(x — 3)(x +2) 
= 2 = 5e +6=0 
(x — 1l)@-—3)(x«+2)=0 


Therefore if 


then 


from which, x = 1,x =3 and x = —2 


Alternatively, having obtained one factor, i.e. 
(x — 1) we could divide this into (x? — 2x* — 5x+6) 
as follows: 


vr x —6 
x-1) 2 — 2? — 5x4 6 
3 2 
x— x 
= x =5r 46 

_ x + x 
— 6x +6 
— 6x +6 


= ox? — 5x 6 
1)(x? — x — 6) 
= @ —1@ — 3)@ +2) 


Hence 


=(x 


Summarising, the factor theorem provides us with 
a method of factorising simple expressions, and an 
alternative, in certain circumstances, to polynomial 
division. 


Now try the following exercise 


Exercise 23. Further problems on the fac- 
tor theorem 


Use the factor theorem to factorise the expres- 
sions given in problems | to 4. 


1. x*4+2x-3 [@ — 1)@ + 3)] 
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2. 4x*-4x-4 
[x + 1)@ + 2)(x — 2)] 
3. 2x3 +5x2 — 4x —7 
[(x + 1)(2x? + 3x —7)] 
4. 2x3 — x2 — 16x+15 
I(x — 1) + 3)(2x — 5)] 
5. Use the factor theorem to factorise 
x3 + 4x? +x—6 and hence solve the cubic 
equation x + 4x? —x-6=0 
+47? +%-6 
= (x — 1)\@+3)@ 4 2); 
x=1,x=-3andx=-—2 


6. Solve the equation x7 — 2x7 -x+2=0 


[x= 1,x=2 andx=-—l1] 


6.3. The remainder theorem 


Dividing a general quadratic expression 
(ax* + bx +c) by (x — p), where p is any whole 
number, by long division (see Section 6.1) gives: 


ax + (b+ap) 
x—p) ax? + bx 


ax” — apx 


+c 


(b+ap)x +c 
(b+ap)x — (b+ ap)p 


c+ (b+ap)p 


The remainder, c+ (b+ ap)p =c+bp+ap* or 
ap’ + bp +c. This is, in fact, what the remainder 
theorem states, i.e. 
‘if (ax? + bx +c) is divided by («x —p:p), 
the remainder will be ap? + bp +c’ 


If, in the dividend (ax* + bx +c), we substitute p 
for x we get the remainder ap* +bp+c 


For example, when (3x7 — 4x + 5) is divided by 
(x —2) the remainder is ap*+bp-+c, (where a = 3, 
b= —4,c =5 and p= 2), 


i.e. the remainder is: 


3(2)* + (—4)(2) +5 = 12-845=9 


We can check this by dividing (3x” — 4x +5) by 
(x — 2) by long division: 


3x +2 
x2) 3x? — Ae +5 
3x? — 6x 
2x +5 
2x — 4 


9 


Similarly, when (4x? —7x+9) is divided by (x +3), 
the remainder is ap? + bp +c, (where a = 4, 
b = —7, c = 9 and p = —3) i.e. the remainder 
is: 4(—3)° + (-7)(—3) + 9 = 36+ 214 9 = 66 

Also, when (x? + 3x — 2) is divided by (x — 1), 
the remainder is 1(1)? + 3(1) -2 =2 

It is not particularly useful, on its own, to know 
the remainder of an algebraic division. However, 
if the remainder should be zero then (x — p) is a 
factor. This is very useful therefore when factorising 
expressions. 

For example, when (2x? + x — 3) is divided by 
(x—1), the remainder is 2(1)? + 1(1)—3 = 0, which 
means that (x — 1) is a factor of (2x7 + x — 3). 

In this case the other factor is (2x + 3), ie. 


(2x? +x —3) = (x — 1)(2x — 3). 
The remainder theorem may also be stated for a 
cubic equation as: 


‘if (ax? + bx? + cx +d) is divided by 
(x — p), the remainder will be 


ap? + bp” +cp +d’ 


As before, the remainder may be obtained by sub- 
stituting p for x in the dividend. 

For example, when (3x? + 2x? — x+4) is divided 
by (x — 1), the remainder is: ap? + bp? +cp+d 
(where a = 3, b =2,c = —1,d =4 and p = 1), 
i.e. the remainder is: 3(1)? + 2(1)* + (-1)1) +4 = 
34+2-14+4=8. 

Similarly, when (x* —7x—6) is divided by (x—3), 
the remainder is: 1(3)? +0(3)? —7(3) —6 = 0, which 
means that (x — 3) is a factor of (x? — 7x — 6). 

Here are some more examples on the remainder 
theorem. 
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Problem 8. Without dividing out, find the 


remainder when 2x” — 3x + 4 is divided by 
(~—2) 


By the remainder theorem, the remainder is given 
by: ap? +bp+c, where a = 2, b = —3, c= 4 and 
p=2. 

Hence the remainder is: 


2(2)* + (-3)(2) +4 =8 -64+4=6 


Problem 9. Use the remainder theorem to 
determine the remainder when 


(3x? — 2x? + x — 5) is divided by (x + 2) 


By the remainder theorem, the remainder is given 
by: ap? + bp* +cp+d, where a = 3, b = -2, 
c=1,d=-—S5 and p= -—2 
Hence the remainder is: 
3(—2)° + (—2)(—2)° + (1)(—2) + (-5) 
= —24-—8-2-5=-—-—39 


Problem 10. Determine the remainder when 
(x? — 2x? — 5x + 6) is divided by (a) (x — 1) 


and (b) (x + 2). Hence factorise the cubic 
expression 


(a) When (x* — 2x” —5x+6) is divided by (x— 1), 
the remainder is given by ap>+bp?+cp+d, 
where a = 1, b = —2, c = —5, d = 6 and 
p=1, 


ie. the remainder = (1)(1)° + (—2)(1)° 
+(—5)(1) +6 
=1-2-54+6=0 


Hence (x — 1) is a factor of (x° — 2x” — 5x +6) 


(b) When (x3 — 2x? —5x+6) is divided by (x +2), 
the remainder is given by 


(1)(—2)? + (—2)(—2)* + (-5)(—2) + 6 
=-8-—8+10+6=0 


Hence (x + 2) is also a factor of (x? — 2x? — 
5x + 6) 


Therefore (x—1)(x+2)( ) = x?—2x*?—5x+6 


To determine the third factor (shown blank) we 
could 


or (ii) 


or (iii) 


(i) 


(ii) 


(iii) 


(i) divide (x? — 2x? — 5x 4+ 6) by 
(x — 1) +2) 


use the factor theorem where f(x) = 
x? —2x?—5x+6 and hoping to choose 
a value of x which makes f(x) = 0 


use the remainder theorem, again hop- 
ing to choose a factor (x — p) which 
makes the remainder zero 


Dividing (x* —2x?—5x+6) by (x?-+x—2) 
gives: 
x —3 
2? — ww? — 5x4 6 
e+ x? —2x 
= 3x* — 3x +6 
= 37° — 3x +6 


Cae oy eae) 


Thus (x* — 2x? — 5x +6) 
= «x —1I)@ +2) — 3) 


Using the factor theorem, we let 


fii =x —2 —5e +6 
£3) =3° — 2) — 53) +6 
=27-18—15+6=0 


Then 


Hence (x — 3) is a factor. 


Using the remainder theorem, when 
(x? — 2x? — 5x +6) is divided by (x — 3), 
the remainder is given by ap? + bp? + 
cp+d, where a= 1, b= —2,c = —5, 
d= 6 and p =3. 


Hence the remainder is: 


103)? + (—2)(3)? + (—5)(3) + 6 
=27-18-—15+6=0 


Hence (x — 3) is a factor. 


Thus (x*>— 2x? — 5x +6) 
= (« — 1I)@ +2) — 3) 
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3. Use the remainder theorem to find the 
factors of x? — 6x? + llx —6 


[@ — 1I)@— 2) — 3)] 


Now try the following exercise 


Exercise 24 Further problems on the re- 


mainder theorem 4. Determine the factors of x3+7x?+14x+8 
; ; : and hence solve the cubic equation: 
1. Find the remainder when 3x” — 4x + 2 is 47x24 14x 4+8=0 
divided by: 


[x = —-1, x = —2 and x = —4] 


a) (x-—2 b) «+1 
ay ) Or ) 5. Determine the value of ‘a’ if (x +2) isa 


[@)6 ©) 9) factor of (x? — ax? + 7x + 10) 
2. Determine the remainder when [a = —3] 


6x" +x — 5 is divided by: 6. Using the remainder theorem, solve the 
(a) (x+2) (b) @—3) equation: 2x3 — x? — 7x +6 =0 


[(a) -39  (b) —29] [x= 1,x=—2 andx=1.5] 
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7 
Partial fractions 


7.1 Introduction to partial fractions 


By algebraic addition, 


1 3. @+1)+3@-2) 
e=—2 x41 °° }=(@=—D641) 
4x—5 
~P=eeg 
. 4x —5 
The reverse process of moving from ————~ 
x*—x—-—2 


‘ 1 ‘ 3 
(@) —— 
x-2 x+1 
fractions. 

In order to resolve an algebraic expression into 


partial fractions: 


is called resolving into partial 


(i) the denominator must factorise (in the above 
example, x? —x—2 factorises as (x —2)(x+ 1), 
and 

(ii) the numerator must be at least one degree 
less than the denominator (in the above exam- 
ple (4x — 5) is of degree 1 since the highest 
powered x term is x! and (x* — x — 2) is of 
degree 2) 


When the degree of the numerator is equal to or 
higher than the degree of the denominator, the 
numerator must be divided by the denominator until 
the remainder is of less degree than the denominator 
(see Problems 3 and 4). 


There are basically three types of partial fraction 
and the form of partial fraction used is summarised 
in Table 7.1, where f(x) is assumed to be of less 
degree than the relevant denominator and A, B and 
C are constants to be determined. 

(In the latter type in Table 7.1, ax? + bx +c 
is a quadratic expression which does not factorise 
without containing surds or imaginary terms.) 

Resolving an algebraic expression into partial 
fractions is used as a preliminary to integrating 
certain functions (see chapter 50). 


7.2 Worked problems on partial 
fractions with linear factors 


Problem 1. Resolve 


x? + 2x — 


partial fractions 


The denominator factorises as (x — 1)(x + 3) and 
the numerator is of less degree than the denomina- 


11-3 
tor. Thus ae may be resolved into partial 
x2 4+ 2x —3 
fractions. Let 


11 — 3x 11 — 3x A B 


Deets) G1 waa) 


where A and B are constants to be determined, 


Table 7.1 
Type Denominator containing Expression Form of partial fraction 
A B C 
1 Linear factors £@) { + 
(x + aye — b)(x +c) (x+ta) (x-—b) (x+c) 
(see Problems 1 to 4) 
: f@) A B Cc 
2 Repeated linear factors —- + —— + — — 
(+a)? (x+a)  (x+aP? (+a) 
(see Problems 5 to 7) 
Ax+B C 
3 Quadratic factors FO) zs 


(see Problems 8 and 9) 


(ax? + bx +c)(x +d) 


(ax2-+bx+c) (x+d) 
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~ l1—3x  A@®+3)+B—-1) 
“  @=-)@+3) @-1D)@+3) 


by algebraic addition. 


Since the denominators are the same on each side 
of the identity then the numerators are equal to each 
other. 


Thus, 11—3x=A(x+3)+B(«- 1) 


To determine constants A and B, values of x are 
chosen to make the term in A or B equal to zero. 


When x = 1, then 11 —3(1) = AC. +3)+ B(O) 
ie. 8=4A 

ie. A=2 

When x = —3, then 11—3(—3) = A(O)+B(—3-1) 


Le. 20 = —4B 
Le. B=-5 
Thus 11 — 3x = 2 3: —5 
x2+4+2x —3 (x—-1) (+3) 
_ 2 5 
~@ =) & +3) 
Check: é 2 
(x—-1) (+3) 
2(x + 3) —S(@— 1) 
(x — 1)@ +3) 
11 — 3x 
~ x2 + 2x —3 


2x? — Ox — 
Problem 2. Convert . = 


(x + I) — 2) + 3) 
into the sum of three partial fractions 


2x? — 9x — 35 
Ge 
(x + 1) — 2)(x + 3) 
pS fe es 
~ (k+l) («-2)) (+3) 


A(x — 2)(x+3)+Ba+ lD@t+3) 
+ Ci + 1)@ — 2) 
(x + 1)(x — 2)(x + 3) 


by algebraic addition 


Equating the numerators gives: 

2x?—9x — 35 = A(x — 2)(x +3) + Bart D@+t+3) 
+ C(x + 1) — 2) 

Let x = —1. Then 


2(-1)? — 9(-1) — 35 = A(—3)(2) + B(O)(2) 
+ C(0)(—3) 
i.e. —24 = —6A 
—24 
1.€. = —<— = 4 
—6 


Let x = 2. Then 
2(2)° — 9(2) — 35 = A(0)(5) + B(3B)(5) 


+ C(3)(0) 
ie _45 = 15B 

_45 
os Se 
ai 15 


Let x = —3. Then 


=3) = 9(—3) = 35 = A(—5) 0) + B(—2) 0) 
+ C(—2)(—5) 
ice. 10 = 10C 
ie. cC=1 
2x? — 9x — 35 

‘thie: ———__ 

(x + 1)@ — 2)(x 4+ 3) 

4 3 1 


=~@+h @-H* &+3) 


Problem 3. Resolve 
ye 


partial fractions 


The denominator is of the same degree as the numer- 
ator. Thus dividing out gives: 


1 


x —3x42)2 +1 


x7 —3x+2 


3x —1 
For more on polynomial division, see Section 6.1, 
page 44. 


3x-—1 
x? —3x+2 
3x-—1 
(= [ye =—2) 


2 
1 
Hence ee = 
x? —3x+2 


=1+ 
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3x -—1 _ A B 
(x—1)(x-—2) — @-D” (x — 2) 
— A@w—2)+B— 1) 
= ea T= 2) 


Equating numerators gives: 


3x -—1=AQ—2)+B-1) 


Letx=1. Then 2=-—A 

1.e. A=-2 

Letx=2. Then 5—=B 

3x —1 —2 5 
Hence = —————— = + 
(x — 1)(x — 2) (x-1) (-2) 
244 2 5 

Thus —- = 


ee. 
x?—3x +2 = @—2) 


x? — 2x2 — dy — 4 | 
Problem 4. Express —————————— in 
x2+x—-2 


partial fractions 


The numerator is of higher degree than the denom- 


inator. Thus dividing out gives: 


x—3 
eee’ 2)x9 2x? 4x4 
i SOE 
=r =I = 4 
—3x* — 3x+6 
x —10 
Thus 
x? — 2x? — 4x —4 x— 10 
x4+x-—2 = oT gad 
x— 10 
~*~ 24 GE DED 
x—10 A B 


G4 DG—-D G+D  &—D 
_ A@—1)+B +4 2) 
2 G@40\@—1) 


Equating the numerators gives: 


x-10=AQ-—1)+Bix4+2) 


PARTIAL FRACTIONS 


Letx =-—2. Then —12=—3A 
Letx=1. Then —9= 3B 
i.e. B= -3 
x— 10 4 3 
Hence ————_—_—- = —_—_ —- ——_ 
(x+2)~a—-1) @+2) (@-1) 
x3 — 2x? — 4 —4 
Thus Oo 
x?7+x—2 
4 3 
=x-— 


3+ _ 
~+2) @w-) 
Now try the following exercise 


Exercise 25 Further problems on partial 
fractions with linear factors 


Resolve the following into partial fractions: 


a3 wl 
@-3)  @+3) 


A(x — 4) 5 1 
x2 — 2x —3 aan = 


x = 3x +6 
x(x — 2)(x — 1) 


3 2 4 
Faas, =| 


3(2x? — 8x — 1) 
(x + 4) + 1)(2x — 1) 


2 
@+4) @+)I) @- 7 


x7 + 9x +8 


6 
ee ikerssaness] 


x? —2x —3 


xr—x—14 | 2 3 


~@-3)' ED 
3x3 — 2x? — 16x + 20 
(x — 2)(x + 2) 


5 
s-2+ 5 - aos 
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7.3 Worked problems on partial 
fractions with repeated linear 
factors 


2x +3 


Problem 5. Resolve into partial 


(x — 2) 


fractions 


The denominator contains a repeated linear factor, 
(x — 2). 


2x+3  #4A B 
“Ga gy GaP 
- AGHH+H 
~ (x= 2 


Equating the numerators gives: 


2x+3=A(x—2)+B 


Let x = 2. Then 7 = A(O)+B 
ie. B=7 
2x+3=AAa-2)+B 
= Ax—2A+B 


Since an identity is true for all values of the 
unknown, the coefficients of similar terms may be 
equated. 


2=A 
[Also, as a check, equating the constant terms gives: 
3 = —2A+B When A = 2 and B=7, 

RHS = —2(2)+ 7 = 3 = LHS] 

2x+3 2 7 


@ 2? @-2)* @—2p 


Hence, equating the coefficients of x gives: 


Hence 


5x? — 2x — 19 


Problem 6. Express as the 


(x + 3)@ — 1)? 
sum of three partial fractions 


The denominator is a combination of a linear factor 
and a repeated linear factor. 


5x” — 2x — 19 

(x + 3)@— 1)? 
A B a 
= Ga Gay (x — 1) 


Let 


A(x — 1° + Bx + 3)(x — 1) 
= + C(x + 3) 
7 (x + 3)(x — 1)? 


by algebraic addition 


Equating the numerators gives: 


5x? — 2x —19 = A(x — 1° + B+ 3) —- 1) 
+ C(x +3) (1) 
Let x = —3. Then 
5(—3)° — 2(—3) — 19 = A(-4)* + B()(—-4) 
+C(0) 
ie. 32 = 16A 
ie. A=2 


Let x = 1. Then 
5(1)? — 2(1) — 19 = AO’ + B(4)(0) + C(4) 
ie. —16=4C 
1.e. CcC=-—4 
Without expanding the RHS of equation (1) it can 


be seen that equating the coefficients of x? gives: 
5 = A+B, and since A= 2,B = 3 


[Check: Identity (1) may be expressed as: 


5x? — 2x — 19 =] AG? = 2x 4 1) 
+ B(x? + 2x = 3) + C+ 3) 
ie. 5x* —2x —19 = Ax” —2Ax+A+Bx* 


+ 2Bx — 3B + Cx + 3C 
Equating the x term coefficients gives: 
—2 =-2A+4+2B+C 
When A = 2, B = 3 and C = —4 then 


—2A+2B+4+ C= —2(2)+ 2(3) —-4= —2 = LHS 
Equating the constant term gives: 


—19=A-—3B+3C 
RHS = 2 — 3(3) + 3(-4) = 2-—9- 12 


= —19=LHS] 
5x2 — 2x —19 
Hence ——_—<<— 
(x +3)@ — 1)? 
2 3 4 


@+3)'@-) @-D? 
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3x? + 16x + 15 
Problem 7. Resolve aie eS eh) into 
G@+ 3) 


partial fractions 


3x2 + 16x +15 A B 
is ee eee ee ee 
(x + 3)3 (x+3) (+3) 
(x + 3)3 
_— Aw+3P +BO+3)4+C 
7 (x + 3)3 


Equating the numerators gives: 


3x7 + 16x +15 =AQ+3"%+Bixr4+3)4+C 
(1) 


Let x = —3. Then 
3(-3)? + 16(-3) + 15 = A()? + BO) +C 
ie. —6=C 
Identity (1) may be expanded as: 
3x7 + lox + 15 = A(x’? + 6x + 9) 
+Ba+3)+C 
ie. 3x7 + 16x +15 = Ax? +6Ax+9A 
+ Bx+3B+C 
Equating the coefficients of x? terms gives: 
3=A 
Equating the coefficients of x terms gives: 
16=6A+B 
Since A =3,B=-—2 
[Check: equating the constant terms gives: 
15 =9A+3B+C 
When A = 3, B = —2 and C= —6, 
9A + 3B + C = 9(3) + 3(—2) + (—6) 
= 27—-6-—6=15=LHS] 


3x? + 16x +15 

(x + 3)3 

3 2 6 
@+3) @+3? @&+3)3 


Thus 
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Now try the following exercise 


Exercise 26 Further problems on partial 
fractions with repeated linear 
factors 

4x —3 | 4 7 | 
(x +1) @+1) @+1/? 


er+Ix+3 E 2 1 


x2(x + 3) x2 x )=6(x +3) 
5x” — 30x + 44 


(x — 2) 


5 10 4 
a5 ~G=0r " =a 
18 + 21x — x? 
G—H@+P 


ae 
(x-5) (~+2) («+2/ 


7.4 Worked problems on partial 


fractions with quadratic factors 


Tx7+5x4+13 . 


Problem 8. Express 


—_——_ 10 
(x2 + 2)(x + 1) 


partial fractions 


The denominator is a combination of a quadratic 
factor, (x? + 2), which does not factorise without 
introducing imaginary surd terms, and a linear fac- 
tor, (x + 1). Let 


Tx? +5x+13 — Ax+B C 
(24+2)@4+1)) @?4+2) @+)1) 


_ (Ax +B) +1) +CQ? +2) 


(x? + 2)(« + 1) 
Equating numerators gives: 
7x? + 5x + 13 = (Ax + B)(x + 1) + C(x? + 2) 
Let x = —1. Then ~ 
7-1 +5(-1) + 13 = (Ax + B)O) 
+ C(1+ 2) 
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ie. 15 =3C 
ie. C=5 
Identity (1) may be expanded as: 
Tx? + 5x+13 = Ax? +Ax+Bx+B4Cx?+2C 


Equating the coefficients of x? terms gives: 
7=A+C, and since C=5, A =2 
Equating the coefficients of x terms gives: 
5 = A+B, and since A= 2,B = 3 
[Check: equating the constant terms gives: 
13 =B+2C 
When B = 3 and C =5,B+2C=34+10=13= 
LHS] 


7x? + 5x +13 2x +3 5 
Hence ————————- = 
(x2+2)¢% +1)” (24+2) (41) 


3+ 6x + 4x2 — 2x3 


Problem 9. Resolve 202 43) 


into partial fractions 


Terms such as x” may be treated as (x + 0)’, i.e. 
they are repeated linear factors 


3+ 6x + 4x? — 2x3 
x(x? + 3) 
A B. Cx+D 
“x x2 (x2 +3) 
_ Ax(e? +3) +B? +3) + (Cx + Dx? 
~ x? (x? + 3) 
Equating the numerators gives: 
3+ 6x + 4x? — 2x? = Ax(x? + 3) 
+ BG? +3) + (Cx+D)x? 
= Ax? + 3Ax + Bx? + 3B 
+ Cx? + Dx? 


Let 


Let x = 0. Then3 = 3B 

ie. B=1 

Equating the coefficients of x* terms gives: 
—2=A+C (1) 


Equating the coefficients of x? terms gives: 


4=B+D 
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Since B= 1,D=3 
Equating the coefficients of x terms gives: 
6=3A 
ie. A=2 
From equation (1), since A = 2,C = —4 
3+ 6x + 4x? — 2x3 
x(x? + 3) 
2 1 —4x+3 


Hence 


x x x2 +3 
2 1 3 — 4x 
x x2 x243 


Now try the following exercise 


Exercise 27 Further problems on partial 
fractions with quadratic fac- 
tors 


vr—x-—13 2x +3 1 

(x? + 7)(x — 2) lan = 
6x —5 1 2-x 

@— Dee +3) la : ca 

15+5x+5x? — 4x3 

G2 45) 


3 2—5x 
x x2 (x2+5) 
x? + 4x? + 20x — 7 
(x — 17 @? + 8) 


| 3 2 = 
G@—-) Gir Gee 


When solving the differential equation 
d’6 dé 


7 an 100 = 20 — e~ by Laplace 


transforms, for given boundary condi- 
tions, the following expression for £{6} 
results: 


45> — oP + 42s — 40 
s(s — 2)(s? — 6s + 10) 
Show that the expression can be resolved 
into partial fractions to give: 
2 1 5s — 3 


MO = FB)? Ge 6p 10) 


L{O} = 
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8 
Simple equations 


8.1 Expressions, equations and 
identities 


(3x — 5) is an example of an algebraic expression, 
whereas 3x — 5 = | is an example of an equation 
(i.e. it contains an ‘equals’ sign). 

An equation is simply a statement that two quan- 
tities are equal. For example, 1 m = 1000 mm or 


9 
F=—C+320ry=mx-+c. 


An identity is a relationship that is true for all 
values of the unknown, whereas an equation is 
only true for particular values of the unknown. For 
example, 3x — 5 = | is an equation, since it is only 
true when x = 2, whereas 3x = 8x—5x is an identity 
since it is true for all values of x. (Note ‘=’ means 
‘is identical to’). 

Simple linear equations (or equations of the first 
degree) are those in which an unknown quantity is 
raised only to the power 1. 

To ‘solve an equation’ means ‘to find the value 
of the unknown’. 

Any arithmetic operation may be applied to an 
equation as long as the equality of the equation is 
maintained. 


8.2. Worked problems on simple 
equations 


Problem 1. Solve the equation: 4x = 20 


Dividing each side of the equation by 4 gives: 
4x 20 


4. 4 


(Note that the same operation has been applied 
to both the left-hand side (LHS) and the right-hand 
side (RHS) of the equation so the equality has been 
maintained). 

Cancelling gives: x = 5, which is the solution to 
the equation. 

Solutions to simple equations should always be 
checked and this is accomplished by substituting 


the solution into the original equation. In this case, 
LHS = 4(5) = 20 = RHS. 


Problem 2. Solve: 


aa 
== 


The LHS is a fraction and this can be removed by 
multiplying both sides of the equation by 5. 


2x 
Hence, 5 (=) = 5(6) 


Cancelling gives: 2x = 30 
Dividing both sides of the equation by 2 gives: 


2. 30 
Say ie x= 15 
Problem 3. Solve: a—5=8 


Adding 5 to both sides of the equation gives: 


a—5+5=8+5 


1.e. a= 13 


The result of the above procedure is to move the 
‘“—5S’ from the LHS of the original equation, across 
the equals sign, to the RHS, but the sign is changed 
to +. 


Problem 4. Solve: x+3=7 


Subtracting 3 from both sides of the equation gives: 


x+3-3=7-3 


1.e. x—4 


The result of the above procedure is to move the 
‘+3’ from the LHS of the original equation, across 
the equals sign, to the RHS, but the sign is changed 
to —. Thus a term can be moved from one side of 
an equation to the other as long as a change in sign 
is made. 
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Problem 5. Solve: 6x+1=2x+9 


In such equations the terms containing x are grouped 
on one side of the equation and the remaining terms 
grouped on the other side of the equation. As in 
Problems 3 and 4, changing from one side of an 
equation to the other must be accompanied by a 
change of sign. 


Thus since 6x+1=2x+9 

then 6x —2x =9-1 
4x = 8 
4x 8 
4. 4 

i.e. x=2 


Check: LHS of original equation = 6(2) + 1 = 13 
RHS of original equation = 2(2) + 9 = 13 


Hence the solution x = 2 is correct. 


Problem 6. Solve: 4—3p=2p-11 


In order to keep the p term positive the terms in p 
are moved to the RHS and the constant terms to the 


LHS. 
Hence 4+11=2p+3p 
15 =Sp 
IS 5p 
5 § 
Hence 3=p or p=3 
Check: LHS = 4 — 3(33) =4-—-9=-—5 
RHS = 2(3) —- 11 =6-—-11=-—5 


Hence the solution p = 3 is correct. 
If, in this example, the unknown quantities had 
been grouped initially on the LHS instead of the 


RHS then: 
3p—-2p=-l11-4 
ie. —Sp=-15 
—S5p -—15 
oe 
and p = 3, as before 


It is often easier, however, to work with positive 
values where possible. 
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Problem 7. Solve: 3(x—2)=9 
Removing the bracket gives: 3x—-6=9 
Rearranging gives: 3x =9+6 

3x = 15 

3x 15 

3.3 
ie. x=5 


Check: LHS = 3(5 — 2) = 3(3) = 9 = RHS 


Hence the solution x = 5 is correct. 


Problem 8. Solve: 


4(2r — 3) —-2(r —4) = 3077-3) - 1 


Removing brackets gives: 


8r — 12—2r4+8=3r—9-1 


Rearranging gives: 


8r—2r —3r=—-9-—1+4+12-8 
ie. 3r = —6 
r= = = —2 
Check: 
LHS = 4(—4 — 3) — 2(-2 — 4) = —28+ 12 = —16 
RHS = 3(—2 —3) -1=-—I15-1=-16 
Hence the solution r = —2 is correct. 


Now try the following exercise 


Exercise 28 Further problems on simple 
equations 


Solve the following equations: 


lL. Qe+5=7 [1] 
2. 8-—3t=2 [2] 
3. 2x-1=5x4+11 [—4] 
4. 7-—4p=2p-3 15 
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= 4 
5. 2a+6—Sa=0 [2] applied. In this example, if = -_ 5 then (3)(5) = 4x, 
6 34e=2=—5¥S0%4 | which is a quicker way of arriving at equation (1) 
2 above. 
7. 20d-—3+3d=11ld+5-8 [0] 
8 (fF =—2)-30F 45)4 15 30 Problem 10. Solve: 
[—10] 2y 3 
a + _ 
9, 2x=4(x —3) [6] 2 : 
Oe Se) [= The LCM of the denominators is 20. Multiplying 
1 each term by 20 gives: 
11. 23g—5)—-5=0 5 


12. 43x+1)=7e%+4)-20+5) [2] 


5] 


14. 8+4@—1)—S(x—3) = 2(5—2x)  [-3] 


13. 10+3(r—7) = 16 —(r +2) 


8.3. Further worked problems on 
simple equations 


Problem 9. Solve: 2 
x 


The lowest common multiple (LCM) of the denomi- 
nators, i.e. the lowest algebraic expression that both 
x and 5 will divide into, is 5x. 


Multiplying both sides by 5x gives: 


“Q)-*() 


Cancelling gives: 


15 = 4x (1) 
15 4x 
4.4 
15 
i.e = ar or 37 
Check 
LHS = = 75 =3(=) J Rad 
a 15 15 15 65 
4 4 


(Note that when there is only one fraction on each 
side of an equation, ‘cross-multiplication’ can be 


2y 3 
20 (=) + 20 (3) + 20(5) 


(5) 


Cancelling gives: 
4(2y) + 5(3) + 100 = 1 — 10(3y) 
i.e. 8y + 15+ 100 = 1 — 30y 
Rearranging gives: 
8y + 30y = 1 — 15 — 100 


=e... 3 
a i 
2(-3) 3 -6 3 
h k: LHS = —— _ —— pay 
Chec S 5 + ri +5 5 + Z +5 
—9 11 
= = = 4— 
20 a 20 
1 3(-—3) 1 9 11 
: 20 2 20 7 2 20 
Hence the solution y = —3 is correct. 


4 
3t+4 


Problem 11. 


Solve: 


3 
t—2 


By ‘cross-multiplication’: 3(3t+ 4) = 4(t — 2) 


Removing brackets gives: 9r+12= 41-8 
Rearranging gives: 9r — 4t = —8 — 12 
i.e. 5t = —20 
—20 
t= ——=-4 


5 
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Check: LHS = 2 = 2 = | 
—-4-—2 -6 2 
4 4 
RHS = ————_ = ——_ 
3(-4) + 4 —12+4 
7 4 _ 1 
“=< 2 
Hence the solution tf = —4 is correct. 


Problem 12. Solve: /x = 2 


[./x = 2 is not a ‘simple equation’ since the power 
of x is 5 ie. /x = x"/?); however, it is included 
here since it occurs often in practise]. 

Wherever square root signs are involved with the 
unknown quantity, both sides of the equation must 


be squared. Hence 


ijn =O) 
1.e. x=4 
Problem 13. Solve: 2/2 =8 


To avoid possible errors it is usually best to arrange 
the term containing the square root on its own. Thus 


2/d_ 8 


2 3 
ice. Jd =4 


Squaring both sides gives: d = 16, which may be 
checked in the original equation 


Problem 14. Solve: x? = 25 


This problem involves a square term and thus is 
not a simple equation (it is, in fact, a quadratic 
equation). However the solution of such an equation 
is often required and is therefore included here for 
completeness. Whenever a square of the unknown 
is involved, the square root of both sides of the 
equation is taken. Hence 


V2 = /25 
i.e. x=) 
However, x = —5 is also a solution of the equa- 


tion because (—5) x (—5) = +25 Therefore, when- 
ever the square root of a number is required there 


are always two answers, one positive, the other 
negative. 


The solution of x? = 25 is thus written as x = +5 


Problem 15. 


Solve: 


‘Cross-multiplying’ gives: 15(3) = 2(4?°) 


Le. 45 = 817 
45 _ 2 
8 

ice. ?? = 5.625 


Hence t = 5.625 = +2.372, correct to 4 signifi- 
cant figures. 


Now try the following exercise 


Exercise 29 Further problems on simple 
equations 


Solve the following equations: 


3 2 5 
1. 2+-y=l+-y+- 


4 3 6 
is 2op1nyea=2 45 | 
4 2 2 
3, 40f-3)444-44+250 DB 
5 6 15 


1 1 1 
4. 3 Gm—6)— 7 (Sm+4)+=(2m—9) = 3 
[12] 
Se eo [15] 
» Gas 
y y oy 
6 1-2=3+2 = 
3 +3 6 [—4] 
fe eee 2) 
“ 3n  4n” 24 
g x+3 _ x73 > [13] 
4 5 
ee a: 
i gee ee 2 
5 20 4 I] 
= | 
i, eee [3] 
2u—3 3 
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i, eo [-11] 
a—3 2a+1 
x x+6 x*+3 
a = _ 
4. 5 5) [-6] 
13. 3/ff=9 [9] 
a a [4] 
1— fx 
15. 10=5,/~-1 [10] 
2 
2 
if. 16a [+12] 
9 
2 3 1 
ee ail eee 
y-2 2 3 


8.4 Practical problems involving 


simple equations 


Problem 16. A copper wire has a length / 
of 1.5 km, a resistance R of 5 Q anda 
resistivity of 17.2 x 10-° Qmm. Find the 


cross-sectional area, a, of the wire, given that 
R= pl/a 


Since R = pl/a 
then 


(17.2 x 1076 Qmm) (1500 x 10? mm) 
a 


5 Q 


From the units given, a is measured in mm”. 


5a = 17.2 x 10°° x 1500 x 10° 
17.2 x 10~® x 1500 x 10° 
oo 5 
17.2 x 1500 x 10° 
~ 106 x 5 
17.2. * 15 


= — — =5.l 
10x 5 > 16 


Thus 


and 


Hence the cross-sectional area of the wire is 
5.16 mm?. 
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Problem 17. The temperature coefficient of 
resistance a may be calculated from the 


formula R, = Ro(1 + at). Find aw given 
R,; = 0.928, Ro = 0.8 and t = 40 


Since R,; = Ro(1 + at) then 


0.928 = 0.8[1 + a(40)] 
0.928 = 0.8 + (0.8)(a)(40) 
0.928 — 0.8 = 32a 


0.128 = 32a 
0.128 
H = —— = 0.004 
ence a 30 


Problem 18. The distance s metres travelled 
in time ¢ seconds is given by the formula: 

s =ut + hat’, where u is the initial velocity 
in m/s and a is the acceleration in m/s”. Find 
the acceleration of the body if it travels 168 m 
in 6 s, with an initial velocity of 10 m/s 


1 
= ut + at’, and s = 168, v= 10 andt =6 


1 
Hence 168 = (10)(6) + 546y" 
168 = 60 + 18a 
168 — 60 = 18a 
108 = 18a 
108 
= — =6 
“= 78 


Hence the acceleration of the body is 6 m/s”. 


Problem 19. When three resistors in an 
electrical circuit are connected in parallel the 
total resistance Rr is given by: 


1 1 1 1 


Rr Ri Ry R3 


Find the total resistance when R; = 5 Q, 
Ry = 10 Q and R3 = 30 Q 
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_6+3+1 10 1 


30303 
Taking the reciprocal of both sides gives: Rr = 3 Q 


the LCM of 


1 1 
Alternatively, if = 
Mee ag 5 ag TG 


the denominators is 30 Rr 


Hence 


1 1 1 
30R — } = 30R7 [ — 30R7 | — 
(a) : (5) rar (3) 


1 
R — 
+30Rr (=) 


Cancelling gives: 


30 => 6Rr + 3Rr + Rr 


30 
Rr = To = 3 Q, as above 


Now try the following exercise 


Exercise 30 Practical problems involving 
simple equations 


1. A formula used for calculating resistance 
of acable is R = (pl)/a. Given R = 1.25, 
1 = 2500 and a = 2 x 10~* find the value 
of p. [1077] 


2. Force F newtons is given by F = ma, 
where m is the mass in kilograms and a 
is the acceleration in metres per second 
squared. Find the acceleration when a 
force of 4 kN is applied to a mass of 
500 kg. [8 m/s?] 


3. PV = mRT is the characteristic gas equa- 
tion. Find the value of m when 
P = 100 x 10°, V = 3.00, R = 288 and 
T = 300. [3.472] 
4. When three resistors R,, R. and R3 are 
connected in parallel the total resistance Rr 


1 1 1 1 
is determined from Rp = R, + B + RB 
(a) Find the total resistance when 

R, =3 Q, Ro = 6 Qand R3 = 18 Q. 


Cancelling gives: x= 


(b) Find the value of R3 given that 
Rr = 3 ®, R; =5 Q and 
Ro, = 10 Q. 
[(a) 1.8 Q  (b) 30 Q] 


5. Ohm’s law may be represented by 
I = V/R, where J is the current in 
amperes, V is the voltage in volts and R is 
the resistance in ohms. A soldering iron 
takes a current of 0.30 A from a 240 V 
supply. Find the resistance of the element. 


[800 2] 


8.5 Further practical problems 


involving simple equations 


Problem 20. The extension x m of an 
aluminium tie bar of length / m and 
cross-sectional area A m? when carrying a 
load of F newtons is given by the modulus 


of elasticity E = F1/Ax. Find the extension 
of the tie bar (in mm) if E = 70 x 10? N/m’, 
F = 20x 10°N, A =0.1 m’ and/=1.4m 


E = FI/Ax, hence 


ae io® _ (20 x 10° N)(1.4 m) 
m (0.1 m2)(x) 
(the unit of x is thus metres) 
70 x 10? x 0.1 x x = 20 x 10° x 1.4 
20 x 10° x 1.4 
*= 70 x 10° x 0.1 
2x 1.4 
7x 100" 
2x 14 


— 7100 x 1000 mm 


Hence the extension of the tie bar, x = 4mm 


Problem 21. Power in a d.c. circuit is given 
2 


V 
by P= R where V is the supply voltage 


and R is the circuit resistance. Find the 
supply voltage if the circuit resistance is 
1.25 Q and the power measured is 320 W 


JNTUWORLD 


www.jntuworld.com 


2 y 

Since P = then 320= ve 

R 1.25 
(320)(1.25) = V? 

ie. v* = 400 


Supply voltage, V = V400 = +20 V 


Problem 22. A formula relating initial and 
final states of pressures, P; and P2, volumes 
V, and V», and absolute temperatures, T, 


PiV P2V 
and T>, of an ideal gas is Sl ee a 


T\ To 
Find the value of P; given P; = 100 x 103, 
V; = 1.0, V2 = 0.266, T, = 423 and 
T2 = 293 


. PiV,; ~~ PoV2 
Since = 
T; T2 
(100 x 10°)(1.0) —P2 (0.266) 
then = 
423 293 


“Cross-multiplying’ gives: 
(100 x 107)(1.0)(293) = P2(0.266)(423) 


Po 
(0.266)(423) 


Hence P; = 260 x 10° or 2.6 x 105 


Problem 23. The stress f in a material of a 
thick cylinder can be obtained from 


D jf +p 


—=,/——. Calculate the stress, given 
d Lay 
that D = 21.5, d = 10.75 and p = 1800 


. D ftp 
Since — =,/—— 
d f=p 
21.5 1800 
then — f+ 


_ (00 x 10°)(1.0)(293) 
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f + 1800 
ie. jee ati 
f — 1800 


Squaring both sides gives: 
_ f + 1800 
f — 1800 
4(f — 1800) = f + 1800 
4f — 7200 = f + 1800 
Af — f = 1800 + 7200 
3 f = 9000 


f= = 3000 


Hence stress, f = 3000 


Now try the following exercise 


Exercise 31 Practical problems involving 
simple equations 


Given Rp = R,(1 + at), find @ given 
R, = 5.0, Ro = 6.03 and t = 51.5 
[0.004] 


If v = uw? + 2as, find u given v = 24, 
a = —40 and s = 4.05 [30] 


The relationship between the temperature 
on a Fahrenheit scale and that on a Celsius 


scale is given by F = 5° + 32. Express 


113 °F in degrees Celsius. [45 °C] 


If t = 27./w/Sg, find the value of S given 
w = 1.219, g = 9.81 and t = 0.3132 
[50] 


An alloy contains 60% by weight of cop- 
per, the remainder being zinc. How much 
copper must be mixed with 50 kg of this 
alloy to give an alloy containing 75% cop- 
per? [30 kg] 


A rectangular laboratory has a length 
equal to one and a half times its width 
and a perimeter of 40 m. Find its length 
and width. [12 m, 8 m] 
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6. Factorise x* + 4x* + x — 6 using the 
Assignment 2 Tater ute Hence solve the equation 
x + 4x°+x-6=0 (6) 
: : : 7. Use the remainder theorem to find the 
This assignment covers the material con- remainder when 2x2 + x2 — 7x — 6 is 
tained in Chapters 5 to 8. The marks for divided by 
each question are shown in brackets at 
the end of each question. @e—2) ) G+!) 
Hence factorise the cubic expression. 
4 (7) 
Evaluate: 3xy*z3 — 2yz when x = -, Beans 
i 3 8. Simplify —=——— by dividing out. 
=2andz= —- 3 aa 
y ond 2 i (3) (5) 
Simplify the following: 9. Resolve the following into partial frac- 
tions: 
a) Seve ponies: ee 
2 >—— _ 6) ———— 
Qayvb/e (ge |) Ema) 
(b) 3x +4+2x+5x2-—4x (6) eee 
Remove the brackets in the following (©) jy 2 (ee) 
-= pressions andisimaplity, 10. Solve the following equations: 
2 
(a) (2x — y) (a) 3r-2=5t+4 
(b) 4ab — [3{2(4a — b) + b(2 — a)}] : (b) 4(k — 1) —2(k+2)+14= 0 
(5) 
a 2a s+1 
Factorise: 3x” y + 9xy* + 6xy? (3) (c) Ce a 1 () =r 2 
If x is inversely proportional to y and (13) 
x = 12 when y = 0.4, determine 11. A rectangular football pitch has its length 


(a) the value of x when y is 3, and 


(b) the value of y when x = 2. 


(4) 


equal to twice its width and a perimeter 
of 360 m. Find its length and width. 
(4) 
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9 


Simultaneous equations 


9.1 Introduction to simultaneous 
equations 


Only one equation is necessary when finding the 
value of a single unknown quantity (as with simple 
equations in Chapter 8). However, when an equation 
contains two unknown quantities it has an infinite 
number of solutions. When two equations are avail- 
able connecting the same two unknown values then 
a unique solution is possible. Similarly, for three 
unknown quantities it is necessary to have three 
equations in order to solve for a particular value 
of each of the unknown quantities, and so on. 

Equations that have to be solved together to 
find the unique values of the unknown quantities, 
which are true for each of the equations, are called 
simultaneous equations. 

Two methods of solving simultaneous equations 
analytically are: 


(a) by substitution, and (b) by elimination. 


(A graphical solution of simultaneous equations is 
shown in Chapter 30 and determinants and matrices 
are used to solve simultaneous equations in Chapter 
61). 


9.2 Worked problems on simultaneous 
equations in two unknowns 


Problem 1. Solve the following equations 
for x and y, (a) by substitution, and (b) by 
elimination: 


x+2y=-1 (1) 
4x —3y = 18 (2) 


(a) By substitution 
From equation (1): x = —1 — 2y 


Substituting this expression for x into equa- 
tion (2) gives: 


4(-1 —2y)-—3y= 18 


This is now a simple equation in y. 
Removing the bracket gives: 
—4—8y—3y=18 
lly =18+4= 22 
22, 
v= ll 


Substituting y = —2 into equation (1) gives: 


x+2(-—2)=-1 
x-4=-1 
x=—-1+4=3 


Thus x = 3 and y = —2 is the solution to 
the simultaneous equations. 


(Check: In equation (2), since x = 3 and 
y = —2, LHS = 4(3) — 3(-2) = 12+ 6= 
18 = RHS) 


(b) By elimination 
x+2y=-1 (1) 
4x —3y = 18 (2) 
If equation (1) is multiplied throughout by 4 


the coefficient of x will be the same as in 
equation (2), giving: 


4x+8y=—4 (3) 
Subtracting equation (3) from equation (2) 
gives: 

4x -— 3y= 18 (2) 

4x+ 8y=—-4 (3) 

2 
H = —=-2 
ence y =r 


(Note, in the above subtraction, 
18 — (—4) = 18+ 4 = 22). 
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Substituting y = —2 into either equation (1) or 
equation (2) will give x = 3 as in method (a). The 
solution x = 3, y = —2 is the only pair of values 


that satisfies both of the original equations. 


Problem 2. Solve, by a substitution method, 
the simultaneous equations: 


3x —2y = 12 (1) 
x+3y=-7 (2) 


From equation (2), x = —7—3y 


Substituting for x in equation (1) gives: 


3(—7 — 3y) —2y = 12 
ie. 21-—9y-—2y=12 

—lly = 12+21=33 
Hence y= 0 =-—3 

—11 
Substituting y = —3 in equation (2) gives: 
x + 3(-3) = —-7 

i.e. x-9=-7 
Hence x=-74+9=2 
Thus x = 2, y = —3 is the solution of the simulta- 


neous equations. 

(Such solutions should always be checked by sub- 
stituting values into each of the original two equa- 
tions.) 


Problem 3. Use an elimination method to 
solve the simultaneous equations: 


3x+4y=5 (1) 
2x —Sy=—-12 (2) 


If equation (1) is multiplied throughout by 2 and 
equation (2) by 3, then the coefficient of x will be 
the same in the newly formed equations. Thus 


6x+ 8y=10 (3) 
6x — ISy = —36 (4) 
Equation (3) — equation (4) gives: 

0+ 23y = 46 


2 x equation (1) gives: 


3 x equation (2) gives: 
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(Note +8y — —I5y = 8y+ 15y = 23y and 
10 — (—36) = 10+ 36 = 46. Alternatively, ‘change 
the signs of the bottom line and add’.) 


Substituting y = 2 in equation (1) gives: 


3x+4(2)=5 
from which 3x=5—-8=-3 
and x=-l 


Checking in equation (2), left-hand side = 
2(—1) — 5(2) = —2 — 10 = —12 = right-hand side. 


Hence x = —1 and y =2 is the solution of the 
simultaneous equations. 

The elimination method is the most common 
method of solving simultaneous equations. 


Problem 4. Solve: 


Tx —2y = 26 
6x + 5y = 29 


When equation (1) is multiplied by 5 and equa- 
tion (2) by 2 the coefficients of y in each equation 
are numerically the same, i.e. 10, but are of opposite 
sign. 


5 x equation (1) gives: 35x -—10y= 130 (3) 


2 x equation (2) gives: 12x+10y= 58 (4) 


Adding equation (3) 


and (4) gives: 47x+ 0 


= 188 


188 
Hence x = —— = 4 
47 


[Note that when the signs of common coefficients 
are different the two equations are added, and when 
the signs of common coefficients are the same the 
two equations are subtracted (as in Problems | 
and 3).] 


Substituting x = 4 in equation (1) gives: 


7(4) — 2y = 26 
28 — 2y = 26 
28 — 26 = 2y 
2=2y 
Hence y=1 
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Checking, by substituting x = 4 and y = 1 in 


equation (2), gives: 
LHS = 6(4) + 5(1) = 244.5 = 29 = RHS 
Thus the solution is x = 4, y =1, since these 


values maintain the equality when substituted in 
both equations. 


Now try the following exercise 


Exercise 32 Further problems on simulta- 


neous equations 


Solve the following simultaneous equations 
and verify the results. 


a+b=7 
a—b=3 
2x+5y=7 
x+3y=4 
3s +2t = 12 
4s—t=5 

3x —2y = 13 
2x + 5y = —4 
5x = 2y 
3x+7y = 41 
5c = 1-—3d 
2d+c+4=0 


9.3. Further worked problems on 
simultaneous equations 


Problem 5. Solve 


3p = 2q 
4p+qt+l1l=0 


Rearranging gives: 


3p —2q=0 3) 
4p+q=-ll (4) 


Multiplying equation (4) by 2 gives: 


8p +2q = —22 (5) 
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Adding equations (3) and (5) gives: 
llp+0= —22 


—22 _ 
ll 


Substituting p = —2 into equation (1) gives: 


4(9) 99 
—6 = 2q 
—6 
Se 
oe 


Checking, by substituting p = —2 and g = —3 into 
equation (2) gives: 


LHS = 4(-2) + (-3) +11 =-8—3411 
=0=RHS 


Hence the solution is p = —2, q = —3 


Problem 6. Solve 


Whenever fractions are involved in simultaneous 
equations it is usual to firstly remove them. Thus, 
multiplying equation (1) by 8 gives: 


@4()=6 


i.e. x+20 = 8y (3) 
Multiplying equation (2) by 3 gives: 
39 — y= 9x (4) 
Rearranging equations (3) and (4) gives: 
x —8y = —20 (5) 
9x + y = 39 (6) 
Multiplying equation (6) by 8 gives: 
72x + 8y = 312 (7) 
Adding equations (5) and (7) gives: 
73x +0 = 292 
292 


= ag = 
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Substituting x = 4 into equation (5) gives: 


Substituting x = 0.3 into equation (1) gives: 


4—8y = —20 
4+ 20= 8y 
24 = 8y 
(= 23 
8 


Checking: substituting x = 4, y = 3 in the original 
equations, gives: 


4 5 1 
Equation (1)} LHS ==+===+2-= 
quation (1) Ny gt5 at 3 
= y= RHS 
3 
Equation (2): LHS = 13 haus 1 12 
RHS = 3x = 3(4) = 12 


Hence the solution is x = 4, y = 3 


Problem 7. Solve 


2.5x + 0.75 — 3y = 0 
1.6x = 1.08 — 1.2y 


It is often easier to remove decimal fractions. Thus 
multiplying equations (1) and (2) by 100 gives: 


250x + 75 — 300y = 0 (1) 

160x = 108 — 120y (2) 
Rearranging gives: 

250x — 300y = —75 (3) 

160x + 120y = 108 (4) 
Multiplying equation (3) by 2 gives: 

500x — 600y = —150 (5) 
Multiplying equation (4) by 5 gives: 

800x + 600y = 540 (6) 
Adding equations (5) and (6) gives: 

1300x + 0 = 390 

390 39 3 


*= 7300 = Bo 107° 


250(0.3) + 75 — 300y = 0 


15 +75 = 300y 

150 = 300y 

150 
as 

» = 300 


Checking x = 0.3, y = 0.5 in equation (2) gives: 
LHS = 160(0.3) = 48 


RHS = 108 — 120(0.5) 
= 108 — 60 = 48 


Hence the solution is x = 0.3, y = 0.5 
Now try the following exercise 


Exercise 33. Further problems on simulta- 
neous equations 


Solve the following simultaneous equations 
and verify the results. 


1. 7p+11+2¢=0 
—l1=3q-—S5p 


x 
2 
x 
6 
a 
2 


1.5x —2.2y = —18 

2.4x + 0.6y = 33 [x=10, y=15] 
3b — 2.5a = 0.45 

1.6a+0.8b=0.8 [a=0.30, b=0.40] 
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9.4 More difficult worked problems on 
simultaneous equations 


Problem 8. 


Solve 


In this type of equation the solution is easier if a 


1 1 
substitution is initially made. Let - = a and —- = 
x y 


Thus equation (1) becomes: 2a + 3b = 7 (3) 
a—4b=-2 (4) 
Multiplying equation (4) by 2 gives: 

2a — 8b=—4 (5) 


Subtracting equation (5) from equation (3) gives: 


and equation (2) becomes: 


04+ 11b=11 
ie. b=1 
Substituting b = 1 in equation (3) gives: 
2a+3=7 
2a=7-3=4 
ie. a=2 


Checking, substituting a = 2 and b = | in equa- 
tion (4) gives: 


LHS = 2 — 4(1) = 2—4= —2 = RHS 
Hence a= 2 andb=1 

; 1 1 1 
However, since —=a then x=-—-=-— 
x a 2 
. 1 1 1 

and since —=b thn y=-=-=1 
y b 1 


1 
Hence the solution is x = 3 y=1, 


which may be checked in the original equations. 


Problem 9. Solve 
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1 
e xan ; y 
th ar (3) 
en = =y= 
2 5 
1 
4x + = 10.5 (4) 
To remove fractions, equation (3) is multiplied by 
10 giving: 
x 3 
10 (5) +10 (=) = 10(4) 
ie. 5x + 6y = 40 (5) 
Multiplying equation (4) by 2 gives: 
Multiplying equation (6) by 6 gives: 
48x + 6y = 126 (7) 
Subtracting equation (5) from equation (7) gives: 
43x + 0 = 86 
86 
x=—=2 
43 
Substituting x = 2 into equation (3) gives: 
2 3 
Z4ly=4 
2° 5? 
3 
=y=4-1=3 
5 y 
5 
= _(3)=5 
y 3! ) 
: 1 1 1 
Since —-=x then a=-=- 
a x 2 
1 1 1 
and since -=y then D=—-=-— 
b y 5 
aa 1 1 
Hence the solution is a = 3 b= 3? 


which may be checked in the original equations. 


Problem 10. Solve 
1 4 


x+y 27 
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To eliminate fractions, both sides of equation (1) are 
multiplied by 27(x + y) giving: 


1 4 
27(x + y) (—) = 27(x+ y) (=) 


Le. 27(1) = 4(«+ y) 

27 =4x+4y (3) 
Similarly, in equation (2): 33 = 4(2x — y) 
ie. 33 = 8x —4y (4) 
Equation (3) + equation (4) gives: 

60 
60= 12x, iex = po 
Substituting x = 5 in equation (3) gives: 
27 = 4(5) + 4y 

from which 4y =27-20=7 
and y= ; = 1 


3 
Hence x = 5, y =1- is the required solution, 


which may be checked in the original equations. 


Now try the following exercise 


Exercise 34 Further more difficult prob- 
lems on simultaneous equa- 
tions 


In problems 1 to 5, solve the simultaneous 
equations and verify the results 


3 2 

1 =4+-7=14 
x y 
5 3 1 1 
——-—-=-72 X=-, y=- 
x yy 2 4 
4. 4 

S Aare 
a b 
a ae 4 1 b 1 
_ es a=, —— 
a b 3 2 
13 
2p Sq 
5 1 35 re 
rp @ 2 P= ar 42> 5 


c+1 d+2 
4 1=0 
4 3 - 
l—<¢ ad 4 
5 4 20 
Ic=3, d=4] 
: 3r4+2 28-1 11 
: 5 4. 5 
34+ 2r ses 15 
4 3 #4 


3 4 5 

6. If 5x-—-— = 1andx+-—- = = find the 
y y 2 

xy+1 


value of 


[1] 


9.5 Practical problems involving 
simultaneous equations 


There are a number of situations in engineering 
and science where the solution of simultaneous 
equations is required. Some are demonstrated in the 
following worked problems. 


Problem 11. The law connecting friction F 
and load L for an experiment is of the form 
F =aL+b, where a and b are constants. 


When F = 5.6, L = 8.0 and when F = 4.4, 
L = 2.0. Find the values of a and b and the 
value of F when L = 6.5 


Substituting F = 5.6, L = 8.0 into F = aL +b 
gives: 

5.6 = 8.0a+b (1) 
Substituting F = 4.4, L = 2.0 into F =aL+b 
gives: 


44=2.0a+b (2) 
Subtracting equation (2) from equation (1) gives: 
1.2 = 6.0a 
12 1 
a= = 
6.0 5 


1 
Substituting a = 5 into equation (1) gives: 


1 
5.6 = 8.0 (=) +b 


5.6=1.6+)b 


JNTUWORLD 


www.jntuworld.com 


5.6—-—16=b 


Hence the gradient, m = 5 and the y-axis inter- 


1.e. b=4 


1 
Checking, substituting a = 5 and b = 4 in equa- 


tion (2), gives: 


RHS = 2.0(<) +4=0444=44=LHS 


1 
Hence a = gandb=4 


1 
When L=6.5,F =aL+b= 56.5) +4 


= 1.3+4, re. F = 5.30 


Problem 12. The equation of a straight line, 
of gradient m and intercept on the y-axis c, 
is y= mx-+c. If a straight line passes 
through the point where x = 1 and y = —2, 


and also through the point where x = 34 and 


y= 104, find the values of the gradient and 
the y-axis intercept 


Substituting x = | and y = —2 into y= mx+c 
gives: 


1 1 
Substituting x = 35 and y= 10, into y=mx+c 


gives: 
10- = : + (2) 
Bagh te 
Subtracting equation (1) from equation (2) gives: 
1 
1 1 12— 
12—=2<m from which, m= —2=5 
2 2 1 
= 
2 
Substituting m = 5 into equation (1) gives: 


—2=5+¢c 
e=-2-5=-7 


Checking, substituting m = 5 and c = —7 in 
equation (2), gives: 


1 1 
RHS = (35) (5)+ (-7) = MS —7 


1 
= 10- = LHS 
2 
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cept, c = —7 


Problem 13. When Kirchhoff’s laws are 
applied to the electrical circuit shown in 
Fig. 9.1 the currents J; and Jz are connected 
by the equations: 


27 = 1.57, + 8(, — 12) (1) 
a9 =— 8 = 15) (2) 


Figure 9.1 


Solve the equations to find the values of 
currents 7; and I 


Removing the brackets from equation (1) gives: 
27 = 1.51, + 81; — 812 
Rearranging gives: 
9.51; — 81, = 27 (3) 
Removing the brackets from equation (2) gives: 
—26 = 21, — 81, + 814 


Rearranging gives: 


—81; + 10J, = —26 (4) 
Multiplying equation (3) by 5 gives: 
47.51, — 40Ip = 135 (5) 
Multiplying equation (4) by 4 gives: 
—321, + 40/, = —104 (6) 
Adding equations (5) and (6) gives: 
15.57, +0= 31 
Lb 31 


= —_— =2 
15.5 
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Substituting 7; = 2 into equation (3) gives: 
9.5(2) — 82, = 27 


19 — 8Jy = 27 
19 —27 = 81, 
—8 = 81 
I,=-1 
Hence the solution is = 2 and I, = —1 


(which may be checked in the original equations). 


Problem 14. The distance s metres from a 
fixed point of a vehicle travelling in a 
straight line with constant acceleration, 

a m/s”, is given by s = ut + Sat”, where u is 


the initial velocity in m/s and ¢ the time in 
seconds. Determine the initial velocity and 
the acceleration given that s = 42 m when 
t=2sands= 144m whent=4-s. Find 
also the distance travelled after 3 s 


1 
Substituting s = 42, t = 2 into s = ut+ ae gives: 
Lays 
42 =u + 5a(2) 
ie. 42 = 2u+2a (1) 


1 
Substituting s = 144, t = 4 into s = ut + xa 


gives: 
1 
144 = 4u+ xaay 
ie. 144 = 4u + 8a (2) 
Multiplying equation (1) by 2 gives: 
84 = 4u + 4a (3) 
Subtracting equation (3) from equation (2) gives: 
60 = 0+ 4a 
60 
=—=15 
caer 


Substituting a = 15 into equation (1) gives: 
42 = 2u + 2(15) 


42 — 30 = 2u 
12 6 
 ——- 
2 


Substituting a = 15, u = 6 in equation (2) gives: 


Hence the initial velocity, 1 = 6 m/s and the 
acceleration, a = 15 m/s?. 


1 
Distance travelled after 3 s is given by s = ut+ zat 


where t = 3, u= 6 anda= 15 
1 
Hence 5 = (6)(3)+ 515)8) = 18+ 67.5 


i.e. distance travelled after 3 s = 85.5 m 


Problem 15. The resistance R Q of a length 
of wire at f°C is given by R = Ro(1 + at), 
where Ro is the resistance at 0°C and a is 


the temperature coefficient of resistance in 
/°C. Find the values of a and Ro if R = 30 Q 
at 50°C and R = 35 Q at 100°C 


Substituting R = 30, t = 50 into R = Ro(1 + at) 
gives: 

30 = Ro(1 + 50a) (1) 
Substituting R = 35, t = 100 into R = Ro(1 + at) 
gives: 


35 = Ro(1 + 100a) (2) 


Although these equations may be solved by the 
conventional substitution method, an easier way is to 
eliminate Ro by division. Thus, dividing equation (1) 
by equation (2) gives: 


30 Ro(1+50a) _ 1+50a 


35 Ro(1+ 100) 1+ 100 
“Cross-multiplying’ gives: 
30(1 + 100a) = 35(1 + 50a) 
30 + 3000 = 35 + 1750a 
3000 — 1750a = 35 — 30 


1250a = 5 
i.e 2 or 0.004 
1. = TTS = rT . 
“= 7250 — 250 
1 
Substituting a = 750 into equation (1) gives: 
30 = Ro § 1+ (50) ; 
s 250 
30 = Ro(1.2) 
30 
Ro = — =25 
1.2 
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1 
Checking, substituting a = 50 and Ro = 25 in 
equation (2) gives: 


1 
RHS = 25 {1 + (100) (=)} 
= 25(1.4) = 35 = LHS 


Thus the solution is a=0.004/°C and Ro = 25 Q. 


Problem 16. The molar heat capacity of a 
solid compound is given by the equation 


c =a+DbT, where a and b are constants. 
When c = 52, T = 100 and when c = 172, 
T = 400. Determine the values of a and b 


When c = 52, T = 100, hence 


52 =a+ 100b (1) 
When c = 172, T = 400, hence 
172 = a+ 400b (2) 
Equation (2) — equation (1) gives: 
120 = 300b 
: 120 
from which, b= 300 = 0.4 


Substituting b = 0.4 in equation (1) gives: 
52 = a+ 100(0.4) 
a=52-40= 12 
Hence a=12 and b=0.4 


Now try the following exercise 


Exercise 35 Further practical problems 
involving simultaneous equa- 
tions 


1. In a system of pulleys, the effort P 
required to raise a load W is given by 
P=aW +b, where a and b are constants. 


SIMULTANEOUS EQUATIONS 


If W = 40 when P = 12 and W = 90 
when P = 22, find the values of a and b. 


1 
le= 5. b=] 
5 


Applying Kirchhoff’s laws to an electrical 
circuit produces the following equations: 


5 = 0.27, +2 — 12) 
12 = 3p + 0.4Ip — 20, —) 


Determine the values of currents J; and [> 
[T, = 6.47, I, = 4.62] 


Velocity v is given by the formula v = 
u+at. If v = 20 when t = 2 and v = 40 
when t = 7 find the values of wu and a. 
Hence find the velocity when t = 3.5. 


fu=12, a=4, v=26] 


y = mx +c is the equation of a straight 
line of slope m and y-axis intercept c. If 
the line passes through the point where 
x = 2 and y = 2, and also through 
the point where x = 5 and y = 5, 
find the slope and y-axis intercept of the 


straight line. m= oc c=3 


The resistance R ohms of copper wire at 
t°C is given by R = Ro(1 + at), where 
Ro is the resistance at 0°C and a@ is the 
temperature coefficient of resistance. If 
R = 25.44 Q at 30°C and R = 32.17 Q 
at 100°C, find a and Ro. 


[a = 0.00426, Ry = 22.56 Q] 


The molar heat capacity of a solid 
compound is given by the equation c = 
a+bT. When c = 52, T = 100 and when 
c = 172, T = 400. Find the values of a 
and b. [a=12, b=0.40] 
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10 


Transposition of formulae 


10.1 Introduction to transposition of 
formulae 


When a symbol other than the subject is required 
to be calculated it is usual to rearrange the formula 
to make a new subject. This rearranging process is 
called transposing the formula or transposition. 
The rules used for transposition of formulae are 
the same as those used for the solution of sim- 
ple equations (see Chapter 8) — basically, that the 
equality of an equation must be maintained. 


10.2 Worked problems on 
transposition of formulae 


Problem 1. Transpose p=q+r+s to 


make r the subject 


The aim is to obtain r on its own on the left-hand 
side (LHS) of the equation. Changing the equation 
around so that r is on the LHS gives: 


qtr+s=p (1) 
Subtracting (¢ + s) from both sides of the equation 
gives: 

qtr+s—(qts)=p—@ts) 
Thus qtr+s—q-s=p-q-s 
ie. r=p-q-s (2) 


It is shown with simple equations, that a quantity 
can be moved from one side of an equation to 
the other with an appropriate change of sign. Thus 
equation (2) follows immediately from equation (1) 
above. 


Problem 2. Ifa+b=w-—x-+y, express x 


as the subject 


Rearranging gives: 


w-x+y=a+band —x=a+b—-—w-y 


Multiplying both sides by —1 gives: 


(-1)(-x) = (-D(a+b-w-y) 
ie. x=-a-—b+wty 


The result of multiplying each side of the equation 
by —1 is to change all the signs in the equation. 

It is conventional to express answers with positive 
quantities first. Hence rather than x = —a —b+ 
wt+y,x =w +y —a —b, since the order of terms 
connected by + and — signs is immaterial. 


Problem 3. 
the subject 


Transpose v = fA to make A 


Rearranging gives: frz=uv 
ees : : fr vv 
Dividing both sides by f gives: —=-—, 

i oF 

; fa 
1.€. = — 
f 


Problem 4. When a body falls freely 
through a height h, the velocity v is given by 
v? = 2gh. Express this formula with h as the 
subject 


Rearranging gives: 2gh=v 
2gh 
Dividing both sides by 2g gives: 8 =", 
2g 2g 
2 
2g 


Problem 5. 
the subject 


V 
If l= R rearrange to make V 


V 
Rearranging gives: a I 
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Multiplying both sides by R gives: 
Now try the following exercise 
R (=) = R(I) 


Bence V—IR Exercise 36 Further problems on transpo- 
sition of formulae 


Make the symbol indicated the subject of each 
of the formulae shown and express each in its 
simplest form. 


F 
Problem 6. Transpose: a = — for m 
m 


a+tb=c-—d-—e (d) [d=c—a-—b| 


F 
Rearranging gives: — =a i 
m 
Multiplying both sides by m gives: _ x+3y=t (y) > = 30 = »| 


FF 
m (=) =m(a) Le. F=ma Aa oy (r) 
Rearranging gives: ma = F 


ma y=mx+ce (x) 
Dividing both sides by a gives: — = 
a 


F 

a 

F - 
ie. m= — - 1 = PRT (T) 
a 


l 
Problem 7. Rearrange the formula: R = as 


to make (i) a the subject, and (ii) / the 
subject 


(r) 


| 9 5 
(i) Rearranging gives: ne R . F= 5© +32 (C) lc = oF _ 32) 
a 


Multiplying both sides by a gives: 


(2 ") (R) ie pl—aR 
a\= =a 1.€. =a 
a ig 10.3. Further worked problems on 


Keatensne sive aR pl transposition of formulae 


Dividing both sides by R gives: 
Problem 8. Transpose the formula: 


aR pl ft 
ae v=u+—, to make f the subject 
m 
pl 
i.e. == 
R ft ft 


; Rearranging gives: u+ — =v and —=v—-u 

.. ae. ; pl a m m 

(ii) Multiplying both sides of = R by a gives: Multiplying each side by m gives: 

pl =aR ft 

m (=) =m(vu—u) ie. ft=m(v—u) 
m 


Syed : pl 
Dividing both sides by p gives: ~-=— viding both sides by f gives: 


: aR 
Le. a Few ie. f= Sw-u) 
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Problem 9. The final length, /2 of a piece 
of wire heated through 60°C is given by the 


formula J, = 1,(1 + a0). Make the 
coefficient of expansion, a, the subject 


1,1. + a0) = 1, 
1, +1,a0 = 1, 
lja@ =1,-1, 


Rearranging gives: 
Removing the bracket gives: 
Rearranging gives: 
Dividing both sides by 1,6 gives: 

oO = In—-h _bn-h 


1,0 1,0 ; 1,6 


Problem 10. A formula for the distance 


moved by a body is given by: s = ~(v+ u)t. 


Rearrange the formula to make u the subject 


1 
Rearranging gives: a +u)t=s 
Multiplying both sides by 2 gives: (v+u)t = 2s 
Dividing both sides by t gives: 
(u+u)t 2s 
i 4 
: 2s 
1.€. vtus= — 
t 
2s 2s — vt 
Hence ia ee or u= , 


Problem 11. A formula for kinetic energy 


1 
is k = mv’. Transpose the formula to make 


v the subject 


1 
Rearranging gives: xm =k 


Whenever the prospective new subject is a 
squared term, that term is isolated on the LHS, and 
then the square root of both sides of the equation is 
taken. 


Multiplying both sides by 2 gives: mv” = 2k 


te deat : : mv 2k 
Dividing both sides by m gives) = —— = — 
m 

2k 

1.€ uy =—_— 


Taking the square root of both sides gives: 


Vv = zai 

m 

2k 

ie v=4/— 
m 


Problem 12. In a right angled triangle 


having sides x, y and hypotenuse z, 


Pythagoras’ theorem states z* = x* + y?. 
Transpose the formula to find x 


r+y=2 


and vrae—y? 


Rearranging gives: 


Taking the square root of both sides gives: 


r= Ve—y 


l 
Problem 13. Given tf = ant find g in 
& 


terms of ¢, / and z 


Whenever the prospective new subject is within a 
square root sign, it is best to isolate that term on the 
LHS and then to square both sides of the equation. 


l 
Rearranging gives: amt =4 
g 


l 
Dividing both sides by 27 gives: i = 
g 20 


Saiidcis badustee Sica aes 
uarin O sides gives: —- = —_— — 
4 . e g 2n An? 


Cross-multiplying, i.e. multiplying each term by 
47g, gives: 


4n71 = gt? 
or gt? =4n71 
Agel 
Dividing both sides by 7? gives: = - > 
: 4x71 
1.e. — vr 


Problem 14. The impedance of an a.c. 
circuit is given by Z = /R? + X2. Make the 


reactance, X, the subject 
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Rearranging gives: R24+X2=Z 
Squaring both sides gives: R* +X? = Z? 
Rearranging gives: Par He 


Taking the square root of both sides gives: 


X = VZ?—R? 


Problem 15. The volume V of a hemisphere 


2 
is given by V= 3 Find r in terms of V 


23 
a =V 
a 


Multiplying both sides by 3 gives: 22r? = 3V 


Rearranging gives: 


Dividing both sides by 27 gives: 
Qnr? = 3V 3, 3Vv 
= — r=>—=—_ 
20 2 2 


Taking the cube root of both sides gives: 


3 3/3V, /3V 
Sp = ,4/— le. r= ‘ i 
20 2x 


Now try the following exercise 


Exercise 37 Further problems on transpo- 
sition of formulae 


Make the symbol indicated the subject of each 
of the formulae shown and express each in its 
simplest form. 


1. yo (x) 
k= So+a) or raat 
3(F — 
2 Aa? (f) 
| _ 3F—AL =F-5| 
fas faF-= 
MI’ 
3, y= BEI (E) 
aa 
8 
4. R= Ro +at) (t) 
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1 1 
pe R 
- RB + RB (R2) 
RR, 
R= 
R,—R 
E— 
6. I : (R) 
R+r 
E-—e-Ir E-e 
= or R= — 
I I | 
7. y = 4ab?c?* (b) 
y 
b= 
| SS 
a b? 


tg 
=a] 
10. uv = w +2as (u) 
E = Jv? — 2as| 
R70 
11. A 560 (R) 
360A 
~ m0 
ova 6" (a) 
y 
[a = N*y — x] 
13. Z= /R24 QnrfLy? (L) 
72 _ R2 
= anf 


10.4 Harder worked problems on 


transposition of formulae 


Problem 16. Transpose the formula 
= ax + a’ y 


to make a the subject 
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2 2 
Rearranging gives: ees = 

: 
Multiplying both sides by r gives: a?x + a*y =rp 


Factorising the LHS gives: a(x+y)=rp 


Dividing both sides by (x + y) gives: 
a(xt+y) 7p 
= ie. a= 
@+y) (ty) w+ y) 
Taking the square root of both sides gives: 
'p 
x+y 


a= 


Problem 17. Make b the subject of the 


x—y 
formula a = ———— 
bd + be 
R : “ xX—y 
ealranging gives: —————— = a 
ee bd + be 
Multiplying both sides by bd + be gives: 
x—y=awvbd + be 


or avbd+be=x-—y 
Dividing both sides by a gives: 


(iisehe 
a 


Squaring both sides gives: 


_ 2 
bi thes € *) 


a 


Factorising the LHS gives: 
_ yA? 
bdd+e)= (=) 
a 


Dividing both sides by (d + e) gives: 


b 
Problem 18. If a= ——, make b the 
1+b 


subject of the formula 


R : eee 
earranging gives fa a 
Multiplying both sides by (1 + b) gives: 
b=a(l1+b) 


Removing the bracket gives: b=a-+ ab 

Rearranging to obtain terms in b on the LHS gives: 
b—ab=a 

Factorising the LHS gives: b(1 — a) =a 

Dividing both sides by (1 — a) gives: 


ee 


l-a 


Problem 19. Transpose the formula 


E 
V= . to make r the subject 
R+r 


Rearranging gives: sa =V 
R+r 

Multiplying both sides by (R +r) gives: 
Er=V(R+1r) 

Removing the bracket gives: Er = VR+ Vr 

Rearranging to obtain terms in r on the LHS gives: 
Er—Vr=VR 

Factorising gives: r((E —V)=VR 

Dividing both sides by (E — V) gives: 


ft+ 
f-P 


D 
Problem 20. Given that: 7 — 


express p in terms of D, d and f 


Rearranging gives: iat = Z 
“Vf-p d 
D2 
Squaring both sides gives: itp =— 
f= 2 d? 


Cross-multiplying, i.e. multiplying each term by 
d’(f — p), gives: 
d*(f + p)=D*(f —p) 
Removing brackets gives: d? f +d? p = D? f — Dp 
Rearranging, to obtain terms in p on the LHS gives: 
di’ p+D'p=D'f —d’f 
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Factorising gives: p(d? + D*) = f(D’ — d’) 
Dividing both sides by (d* + D*) gives: 

_ f@? —d’) 

~ @+4+D?) 


Now try the following exercise 


Exercise 38 Further problems on transpo- 
sition of formulae 


Make the symbol indicated the subject of each 
of the formulae shown in Problems | to 7, and 
express each in its simplest form. 


2 2 


1 ee ee (a) 
x 
xy 
— m—-n 
2. M = n(R*— Yr’) (R) 
eZ on 
1 
3 x+y — (r) 
x i= Jy r 
[+= a 
Oe aa 
Ay, thie 2 (L) 
L+rCR 
mrCR 
~ —m 
be — 
5. @ = (b) 
Cari 
1-—a? 
x 1+r 
6. -= i. 72 (r) 
=, 
—— 
x+y 
2. 
7 P_ a+2b (b) 
qd a— 2b 


c _ ap? - 2) 
~ 2(p? +?) 


11. 


A formula for the focal length, f, of a 


1 1 1 
convex lens is — = — + —. Transpose 
uv 


the formula to make v the subject and 
evaluate v when f = 5 andu=6. 


c =—2, 30 
u—f 

The quantity of heat, Q, is given by the 

formula Q = mc(t2 — t,). Make ft) the 


subject of the formula and evaluate f 
when m = 10, t) = 15, c = 4 and 


Q = 1600. 
E =ti+ Qo 55 
mc 
The velocity, v, of water in a pipe 
0.03Lv" 
appears in the formula h = = 
2dg 


Express uv as the subject of the for- 
mula and evaluate v when h = 0.712, 
L = 150, d = 0.30 and g = 9.81 


2dgh 
= ,/——.,, 0.965 
f V 0.032 | 
The sag S at the centre of a wire is given 


[3d(l—d 
by the formula: S = Make 


1 the subject of the formula and evaluate 
1 when d = 1.75 and S = 0.80 
88? 
l= —-+4+d, 2.725 
b= art | 


In an electrical alternating current circuit 
the impedance Z is given by: 


2 
Z= R+ (wl -—) ‘ 
oC 


Transpose the formula to make C the 
subject and hence evaluate C when 
Z = 130, R = 120, w = 314 and 
L=0.32 


, 63.1 x 4 


e ~ olol—VE—R} 
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Quadratic equations 


11.1 Introduction to quadratic 
equations 


As stated in Chapter 8, an equation is a statement 
that two quantities are equal and to ‘solve an equa- 
tion’ means ‘to find the value of the unknown’. 
The value of the unknown is called the root of the 
equation. 

A quadratic equation is one in which the highest 
power of the unknown quantity is 2. For example, 
x? — 3x + 1 =0 is a quadratic equation. 

There are four methods of solving quadratic 
equations. 


These are: (i) by factorisation (where possible) 


(ii) by “completing the square’ 
(iii) by using the ‘quadratic formula’ 


or (iv) graphically (see Chapter 30). 


11.2 Solution of quadratic equations 


by factorisation 


Multiplying out (2x+1)(x—3) gives 2x?—6x+x—3, 
i.e. 2x” — 5x — 3. The reverse process of moving 
from 2x? — 5x — 3 to (2x + 1)(x — 3) is called 
factorising. 

If the quadratic expression can be factorised this 
provides the simplest method of solving a quadratic 
equation. 


2x? — 5x —3 =0, then, 
(2x + 1)(x — 3) =0 


For example, if 


by factorising: 


Hence either (2x+1)=0 ie. x 


or (x-—3)=0 ie. x=3 


The technique of factorising is often one of ‘trial 
and error’. 


Problem 1. Solve the equations: 


(a) x7 +2x-—8=0 (b) 3x*-1lx-4=0 


by factorisation 


(a) x*+2x—8 =O. The factors of x? are x and x. 
These are placed in brackets thus: (x) ) 


The factors of —8 are +8 and —1, or —8 and 
+1, or +4 and —2, or —4 and +2. The only 
combination to give a middle term of +2x is 
+4 and —2, Le. 


x2 4+2x-8=(x+4)(x-2) 
Oe eee 


(Note that the product of the two inner terms 
added to the product of the two outer terms 
must equal the middle term, +2x in this 
case.) 


The quadratic equation x” + 2x — 8 = 0 thus 
becomes (x + 4)(x — 2) = 0. 


Since the only way that this can be true is for 
either the first or the second, or both factors to 
be zero, then 

x=—4 


x=2 


either (x+4)=0 ie. 


or (x-—2)=0 Le. 
Hence the roots of x27+2x —8=0 are 
x = —4 and 2 

(b) 3x7-—11x-4=0 


The factors of 3x” are 3x and x. These are 
placed in brackets thus: (3x )(x_ ) 


The factors of —4 are —4 and +1, or +4 and 
—1, or —2 and 2. 


Remembering that the product of the two inner 
terms added to the product of the two outer 
terms must equal —11x, the only combination 
to give this is +1 and —4, i.e. 


3x? — 1lx —4 = 3x+ 1)(x —4) 
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The quadratic equation 3x? — 11x —4 = 0 thus 
becomes (3x + 1)(x — 4) = 0. 


1 
Hence, either (3x+1)=0 ie. x= 3 
or (x-—4)=0 ie. x =4 


and both solutions may be checked in the 
original equation. 


Problem 2. Determine the roots of: 
(a) x2 — 6x + 9 = 0, and (b) 4x” — 25 = 0, 


by factorisation 


(a) x*—6x+9 = 0. Hence (x—3)(x—3) = 0, ie. 
(x — 3)* = 0 (the left-hand side is known as a 
perfect square). Hence x = 3 is the only root 
of the equation x? — 6x + 9 = 0. 

(b) 4x* — 25 = 0 (the left-hand side is the dif- 
ference of two squares, (2x)” and (5)*). Thus 
(2x + 5)(2x —5)=0. 


Hence either (2x+5)=0 ie. x =—= 


or (Q2x—5)=0 ie. x= 


Problem 3. Solve the following quadratic 
equations by factorising: 


(a) 4x7 +8x+3=0 (b) 15x7+2x—8=0. 


(a) 4x7 + 8x +3 = 0. The factors of 4x? are 4x 
and x or 2x and 2x. The factors of 3 are 3 
and 1, or —3 and —1. Remembering that the 
product of the inner terms added to the product 
of the two outer terms must equal +8., the only 
combination that is true (by trial and error) is: 


2 = 
(4x° + 8x +3) = (2x + 3)2x +1) 


Hence (2x +3)(2x + 1) = 0 from which, either 
(Qx+3)=0 or (2Qx+1)=0 


Thus, 2x = —3, from which,x = -5 
P 1 
or 2x = —1, from which,x = 3 


which may be checked in the original equation. 
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(b) 15x*+2x—8 =0. The factors of 15x? are 15x 
and x or 5x and 3x. The factors of —8 are —4 
and +2, or 4 and —2, or —8 and +1, or 8 and 
—1. By trial and error the only combination 
that works is: 


15x? + 2x — 8 = (5x + 4)(3x — 2) 
Hence (5x + 4)(3x — 2) = 0 from which 


either 5x+4=0 
or 3x -—2=0 


HW 4 2 
ence xX =— > or x¥=-= 
5 3 
which may be checked in the original equation. 


Problem 4. The roots of a quadratic 


I : 
equation are 3 and —2. Determine the 


equation 


If the roots of a quadratic equation are a and # then 


(x — a)(x — B) = 0. 


1 
Hence if a = 3 and 6 = —2, then 


(x 5) (—2))=0 


(x-;) (x+2)=0 
| 2 


a 2x--=0 
x 3 x 3 
5 2 
2 
-~-==0 
Tae a 
Hence 3x7 + 5x —2=0 


Problem 5. Find the equations in x whose 


roots are: (a) 5 and —5_ _(b) 1.2 and —0.4 


(a) If5 and —5S are the roots of a quadratic equa- 
tion then: 


(x—5)\%+5)=0 


ie. =x” — 5x +5x—25=0 
Le. x?7—25=0 
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(b) If 1.2 and —0.4 are the roots of a quadratic 
equation then: 


(x — 1.2)(¢+ 0.4) =0 
Le. x? —1.2x+ 0.4x — 0.48 = 0 
ie. x? — 0.8x — 0.48 = 0 


Now try the following exercise 


Exercise 39 Further problems on solving 
quadratic equations by fac- 
torisation 


In Problems | to 10, solve the given equations 
by factorisation. 
x7 + 4x —32=0 
x*—-16=0 
(x +2)? = 16 


[4, —8] 
[4, —4] 
[2, —6] 


2x? —x -3=0 


6x? —5x+1=0 


10x7 ++ 3x -4=0 
x? —4x+4=0 


21x? — 25x =4 


6x? —5x-4=0 


10. 8x7+2x-15=0 


In Problems 11 to 16, determine the quadratic 
equations in x whose roots are: 


11. 3 and 1 
12. 2 and —5 
13. —1 and —4 


[x? —4x +3 =0] 
[x? + 3x —10=0] 
[x?+5x+4=0] 


1 1 
14. 2= and —= 
2 2 


[4x7 — 8x —5 = 0] 


15. 6 and —6 
16. 2.4 and —0.7 


[x? — 36 = 0] 
[x2 — 1.7x — 1.68 = 0] 


11.3 Solution of quadratic equations 
by ‘completing the square’ 


An expression such as x? or (x + 2)* or (x — 3)’ is 
called a perfect square. 
If x7 = 3 then x = +J/3 


If (x + 2)? = 5 then x +2 = +5 and 
K=—7ZASS 

If (x — 3) = 8 then x —-3 = +8 and 
x=34/8 


| 


Hence if a quadratic equation can be rearranged so 
that one side of the equation is a perfect square 
and the other side of the equation is a number, then 
the solution of the equation is readily obtained by 
taking the square roots of each side as in the above 
examples. The process of rearranging one side of 
a quadratic equation into a perfect square before 
solving is called ‘completing the square’. 


(xtay =x? +2ax +a’ 


Thus in order to make the quadratic expression 
x? + 2ax into a perfect square it is necessary to add 


2 2 
(half the coefficient of x)? i.e. ($) or a2 


For example, x? + 3x becomes a perfect square by 


3 2. 
adding (5) , Le. 
a7 a0 
2 a od 
x +34 (5) (x+3) 


The method is demonstrated in the following worked 
problems. 


Problem 6. Solve 2x? + 5x = 3 by 


‘completing the square’ 


The procedure is as follows: 


1. Rearrange the equation so that all terms are 
on the same side of the equals sign (and the 
coefficient of the x? term is positive). 


Hence 2x? + 5x —3 =0 


2. Make the coefficient of the x* term unity. In 
this case this is achieved by dividing throughout 
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by 2. Hence 
ox 5 
BE OF 7 2g 
2 2 2 
5 3 
: 2 
e. ~<x-=~=0 
1.€ aa 5 


3. Rearrange the equations so that the x? and x 
terms are on one side of the equals sign and the 
constant is on the other side. Hence 


2° 2 


4. Add to both sides of the equation (half the 
coefficient of x)*. In this case the coefficient of 


5 
x is 5 Half the coefficient squared is therefore 


hie Sek aa. 5 an s\ 
u x =X _ == = 
2 4 2° \4 


The LHS is now a perfect square, i.e. 


42) 3 57 

x+- == - 

4 3 4 

5. Evaluate the RHS. Thus 
45) 3,25 _ 24425 _ 49 
a: aie ae eae (ae 


6. Taking the square root of both sides of the 
equation (remembering that the square root of a 
number gives a + answer). Thus 


ser gas [49 
Ta ~V 16 
5 


oer 
1.e. x - = _ 
4. 4 


7. Solve the simple equation. Thus 


sh 
4-4 
. _ 5 i et 
1.e. t= Ga 
d 5 7 12 
ea ae ae 


QUADRATIC EQUATIONS — 83 


1 
Hence x = 5 or —3 are the roots of the equa- 


tion 2x? + 5x = 3 


Problem 7. Solve 2x” + 9x + 8 = 0, correct 


to 3 significant figures, by ‘completing the 
square’ 


Making the coefficient of x” unity gives: 
9 
ae a a +4=0 


and rearranging gives: aes 5° =-4 


Adding to both sides (half the coefficient of x)? 
gives: 


9 gy? 9\? 
2 

2 Se fa 
F +5x+ (3) (3) 


The LHS is now a perfect square, thus: 


ay 81 F 17 
Xx = = =— 
4 16 16 


Taking the square root of both sides gives: 


9 17 
See ae 
Ta 16 


Hence r= —3 41.081 


ie. x = —1.22 or —3.28, correct to 3 significant 
figures. 


Problem 8. By ‘completing the square’, 
solve the quadratic equation 


4.6y* + 3.5y — 1.75 = 0, correct to 
3 decimal places 


Making the coefficient of y? unity gives: 


35 1,75 
2 —y - — = 
YT G6) 46 


and rearranging gives 24 3.5 1.75 
_ ing gives) y*?+—y= 
4.6 6 
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Adding to both sides (half the coefficient of y)? 


gives: 
2435.) 2) _ 15 | (32) 
UV A6 '\92) ~ 46° \92 


The LHS is now a perfect square, thus: 


3.5\7 
=~) ~0.5251654 
(> = =>) 


Taking the square root of both sides gives: 


gc = = /0.5251654 = +0.7246830 


bie) 


Hence, y = —~ + 0.7246830 
9.2 


ie. y= 0.344 or —1.105 


Now try the following exercise 


Exercise 40 Further problems on solving 
quadratic equations by ‘com- 
pleting the square’ 


Solve the following equations by completing 
the square, each correct to 3 decimal places. 


1 x7+4x+1=0 
2x? +5x-4=0 
3x7 -x-5=0 
5x? — 8x +2=0 
4x? —11x+3=0 


[—3.732, —0.268] 
[—3.137, 0.637] 
[1.468, —1.135] 

[1.290, 0.310] 
(2.443, 0.307] 


11.4 Solution of quadratic equations 


by formula 


Let the general form of a quadratic equation be given 
by: 


ax*+bx+c=0 
where a, b and c are constants. 


Dividing ax? + bx + c = 0 by a gives: 


b 
P+ x4 5=0 
a a 


Rearranging gives: 


>, 6b c 
AP =X So -= 
a a 


Adding to each side of the equation the square of 
half the coefficient of the term in x to make the LHS 
a perfect square gives: 


wee : ae 
x —x — = (—— ] 
a 2a 2a a 


Rearranging gives: 


42 > BP ¢ b—4ac 
Xx - —— 
4a? 4a 


Taking the square root of both sides gives: 


a b b?—4ac = +/b? — 4ac 
x —— qe Ss 
2a 4a 2a 


b Vb? — 4ac 
Hence x= -—— + —— 
2a 2a 
—b+ Jb? — 4ac 


i.e. the quadratic formula is: x = 5 
a 


(This method of solution is ‘completing the 
square’ — as shown in Section 10.3.). Summarising: 


if ax*+bx+c=0 


then 


This is known as the quadratic formula. 


Problem 9. Solve (a) x7 + 2x — 8 = 0 and 


(b) 3x7 — 1lx — 4 = 0 by using the quadratic 
formula 


(a) Comparing x7+2x—8 = 0 with ax?+bx+c = 0 
givesa=1,b=2 andc=-—8. 


Substituting these values into the quadratic 


formula 
—b+Jb*—4ac . 
x= gives 
2a 
—2+ ,/2? — 4(1)(-8) 
LS 
2(1) 


JNTUWORLD 


www.jntuworld.com 


—24+/4432 -2+./36 

2 ~ 2 
—-24+6 -246 

= or 

2 2 


—8 
Hence x =-=2 or —=-4 (as in 


Problem 1(a)). 


NIB ON 


(b) Comparing 3x” — 11x — 4 =0 with 
ax? + bx +c = 0 gives a = 3, b = —11 and 
c = —4. Hence, 


ee DID t VEN = 4@C4H 


2(3) 
_ +114 /1214 48 - 11+ 7169 
a 6 a 6 
11413 114+ 13 11-13 
= = or 
6 6 6 


24 —2 1 ; 
Hence x =—=4 or —= 3 (as in 
Problem 1(b)). 


Problem 10. Solve 4x? + 7x +2 = 0 giving 


the roots correct to 2 decimal places 


Comparing 4x” + 7x + 2 = 0 with ax* + bx+c=0 
gives a= 4, b=7 and c = 2. Hence, 


2 t= T? — 4(4)(2) 
2(4) 

— STANT... =T44.123 
7 8 7 8 

—7+ 4.123 —7 — 4.123 
= ———— _ or ———_. 

8 8 
Hence, x = —0.36 or —1.39, correct to 2 decimal 


places. 


Now try the following exercise 


Exercise 41 Further problems on solving 
quadratic equations by for- 
mula 


Solve the following equations by using the 
quadratic formula, correct to 3 decimal places. 
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1. 2x24+5x-4=0 (0.637, —3.137] 
2. 5.76x? + 2.86x — 1.35 =0 
(0.296, —0.792] 


3. 2x?-Ix+4=0 (2.781, 0.719] 


3 
4. 4x+5=- [0.443, —1.693] 
x 


[3.608, —1.108] 


5 
5. (2 1) = —— 
Qr+I)=—, 


x 


11.5 Practical problems involving 


quadratic equations 


There are many practical problems where a 
quadratic equation has first to be obtained, from 
given information, before it is solved. 


Problem 11. Calculate the diameter of a 


solid cylinder which has a height of 82.0 cm 
and a total surface area of 2.0 m2 


Total surface area of a cylinder 
= curved surface area 
+ 2 circular ends (from Chapter 19) 
= 2arh + 2nr° 


(where r = radius and h = height) 


Since the total surface area = 2.0 m? and the 
height = 82 cm or 0.82 m, then 


2.0 = 2mr(0.82) + 277? 
ie.  2nr* + 2nr(0.82) — 2.0 =0 
Dividing throughout by 277 gives: 


5 1 
r+ 0.82r —-— =0 
Ae 


Using the quadratic formula: 


1 
—0.82 + ,/ (0.82)? — 4(1) ( ) 


us 


- 21) 

_ -0.82 + V7.9456 _ —0.82 + 1.3948 
a ”) - p 

= 0.2874 or —1.1074 
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Thus the radius r of the cylinder is 0.2874 m (the 
negative solution being neglected). 


Hence the diameter of the cylinder 


= 2 x 0.2874 
= 0.5748 m or 57.5 cm 


correct to 3 significant figures 


Problem 12. The height s metres of a mass 
projected vertically upwards at time ¢ 


seconds is s = ut — —gt?. Determine how 


long the mass will take after being projected 
to reach a height of 16 m (a) on the ascent 
and (b) on the descent, when u = 30 m/s and 
g = 9.81 m/s? 


1 
When heights =16m, 16=301t— 5O-8De 


ie. 4.9051? — 301+ 16 =0 


Using the quadratic formula: 


_ —(—30) + V/(—30)* — 4(4.905)(16) 


2(4.905) 


_ 30+ V586.1 304 24.21 
i 9.81 ~ 9.81 
= 5.53 or 


0.59 


Hence the mass will reach a height of 16m 
after 0.59 s on the ascent and after 5.53 s on the 
descent. 


Problem 13. A shed is 4.0 m long and 
2.0 m wide. A concrete path of constant 
width is laid all the way around the shed. If 


the area of the path is 9.50 m? calculate its 
width to the nearest centimetre 


Figure 11.1 shows a plan view of the shed with its 
surrounding path of width t metres. 


Area of path = 2(2.0 x t) + 2t(4.0 + 21) 
ie. 9.50 = 4.0t + 8.0 + 477 
or At? + 12.0t — 9.50 = 0 


(4.0+2t) 


Figure 11.1 
= Hh 
Hence t= = (12.0)  ¥(12.0)? = 4(4)(=9.50) 
2(4) 
_ —12.0+ 296.0 
7 8 
_ —12.0 + 17.20465 
8 
Hence t=0.6506m or — 3.65058 m 


Neglecting the negative result which is meaningless, 
the width of the path, ¢ = 0.651 m or 65 cm, correct 
to the nearest centimetre. 


Problem 14. If the total surface area of a 


? and its slant height 


solid cone is 486.2 cm 
is 15.3 cm, determine its base diameter 


From Chapter 19, page 145, the total surface area A 
of a solid cone is given by: A = zrl + xr? where | 
is the slant height and r the base radius. 


If A = 482.2 and / = 15.3, then 
482.2 = mr(15.3) + 29° 


Le. mr’ + 15.32r — 482.2 =0 


482.2 _ 
— = 


or r+ 15.3r— 0 


Using the quadratic formula, 


-15.3+ [sax | (=) 


2 


—15.3 + V 848.0461 
2 
—15.3 + 29.12123 
2 


—_— 
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Hence radius r = 6.9106 cm (or —22.21 cm, which 
is meaningless, and is thus ignored). 


Thus the diameter of the base 
= 2r = 2(6.9106) = 13.82 cm 


Now try the following exercise 


Exercise 42 


Further practical problems 
involving quadratic equations 


1. The angle a rotating shaft turns through 
in f seconds is given by: 


6=of+ xu Determine the time taken 


to complete 4 radians if w is 3.0 rad/s and 
a is 0.60 rad/s”. [1.191 s] 


2. The power P developed in an electrical 
circuit is given by P = 10/ — 8/*, where 
T is the current in amperes. Determine the 
current necessary to produce a power of 
2.5 watts in the circuit. 


[0.345 A or 0.905 A] 


3. The sag / metres in a cable stretched 
between two supports, distance x m apart 


1 
is given by: 1 = — +x. Determine the 


x 
distance between supports when the sag 
is 20 m. [0.619 m or 19.38 m] 


4. The acid dissociation constant K, of 
ethanoic acid is 1.8 x 10~> mol dm~? for 


a particular solution. Using the Ostwald 
2 


dilution law K, = a determine 
v(1 — x) 

x, the degree of ionization, given that 

v=10dm*. [0.0133] 


5. A rectangular building is 15 m long by 
11 m wide. A concrete path of constant 
width is laid all the way around the build- 
ing. If the area of the path is 60.0 m’, 
calculate its width correct to the nearest 
millimetre. [1.066 m] 


6. The total surface area of a closed cylin- 
drical container is 20.0 m?. Calculate the 
radius of the cylinder if its height is 


2.80 m?. [86.78 cm] 

7. The bending moment M at a point in a 
ae 3x(20 — x) 

beam is given by M = — where 


QUADRATIC EQUATIONS = 87 


xX metres is the distance from the point of 
support. Determine the value of x when 
the bending moment is 50 Nm. 


[1.835 m or 18.165 m] 


8. A tennis court measures 24 m by 11 m. In 
the layout of a number of courts an area 
of ground must be allowed for at the ends 
and at the sides of each court. If a border 
of constant width is allowed around each 
court and the total area of the court and 
its border is 950 m7”, find the width of the 
borders. [7 m] 


9. Two resistors, when connected in series, 
have a total resistance of 40 ohms. When 
connected in parallel their total resistance 
is 8.4 ohms. If one of the resistors has a 
resistance R,, ohms: 


(a) show that R? — 40R, + 336 = 0 and 


(b) calculate the resistance of each. 
[(b) 12 ohms, 28 ohms] 


11.6 The solution of linear and 
quadratic equations 
simultaneously 


Sometimes a linear equation and a quadratic equa- 
tion need to be solved simultaneously. An algebraic 
method of solution is shown in Problem 15; a graph- 
ical solution is shown in Chapter 30, page 263. 


Problem 15. Determine the values of x and 
y which simultaneously satisfy the equations: 


y = 5x —4— 2x? and y= 6x —7 


For a simultaneous solution the values of y must be 
equal, hence the RHS of each equation is equated. 


Thus 5x—4—2x7=6x—7 
Rearranging gives: 

5x —4—2x? -6x+7=0 
ive. —x+3-2x7=0 
or 27? +x-3=0 


Factorising gives: (2x + 3)(x—-—1)=0 


. 3 
1.€. x=-- or x=1 
2 
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In the equation y = 6x — 7, 


3 —3 
h =-—-,y=6(— ]-—7=-16 
when x 57 (>) 
and when x=1,y=6—-7=-1 


[Checking the result in y = 5x — 4 — 2x7: 


3 3 q\2 
a = 7 4—2(—2 
2 s( 5) ( 5) 


15 9 
=—-—-4--=-~16 
2 2 


when x= 


as above; and when x = 1, y=5—4-—-2=-—1l as 


above. | 


Hence the simultaneous solutions occur when 


and when 


Now try the following exercise 


Exercise 43 Further problems on solving 
linear and quadratic equa- 
tions simultaneously 


In Problems 1 to 3 determine the solutions of 
the simultaneous equations. 


lL y=x?tuetl 
y=4-x 


[x=1, y=3 andx = —3, y=7] 


y = 15x? + 21x —11 


[x =0, y=4andx=3, y= 1] 
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Logarithms 


12.1 Introduction to logarithms 


With the use of calculators firmly established, log- 
arithmic tables are now rarely used for calculation. 
However, the theory of logarithms is important, for 
there are several scientific and engineering laws that 
involve the rules of logarithms. 

If a number y can be written in the form a‘, then 
the index x is called the ‘logarithm of y to the base 
of a’, 


ie. ify =a* then x =log,y 


Thus, since 1000 = 103, then 3 = logy, 1000 

Check this using the ‘log’ button on your calculator. 

(a) Logarithms having a base of 10 are called com- 
mon logarithms and log,, is usually abbre- 


viated to lg. The following values may be 
checked by using a calculator: 


lg 17.9 = 1.2528..., 
Ig 462.7 = 2.6652... 


and = 1g0.0173 = —1.7619... 


(b) Logarithms having a base of e (where ‘e’ is 
a mathematical constant approximately equal 
to 2.7183) are called hyperbolic, Napierian 
or natural logarithms, and log, is usually 
abbreviated to In. 


The following values may be checked by using 
a calculator: 


In3.15 = 1.1474..., 
In 362.7 = 5.8935... 


and = 1n0.156 = —1.8578... 
For more on Napierian logarithms see 
Chapter 13. 
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12.2 Laws of logarithms 


There are three laws of logarithms, which apply to 
any base: 


(i) 


(ii) 


(iii) 


To multiply two numbers: 


log (A x B) = log A + log B 


The following may be checked by using a 


calculator: 
Ig10=1, 
also Ig5+1g2 = 0.69897... 
+ 0.301029... = 1 
Hence _1g(5 x 2) = lg 10 =1g5+41g2 


To divide two numbers: 


A 
log (=) = log A — log B 


The following may be checked using a calcu- 
lator: 


In (3) = In2.5 = 0.91629... 


Also In5 — In2 = 1.60943...— 0.69314... 


= 0.91629... 


Hence In (3) =1In5—1n2 


To raise a number to a power: 


Ig A” =n logA 


The following may be checked using a calcu- 
lator: 


1g 5? = 1g25 = 1.39794... 
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Also 21g5 =2 x 0.69897... = 1.39794... 
Hence 1g5* = 21g5 


Problem 1. Evaluate 


(a) log;9 (b) log, 10 (c) logi¢8 


(a) Let x = log; 9 then 3* = 9 from the definition 
of a logarithm, i.e. 3* = 3°, from which x = 2. 


Hence log,9 = 2 


(b) Let x = log; 10 then 10° = 10 from the 
definition of a logarithm, i.e. 10* = 10!, from 
which x = 1. 


Hence log; 10 = 1 (which may be checked 
by a calculator) 


(c) Let x = logis 8 then 16° = 8, from the 
definition of a logarithm, i.e. (24)* = 2°, ie. 
2** = 23 from the laws of indices, from which, 


Mee nde 
4 


3 
Hence log;,8 = 4 


Problem 2. Evaluate 


1 
(a) lg0.001 (b) Ine (c) log, 31 


(a) Let x =1g0.001 = log,, 0.001 then 
10° = 0.001, ie. 10° = 107-3, from which 
x=-3 
Hence 1g0.001 = —3 (which may be checked 
by a calculator). 
(b) Let x = Ine = log, e then e* =e, ie. e* =e! 
from which x = 1 


Hence Ine = 1 (which may be checked by a 


calculator). 
(c) Let 1 : then 3* : : 3-4 
Cc e = 10 — en — 
A ES Bi 8134 ; 
from which x = —4 
1 
Hence log; — = —4 


81 


Problem 3. Solve the following equations: 
(a) lgx =3 (b) log»x =3 


(c) logs x = —2 


(a) If lgx =3 then logy)x = 3 and x = 10°, ie. 


x = 1000 
(b) If log, x = 3 thenx =27>=8 
1 1 
(c) I logse = 2 then a= 55" = Ge 


Problem 4. Write (a) log 30 (b) log 450 in 


terms of log 2, log3 and log 5 to any base 


(a) log 30 = log(2 x 15) = log(2 x 3 x 5) 
= log2 + log3 + log5 
by the first law of logarithms 
(b) log450 = log(2 x 225) = log(2 x 3 x 75) 
= log(2 x 3 x 3 x 25) 
= log(2 x 3” x 5’) 
= log2 + log 3? + log 5” 
by the first law of logarithms 
ie log 450 = log2 + 2log3 + 2log5 
by the third law of logarithms 


x V5 
81 


Problem 5. Write log in terms 


of log 2, log3 and log5 to any base 


= log8 + log /5 — log 81, 


by the first and second 


8x V5 
log 
81 


laws of logarithms 
= log 2? + log 5“/*) — log 34 


by the laws of indices 


8x V5 1 
ie. we ( = =Slop2+7 logs —4log3 


by the third law of 
logarithms. 


Problem 6. Simplify 
log 64 — log 128 + log 32 
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64=2° 128 = 2’ and 32 =2° 
Hence log 64 — log 128 + log 32 
= log 2° — log 2’ + log 2° 
= 6log2 — 7log2 + 5log2 
by the third law of logarithms 
= 4 log 2 


Problem 7. Evaluate 


1 
log 25 — log 125 + 5 log 625 
3 log 5 


1 
log 25 — log 125 + 5 log 625 
3 log 5 


1 
log 5* — log 53 + ; log 5+ 
= 3 log 5 


4 
2log5 — 3log5 + 5 loss 


3 log 5 
_ llog5 1 
~ 3log5 3 


Problem 8. Solve the equation: 


log — 1)+ log& + 1) = 2log(@ + 2) 


log(x — 1) + log@ + 1) = log — I+ 1) 
from the first 
law of logarithms 


— log(x? —1) 
2 log(x + 2) = log(x + 2)’ 
= log(x” + 4x + 4) 


Hence if log (x? -l= log (x? + 4x +4) 
then Plax +4044 

ie. —-1=47+4+4 

1.e. —5 =4x 

i.e x= = or —l- 


Now try the following exercise 


Exercise 44 Further problems on the laws 
of logarithms 


In Problems | to 11, evaluate the given ex- 
pression: 


1. log, 10000 [4] 2. log,16 [4] 


1 
3. logs 125 [3] 4. log, . [-—3] 
1 
5. logg2 | 6. log, 343 [3] 
7. 1g 100 [2] 8 Ig001 [-2] 
1 1 
9. log,8 15 10. log,73 | 
11. Ine? [2] 


12. logix=4 [10 000] 
13. Igx=5 [100 000] 
14. log,x =2 [9] 
15. logyx = ae +s | 
2 32 

16. Ilgx=-—2 [0.01] 
17. loggx = Fa 
3 16 

18. Inx =3 [e*] 


In Problems 19 to 22 write the given expres- 
sions in terms of log 2, log3 and log 5 to any 
base: 


19. log60 [2 log 2 + log3 + log 5] 


1 
20. log 300 2 log 2+ a log 5 — 3 log3 


1 4 
21. log (35) 


[4 log 2 — 3 log3 + 3 log 5] 

125 x 16 

22. log (Ae) 
[log 2 — 3log3 + 3log5] 
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Simplify the expressions given in Problems 23 


to 25: 

23. log27—log9 + log 81 [5 log 3] 
24. log 64+ log 32 — log 128 [4 log 2] 
25. log8 — log4 + log 32 [6 log 2] 


Evaluate the expressions given in Problems 26 


and 27: 
: log 16 : log 8 
—lo —-lo 
96, 2B O35 OF i 
log4 2, 
1 
log 9 — log3 + = log81 3 
27. = 
2 log 3 2 

Solve the equations given in Problems 28 

to 30: 

28. logx* —logx*= log 5x — log 2x 
§=25| 
x=2- 

2 


29. log 21 —logt = log 16 + logt 


30. 2logb* — 3logb = log 8b — log 4b 
[b = 2] 


12.3 Indicial equations 


The laws of logarithms may be used to solve cer- 
tain equations involving powers—called indicial 
equations. For example, to solve, say, 3° = 27, 
logarithms to a base of 10 are taken of both sides, 


Le. — logy 3* = logyg 27 


and = x log;y 3 = logy, 27 by the third law of 
logarithms. 
Rearranging gives x= logio 27 
logio3 
1.43136... 
7 i 


which may be readily checked. 


(Note, (log 8/ log 2) is not equal to lg (8/2)) 


Problem 9. Solve the equation 2* = 3, 


correct to 4 significant figures 


Taking logarithms to base 10 of both sides of 2* = 3 
gives: 


logy 2° = logy 3 
Le. xX 1logig 2 = logy, 3 
Rearranging gives: 


_ logy 3 _ 0.47712125... 
~ logig2 _:0.30102999... 


correct to 4 significant figures. 


= 1.585 


Problem 10. Solve the equation 


2*+! — 37> correct to 2 decimal places 


Taking logarithms to base 10 of both sides gives: 
logyg 2°*! = logy 3° 
Le. (x + 1) log, ) 2 = (2x — 5) log), 3 
X logy 2 + logy) 2 = 2x log) 3 — 5 log,, 3 
x(0.3010) + (0.3010) = 2x(0.4771) — 5(0.4771) 
Le. 0.3010x + 0.3010 = 0.9542x — 2.3855 


Hence 2.3855 + 0.3010 = 0.9542x — 0.3010x 
2.6865 = 0.6532x 
2: 

from which = zbb08 = 4.11 
0.6532 


correct to 2 decimal places. 


Problem 11. Solve the equation 


x°? = 41.15, correct to 4 significant figures 


Taking logarithms to base 10 of both sides gives: 


lopigx?* = log, 41.15 
3.2 logy x = log), 41.15 
logjg 41.15 

3.2 


Thus x = antilog 0.50449 = 10°°°4 — 3,195 
correct to 4 significant figures. 


Hence logig x = = 0.50449 
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Now try the following exercise 


Exercise 45 Indicial equations 


Solve the following indicial equations for x, 
each correct to 4 significant figures: 


3* = 6.4 


2 = 9 
9x-1 _ 32x-1 


[1.691] 
[3.170] 
[0.2696] 
[6.058] 
[2.251] 
[3.959] 
[2.542] 
[—0.3272] 


x!5 = 14.91 
25.28 = 4.2* 
42x-l = 5rt2 
x75 = 0.792 
0.027* = 3.26 


1. 
2. 
3: 
4. 
5. 
6. 
7. 
8. 


12.4 Graphs of logarithmic functions 


A graph of y = log;)x is shown in Fig. 12.1 anda 
graph of y = log, x is shown in Fig. 12.2. Both are 
seen to be of similar shape; in fact, the same general 
shape occurs for a logarithm to any base. 


2 


3 x 


x 3 2 1 05 .02 0.1 
Y=l0gjox |0.48 0.30 0 -0.30 —-0.70 -1.0 


Figure 12.1 


x 6 5 4 3 2 1 05 02 0.1 
y=log,x|1.79 1.61 1.39 1.10 0.69 0 -0.69 -1.61 -2.30 


Figure 12.2 


-2 


In general, with a logarithm to any base a, it is 
noted that: 


(i) log, 1=0 


Let log, = x, then a* = 1 from the definition 
of the logarithm. 


If a* = 1 then x = O from the laws of 
logarithms. 


Hence log, 1 = 0. In the above graphs it is 
seen that log;, 1 = 0 and log, 1 = 0 
(ii) log,a =1 


Let log, a = x then a* = a, from the definition 
of a logarithm. 


If a* =a thenx=1 
Hence log,a = 1. (Check with a calculator 
that log,, 10 = 1 and log, e = 1) 

(iii) log, 0 — —co 


Let log, 0 = x then a* = 0 from the definition 
of a logarithm. 


If a* = 0, and ais a positive real number, then 
xX must approach minus infinity. (For example, 
check with a calculator, 2~? = 0.25, 2779 = 
9.54x 1077, 2-7 = 6.22 x 10~®!, and so on.) 


Hence log, 0 — —oo 
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1. 


Assignment 3 


This assignment covers the material con- 
tained in Chapters 9 and 12. The marks 


for each question are shown in brackets 
at the end of each question. 


Solve the following pairs of simultane- 
ous equations: 


(a) 7x —3y = 23 
Dye sp aby = 03 


b 
(b) SOU 


prea (12) 
2 a 


In an engineering process two variables 
x and y are related by the equation 


y = ax+-— where a and b are constants. 


a 
Evaluate a and b if y= 15 when x = 1 


and y = 13 when x = 3 (4) 
Transpose the following equations: 
(a) y=mx+c for m 
Die 

(b) = o eg for z 
(c) 1 1 te 1 fey 
ce) — =H ri 

Rr Ra Rp ae 
(d) x?—y? = 3ab for y 
CuK e = forg (20) 


10. 


WL, 


The passage of sound waves through 
walls is governed by the equation: 


eae 
3 


p 


Make the shear modulus G the subject 
of the formula. (4) 


Solve the following equations by factori- 
sation: 


(a) x7-9=0 (b) 2x2—5x-3 =0 

(6) 
Determine the quadratic equation in x 
whose roots are 1 and —3 (4) 


Solve the equation 4x7 — 9x + 3 = 0 
correct to 3 decimal places. (5) 


The current i flowing through an elec- 
tronic device is given by: 

i= 0.005 v? + 0.014 v 
where v is the voltage. Calculate the 
values of v when i = 3 x 107? (5) 
Evaluate log), 8 (3) 
Solve (a) log;x = —2 
(b) log 2x? + logx = log32 —logx (6) 


Solve the following equations, each cor- 
rect to 3 significant figures: 


(@)) 2 =a.) 
(b) 321-1 = qtt2 
(Cece 2 (11) 
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Exponential functions 


13.1. The exponential function 


An exponential function is one which contains e*, 
e being a constant called the exponent and having 
an approximate value of 2.7183. The exponent 
arises from the natural laws of growth and decay 
and is used as a base for natural or Napierian 
logarithms. 


13.2 Evaluating exponential functions 
The value of e* may be determined by using: 


(a) acalculator, or 


(b) the power series for e* (see Section 13.3), or 
(c) tables of exponential functions. 
The most common method of evaluating an expo- 


nential function is by using a scientific notation cal- 
culator, this now having replaced the use of tables. 
Most scientific notation calculators contain an e* 
function which enables all practical values of e* and 
e ~ to be determined, correct to 8 or 9 significant 
figures. For example, 


e! = 2.7182818 
e*4 = 11.023176 


e618 — 019829489 
each correct to 8 significant figures. 


In practical situations the degree of accuracy 
given by a calculator is often far greater than is 
appropriate. The accepted convention is that the 
final result is stated to one significant figure greater 
than the least significant measured value. Use your 
calculator to check the following values: 


e°!? — 1.1275, correct to 5 significant figures 
e|47 — 0.22993, correct to 5 decimal places 
e943! — 0.6499, correct to 4 decimal places 


e°* — 11159, correct to 5 significant figures 


e~*-785 — 00617291, correct to 7 decimal places 


(a) 


(b) 


(c) 


(a) 


(b) 


(c) 


(a) 


Problem 1. Using a calculator, evaluate, 


correct to 5 significant figures: 


(a) e27l (b) e 3-162 (c) 3 5.253 
3 


e773! — 15348227... = 15.348, correct to 5 
significant figures. 
e~ 3-162 — (.04234097... = 0.042341, correct 


to 5 significant figures. 


25-253 — 3(191.138825...) = 318.56, correct 
to 5 significant figures. 


Problem 2. Use a calculator to determine 
the following, each correct to 4 significant 
figures: 


(a) 3.72e°!8 (b) 53.2e7!4 (c) ag 


122 
3.72e°'8 = (3.72)(1.197217...) = 4.454, 
correct to 4 significant figures. 
53.2e7!4 = (53.2)(0.246596...) = 13.12, 
correct to 4 significant figures. 
5 5 
oral = Top (1096-6331 ...) = 44.94, correct 


to 4 significant figures. 


Problem 3. Evaluate the following correct 
to 4 decimal places, using a calculator: 


(a) 0.0256(e>! — e749) 
0.25 _ 


e e025 
(b) 5 (Sx + <a) 


0.0256(e>7! _ a) 
= 0.0256(183.094058 ... — 12.0612761 ...) 


= 4.3784, correct to 4 decimal places 
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0.25 _ ,—0.25 
6) 5([5——a= 
e- + e—0.25 
1.28402541 ... — 0.77880078... 
1.28402541 ... + 0.77880078 ... 


0.5052246... 
2.0628261... 


= 1.2246, correct to 4 decimal places 


Problem 4. The instantaneous voltage v in 
a capacitive circuit is related to time ¢ by the 
equation v = Ve~/C® where V, C and R are 


constants. Determine v, correct to 4 signifi- 
cant figures, when t = 30 x 10-3 seconds, 

C = 10 x 107° farads, R = 47 x 10° ohms 
and V = 200 volts 


v = Vew/CR = 200e (30% 1077) /(10x 10-6 x47 x 10°) 


v = 2000 ~9-0638297.. 
= 200(0.9381646...) 
= 187.6 volts 


Using a calculator, 


Now try the following exercise 


Exercise 46 Further problems on evaluat- 
ing exponential functions 


In Problems 1 and 2 use a calculator to evalu- 
ate the given functions correct to 4 significant 
figures: 


1. (a) e*4 (b) e~ 0-25 (c) 00-92 
[(a) 81.45 (b) 0.7788 (c) 2.509] 

2. (a) e 18 (b) e7 0-78 (c) e!0 
[(a) 0.1653 (b) 0.4584 (c) 22030] 


3. Evaluate, correct to 5 significant figures: 


(a) 3.5e78 — (b) —Fer8 (c) 2.16e°7 


[(a) 57.556 (b) —0.26776 (c) 645.55] 


4. Use acalculator to evaluate the following, 
correct to 5 significant figures: 


(a) e 1629 (b) e 72-7483 (c) 0.62e4:178 


[(a) 5.0988 (b) 0.064037 (c) 40.446] 


In Problems 5 and 6, evaluate correct to 5 
decimal places: 


1 5¢2.0921 
5. (a) aoe (b) 8.52e7!-2651 (¢) Sout 
(a) 4.55848 (b) 2.40444 
he 8.05124 | 
5.6823 e2 127 _ 9—2.1127 


a e— 2.1347 (b) 


A(e— 1.7295 = 1) 


2 


(c) ener 
ie 48.04106 (b) soe) 
(c) — 0.08286 


7. The length of a bar, /, at a temperature 
6 is given by | = Ipe%°, where J9 and 
a are constants. Evaluate /, correct to 
4 significant figures, when lp = 2.587, 
6 = 321.7 and a = 1.771 x 107+. 


[2.739] 


13.3. The power series for e* 


The value of e* can be calculated to any required 
degree of accuracy since it is defined in terms of the 
following power series: 


x2 x3 x4 
7 + 3 + n Se (1) 
(where 3! = 3 x 2 x 1 and is called ‘factorial 3’) 

The series is valid for all values of x. 

The series is said to converge, i.e. if all the terms 
are added, an actual value for e* (where x is a real 
number) is obtained. The more terms that are taken, 
the closer will be the value of e* to its actual value. 
The value of the exponent e, correct to say 4 decimal 
places, may be determined by substituting x = 1| in 
the power series of equation (1). Thus 


ew=1l+x+ 


ay ay ay ae 
fealtltortar tart sr 
aye ay? ws 
6! 7! 8! ~ 


=1+1+0.5 + 0.16667 + 0.04167 
+ 0.00833 + 0.00139 + 0.00020 
+ 0.00002 + - -- 
= 2.71828 
ie. e = 2.7183 correct to 4 decimal places. 
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The value of e°°°, correct to say 8 significant 


figures, is found by substituting x = 0.05 in the 
power series for e*. Thus 


05 (0.05)? (0.05) 
=1+4+0.05+ i + i 
(0.05)* (0.05)? 

A! 5! 


= 1+ 0.05 + 0.00125 + 0.000020833 
+ 0.000000260 + 0.000000003 


and by adding, 
0.05 — 1.051271], 


correct to 8 significant figures 


In this example, successive terms in the series grow 
smaller very rapidly and it is relatively easy to 
determine the value of e° to a high degree of 
accuracy. However, when x is nearer to unity or 
larger than unity, a very large number of terms are 
required for an accurate result. 

If in the series of equation (1), x is replaced by 
—x, then 


2 ae 
(—x) x 


“= 1+ (—x)+ 


2! 3) 
x? oo 
ee ae ag 


In a similar manner the power series for e* may 
be used A evaluate any exponential function of the 
form ae, where a and k are constants. In the series 
of equation (1), let x be replaced by kx. Then 


ky. ey 
ae™ = a {1+ (a) + ml 


2 3 
Thus Se* =5 {14+ (2s y+ oe + = _f 


4x? ae 
=541+2x+—+—+-::: 


2 6 


4 
i.e. Se* = 541420420 + S03 +} 


Problem 5. Determine the value of 5e°°, 


correct to 5 significant figures by using the 
power series for e* 


2 x3 x4 


x xX 
e = ah ae oe ge 


(0.5) (0.5)° 
(2)(1) — (3)(2)) 
(0.5)* (0.5)° 
4)3)2Q0) S)A)GB)Q)0) 
(0.5)° 
(6)(5)(4)(3)(2)C1) 
= 1+ 0.5 + 0.125 + 0.020833 
+ 0.0026042 + 0.0002604 
+ 0.0000217 
i.e. e°° = 1.64872 correct to 6 significant 


Hence e°9? =14+05+4 


figures 


Hence 5e°> = 5(1.64872) = 8.2436, correct to 5 
significant figures. 


Problem 6. Determine the value of 3e~!, 


correct to 4 decimal places, using the power 
series for e* 


Substituting x = —1 in the power series 


x2 x3 x4 


eae a a a 


1} -1) 
gives e. ha 14 (— p++" ts cy 
(1): 
4! 
= 1—1+0.5 — 0.166667 + 0.041667 


— 0.008333 + 0.001389 
— 0.000198 + --- 
= 0.367858 


correct to 6 decimal places 


+ 


Hence 3e~! = (3)(0.367858) = 1.1036 correct to 4 
decimal places. 


Problem 7. Expand e*(x? — 1) as far as the 


term in x° 


The power series for e” is: 


x? x? x4 x 
e Se a ae ay ey 


JNTUWORLD 


www.jntuworld.com 


98 ENGINEERING MATHEMATICS 


Hence: 
e*(x? — 1) 
g@ ¢. @ 2 : 
= (14045 itata +t. -)oe=1) 
= +x +S eae 
=([P ret t sy 
et ot 
= (14845 rt art a co ee ) 


Grouping like terms gives: 


e* (x = 1) 


x 3 a 
series (ae ae ae) 
x* xt x xe 
+5 a) + (F si) + 


5 


when expanded as far as the term in x 
Now try the following exercise 


Exercise 47. Further problems on the 
power series for e* 


1. Evaluate 5.6e~!, correct to 4 decimal 
places, using the power series for e*. 


[2.0601] 


Use the power series for e* to determine, 
correct to 4 significant figures, (a) e” 
(b) e~°? and check your result by using 
a calculator. [(a) 7.389 — (b) 0.7408] 


Expand (1 — 2x)e”* as far as the term in 


8 
x. 1 — 2x? — —x3 — 2x4 


Expand (2e* )(x!/) to six terms. 


x2 4. 95/2 4 9/2 4 1 ap 
3 


1 1 
17/2 4 = 21/2 
+ —x + 60 


13.4 Graphs of exponential functions 


Values of e* and e~* obtained from a calculator, 
correct to 2 decimal places, over a range x = —3 to 
x = 3, are shown in the following table. 


2.0 
7.39 
0.14 


x 


-3 <2 =1 0 1 2 3 x 


Figure 13.1 


0.3x over 


Problem 8. Plot a graph of y = 2e 
a range of x = —2 to x = 3. Hence 


determine the value of y when x = 2.2 and 
the value of x when y = 1.6 


A table of values is drawn up as shown below. 


1 2 3 
—0.9 —-06 -—-0.3 0 03 06 0.9 


0.407 0.549 0.741 1.000 1.350 1.822 2.460 
0.81 1.10 148 2.00 2.70 3.64 4.92 


A graph of y = 2e°** is shown plotted in 
Fig. 13.2. 
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Figure 13.2 


From the graph, when x = 2.2, y = 3.87 and 
when y = 1.6, x = —0.74 


Problem 9. Plot a graph of y = ze over 
the range x = —1.5 to x = 1.5. Determine 
from the graph the value of y when 

x = —1.2 and the value of x when y = 1.4 


0.5 1.0 1.5 
-1 —2 —3 


0.91 0.33 0.12 0.05 0.02 


—2x 


1 
A graph of Pi is shown in Fig. 13.3. 


-1.5 1.0 40.5 
-1.2 -0.72 


Figure 13.3 


From the graph, when x = —1.2, y = 3.67 and 
when y = 1.4, x = —0.72 


Problem 10. The decay of voltage, v volts, 
across a capacitor at time t seconds is given 
by v = 250e~‘/3. Draw a graph showing the 


natural decay curve over the first 6 seconds. 
From the graph, find (a) the voltage after 
3.4 s, and (b) the time when the voltage is 
150 V 


A table of values is drawn up as shown below. 


t 0 1 2 3 
et3 1.00 0.7165 0.5134 0.3679 
v= 250e—/7_ | 250.0 179.1 128.4 91.97 


t 4 5 6 
et3 0.2636 0.1889 0.1353 
vu = 250e~"/3 65.90 47.22 33.83 


The natural decay curve of v = 250e~“/? is shown 
in Fig. 13.4. 


Voltage v (volts 


11.5 2 33.4 4 
Time t (Seconds) 


Figure 13.4 


From the graph: 


(a) when time ¢ = 3.4 s, voltage v = 80 volts 
and (b) when voltage v = 150 volts, time t = 
1.5 seconds. 


Now try the following exercise 


Exercise 48 Further problems on expo- 
nential graphs 


1. Plot a graph of y = 3e°* over the range 
x = —3 to x = 3. Hence determine the 
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value of y when x = 1.4 and the value of 
x when y = 4.5 [3.97, 2.03] 


—1.5x 


1 
2. Plot a graph of y= rh over a range 


x = —1.5 to x = 1.5 and hence determine 
the value of y when x = —0.8 and the 
value of x when y=3.5_ [1.66, —1.30] 


3. Inachemical reaction the amount of start- 
ing material C cm? left after t minutes is 
given by C = 40e~°-*, Plot a graph of 
C against t and determine (a) the concen- 
tration C after 1 hour, and (b) the time 
taken for the concentration to decrease by 
half. [(a) 27.9 cm? (b) 115.5 min] 


4. The rate at which a body cools is 
given by 6 = 250e~°% where the 
excess of temperature of a body above 
its surroundings at time ¢ minutes is 
08°C. Plot a graph showing the natural 
decay curve for the first hour of cooling. 
Hence determine (a) the temperature after 
25 minutes, and (b) the time when the 
temperature is 195°C 


[(a) 71.6°C  (b) 5 minutes] 


13.5 Napierian logarithms 


Logarithms having a base of e are called hyper- 
bolic, Napierian or natural logarithms and the 
Napierian logarithm of x is written as log, x, or more 
commonly, In x. 


13.6 Evaluating Napierian logarithms 


The value of a Napierian logarithm may be deter- 
mined by using: 


(a) acalculator, or 


(b) a relationship between common and Napierian 
logarithms, or 


(c) Napierian logarithm tables. 


The most common method of evaluating a Napierian 
logarithm is by a scientific notation calculator, 
this now having replaced the use of four-figure 
tables, and also the relationship between common 


and Napierian logarithms, 
log, y = 2.3026 logig y 


Most scientific notation calculators contain a ‘In x’ 
function which displays the value of the Napierian 
logarithm of a number when the appropriate key is 
pressed. 

Using a calculator, 


In 4.692 = 1.5458589... = 1.5459, 
correct to 4 decimal places 


and = 1n35.78 = 3.57738907... = 3.5774, 
correct to 4 decimal places 


Use your calculator to check the following values: 


In1.732 = 
figures 


Inl =0 

In593 = 6.3852, correct to 5 significant figures 
In 1750 = 7.4674, correct to 4 decimal places 
In0.17 = —1.772, correct to 4 significant figures 


In 0.00032 = —8.04719, correct to 6 significant 
figures 


Ine? =3 


Ine! =1 


0.54928, correct to 5 significant 


From the last two examples we can conclude that 
log, e*=x 


This is useful when solving equations involving 
exponential functions. 

For example, to solve e** = 8, take Napierian 
logarithms of both sides, which gives 


3x 


Ine* =1In8 


1.e. 3x = 1n8 


1 
from which x= 3 In8 = 0.6931, 


correct to 4 decimal places 


Problem 11. Using a calculator evaluate 


correct to 5 significant figures: 


(a) In 47.291 (b) In 0.06213 
(c) 3.21n 762.923 


(a) 1n47.291 = 3.8563200... = 3.8563, correct 
to 5 significant figures. 
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(b) 1n0.06213 = —2.7785263... = 
correct to 5 significant figures. 


—2.7785, 


(c) 3.21n 762.923 = 3.2(6.6371571...) = 21.239, 
correct to 5 significant figures. 


Problem 12. Use a calculator to evaluate 
the following, each correct to 5 significant 
figures: 


In 7.8693 


1 
Ae Gye 
os (>) 3603 


5.29 In 24.07 
e—0.1762 


1 1 
(a) ri In 4.7291 = q Ut. 9937349 .. .) = 0.38843, 


correct to 5 significant figures. 


In7.8693  2.06296911... 
7.8693 7.8693 


correct to 5 significant figures. 


(b) = 0.26215, 


5.29 In 24.07 


5.29(3.18096625 ...) 
(c) e-0.1762 


0.83845027... 
= 20.070, correct to 5 significant figures. 


Problem 13. Evaluate the following: 


Ine? 4e*3 1g 2.23 
— (b) ——— (correct to 3 
lg 109-5 


(@) in 2.23 


decimal places) 


2.5 
(a) Ine = 2.5 _5 
1g10°5 0.5 
4e23 |p 2.2 
ey Joes 
In2.23 
_ 4(9.29986607 . . .)(0.34830486. . .) 
~ 0.80200158... 


= 16.156, correct to 3 decimal places 


Problem 14. Solve the equation 7 = 4e~** 


to find x, correct to 4 significant figures 
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é 3 * 7 —3x 
Rearranging 7 = 4e~°* gives: : e 
Taking the reciprocal of both sides gives: 

eo, ee 
7 esx 


Taking Napierian logarithms of both sides gives: 


1 : = In(e* 
n (5) = ine) 


4 
Since log, e* = a, then In (=) = 3x 


1 4 1 
Hence x = 5 In (5) = ge) = —0.1865, 


correct to 4 significant figures. 


Problem 15. 
determine the value of ft, correct to 3 
significant figures 


Given 20 = 60(1 — e~“/) 


Rearranging 20 = 60(1 — e~“/*) gives: 
20 


es ee ae 
60 
and 
co 2) = : 
60 3 


Taking the reciprocal of both sides gives: 
Taking Napierian logarithms of both sides gives: 
Ine’? =In= 
2 
3 
i.e. ~=In- 
2 


from which, t = 2In 5 = 0.881, correct to 3 


significant figures. 


Problem 16. Solve the equation 


5.14 
3.72 = In | —— ] to find x 
x 


From the definition of a logarithm, since 
14 14 

3.72= (7) then e372 = a 
x 


x 
5.14 

Rearranging gives: x= = 5.14e73-? 
e3 

ie. x = 0.1246, 


correct to 4 significant figures 
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Now try the following exercise 
Exercise 49 Further problems on evaluat- 
ing Napierian logarithms 


In Problems | to 3 use a calculator to evalu- 
ate the given functions, correct to 4 decimal 
places 


1. (a) In1.73 
[(a) 0.5481 


(b) In 5.413 
(b) 1.6888 


(c) In9.412 
(c) 2.2420] 


2. (a) In17.3 
[(a) 2.8507 


(b) In 541.3 
(b) 6.2940 


(c) In9412 
(c) 9.1497] 


3. (a) In0.173 
(c) In 0.09412 


[(a) —1.7545 (b) —5.2190 (c) —2.3632] 


(b) In 0.005413 


In Problems 4 and 5, evaluate correct to 5 
significant figures: 
Ae Ly 5.2932 (b) In 82.473 
. (a) =1n5. — 
6 4.829 


5.62 In 321.62 
C 1.2942 


[(a) 0.27774 (b) 0.91374 (c) 8.8941] 


2.946 In e!76 ) es 
Ig 10!4! 2 1n 0.00165 


(c) In 4.8629 — In2.4711 
Cc ——— 
5.173 


[(a) 3.6773 (b) —0.33154 (c) 0.13087] 


5. (a) 


In Problems 6 to 10 solve the given equations, 
each correct to 4 significant figures. 

1.5 = 4e7 [—0.4904] 
7.83 =2.9le!% [—0.5822] 
16 = 24(1 — e7"/?) [2.197] 


5.17 =In (<a) [816.2] 


[0.8274] 


1. 
3.72 In (=) = 2.43 
x 


13.7 Laws of growth and decay 


The laws of exponential growth and decay are of 
the form y = Ae~* and y = A(1 — e~™), where A 
and k are constants. When plotted, the form of each 
of these equations is as shown in Fig. 13.5. The 
laws occur frequently in engineering and science 
and examples of quantities related by a natural law 
include: 


Figure 13.5 


(i) Linear expansion 1 = Ine”? 


(ii) Change in electrical resistance with temper- 


ature Ro = Roe”? 

(iii) Tension in belts T, = Toe” 
(iv) Newton’s law of cooling 6 = Oe" 
(v) Biological growth y = yoe* 
(vi) Discharge of a capacitor gq = Oe 
(vii) Atmospheric pressure p= poe" 
(viii) Radioactive decay N =Noe™ 


(ix) Decay of current in an inductive circuit 
i = Ie~R/L 
(x) Growth of current in a capacitive circuit 


i= 11 —e~¥#CR) 
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Problem 17. The resistance R of an 
electrical conductor at temperature 06°C is 
given by R = Roe®’, where a is a constant 
and Ry = 5 x 10° ohms. Determine the value 


of a, correct to 4 significant figures, when 
R= 6x 10° ohms and @ = 1500°C. Also, find 
the temperature, correct to the nearest degree, 
when the resistance R is 5.4 x 10° ohms 


R 
Transposing R = Roe®® gives a= en 


0 
Taking Napierian logarithms of both sides gives: 


R aé 
In — = Ine” =a 
Ro 
Hence 


1. R 1 6 x 103 
e=—la— =. — — fn | —__ 
6 Ro 1500 5 x 103 


1 
—_—(0,1823215...) 
1500 
1.215477... x 1074 


Hence a = 1.215 x 10~4, correct to 4 significant 
figures. 


II 


R 1 R 
From above, In — = a@@ hence 6 = — In — 

Ro a Ro 
When R = 5.4 x 10°, a = 1.215477... x 10~* and 
Ro =5x 10° 


1 5.4 x 103 
6 = — —_ I] | ——_- 
1.215477... x 10-4 5 x 103 
__ 10* 
~~ TSISATT 
= 633°C correct to the nearest degree. 


(7.696104... x 1077) 


Problem 18. In an experiment involving 
Newton’s law of cooling, the temperature 


OCC) is given by 6 = Oe“. Find the value 
of constant k when 6) = 56.6°C, 6 = 16.5°C 
and t = 83.0 seconds 


6 
Transposing 6 = Qe" gives a= e—™ from which 
0 


ee ee” 
@ ~~ o-kt 
Taking Napierian logarithms of both sides gives: 
6 
In— = kt 


6 


EXPONENTIAL FUNCTIONS — 103 
from which, 

1. @ 1 ; 

pao a 
t 0 83.0 16.5 
1 

= —(1.2326486...) 

83.0 


Hence k = 1.485 x 107? 


Problem 19. The current i amperes flowing 
in a capacitor at time t seconds is given by 

i = 8.0(1 — e~*/C8), where the circuit 
resistance R is 25 x 10° ohms and capaci- 


tance C is 16 x 10~° farads. Determine 

(a) the current i after 0.5 seconds and (b) the 
time, to the nearest millisecond, for the 
current to reach 6.0 A. Sketch the graph of 
current against time 


(a) Current i = 8.0(1 — e7/) 
= 8.0[1 — €95/(16x10-°)(25x10°)} 
= 8.0(1—e7!*) 
= 8.0(1 — 0.2865047...) 
= 8.0(0.7134952...) 
= 5.71 amperes 
(b) Transposing i = 8.0(1 — e-/%) gives: 


pag te 
8. 


j 8.0—-i 
from which, e~/C® = | _ ! 


; ; 8.0 | 8.0 
Taking the reciprocal of both sides gives: 


wucr _ 8.0 
8.0 —i 


Taking Napierian logarithms of both sides 
gives: 


t 8.0 
— =Iln| —— 
CR 8.0 —i 


Hence 


r= cRIn( a ) 
~ 8.0—i 


8.0 
= (16 x 10~°)(25 x 10°) In {| ———— 
a n( 


when i = 6.0 amperes, 
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Le.t = 


400 1 (= 


in ( =) =0.41n4. 
Gy ee 


= 0.4(1.3862943 ...) = 0.5545 s 
= 555 ms, 


to the nearest millisecond 


A graph of current against time is shown in 


Fig. 13.6. 


sf 4 | 17=8.0(1-e-t1oR) 


Figure 13.6 


Problem 20. The temperature 62 of a 
winding which is being heated electrically at 
time ¢ is given by: 6. = 0;(1 — e~'/*) where 
6, is the temperature (in degrees Celsius) at 
time ¢ = 0 and T is a constant. Calculate 


(a) 6, correct to the nearest degree, when 
42 is 50°C, t is 30 s and t is 60s 


(b) the time ¢, correct to 1 decimal place, 
for 62 to be half the value of 6; 


(a) Transposing the formula to make 6; the subject 


gives: 
Dees 05 _ 50 
i= (—e-/t) ~~ 1 — e— 30/60 
50 50 


~ T—e-05 ~ 0.393469... 


i.e. 0, = 127°C, correct to the nearest degree. 


(b) Transposing to make ¢ the subject of the for- 


mula gives: 


= {g/t 


from which, e/*=1— 


t 6. 
Hence —-=In (1 — =) 
T 


; 1 
Since 92 = 5% 


1 
t = —60In (1 - 5) = —601n0.5 
= 41.595 


Hence the time for the temperature 6, to be one 
half of the value of 6; is 41.6s, correct to 1 
decimal place. 


Now try the following exercise 


Exercise 53. Further problems on the laws 
of growth and decay 


1. The pressure p pascals at height h metres 
above ground level is given by p = 
poe "/©, where po is the pressure at 
ground level and C is a constant. Find 
pressure p when po = 1.012 x 10° Pa, 
height h = 1420m and C = 71500. 


[9.921 x 10+ Pa] 


2. The voltage drop, v volts, across an induc- 
tor L henrys at time f seconds is given by 
v = 200e-*'/-, where R = 150 Q and 
L = 12.5 x 107-7H. Determine (a) the 
voltage when t = 160x10~°s, and (b) the 
time for the voltage to reach 85 V. 


[(a) 29.32 volts (b) 71.31 x 107° s] 


3. The length 7 metres of a metal bar at 
temperature +°C is given by ] = Ipe™, 
where /) and a are constants. Determine 
(a) the value of 7 when Jp = 1.894, a = 
2.038 x 10-4 and t = 250°C, and (b) the 
value of J) when / = 2.416, t = 310°C 
and a = 1.682 x 10+ 


[(a) 1.993 m _(b) 2.293 m] 


4. The temperature 62°C of an electrical 
conductor at time f¢ seconds is given by 
6, = 6,(1 —e~/"), where 6, is the initial 
temperature and T seconds is a constant. 
Determine (a) 6. when 0; = 159.9°C, 
t = 30s and T = 80s, and (b) the time ¢ 
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for 42 to fall to half the value of 6, if T 
remains at 80 s. 


[(a) 50°C (b) 55.45 s] 


A belt is in contact with a pulley for a sec- 
tor of 6 = 1.12 radians and the coefficient 
of friction between these two surfaces is 
ju = 0.26. Determine the tension on the 
taut side of the belt, T newtons, when ten- 
sion on the slack side is given by Tp = 
22.7 newtons, given that these quantities 
are related by the law T = Tye”? 

[30.4 N] 


The instantaneous current i at time f¢ is 
given by: 


i= 1007/8 


when a capacitor is being charged. The 
capacitance C is 7 x 10~° farads and the 
resistance R is 0.3 x 10° ohms. Determine: 


(a) the instantaneous current when f is 
2.5 seconds, and 


(b) the time for the instantaneous cur- 
rent to fall to 5 amperes. 


Sketch a curve of current against time 
from t = 0 to t = 6seconds. 


[(a) 3.04 A (b) 1.46 s] 


EXPONENTIAL FUNCTIONS 


The amount of product x (in mol/cm?*) 
found in a chemical reaction starting with 
2.5mol/cm? of reactant is given by x = 
2.5(1 — e~*) where ¢ is the time, in 
minutes, to form product x. Plot a graph 
at 30 second intervals up to 2.5 minutes 
and determine x after | minute. 


[2.45 mol/cm?] 


The current i flowing in a capacitor at 
time ¢ is given by: 


P= 1250 =e") 


where resistance R is 30 kilohms and 

the capacitance C is 20 microfarads. 

Determine 

(a) the current flowing after 0.5 seconds, 
and 


(b) the time for the current to reach 
10 amperes. 


[(a) 7.07 A (b) 0.966 s] 


The amount A after n years of a sum 
invested P is given by the compound 
interest law: A = Pe~'"/!0° when the per 
unit interest rate r is added continuously. 
Determine, correct to the nearest pound, 
the amount after 8 years for a sum of 
£1500 invested if the interest rate is 6% 
[£2424] 


per annum. 


105 


JNTUWORLD 


www.jntuworld.com 


14 


Number sequences 


14.1 Arithmetic progressions 


When a sequence has a constant difference between 
successive terms it is called an arithmetic progres- 
sion (often abbreviated to AP). 


Examples include: 


(i) 1, 4, 7, 10, 13, ... where the common 


difference is 3 


a,a+d,a+2d,a+3d,... 
common difference is d. 


and (ii) where the 


If the first term of an AP is ‘a’ and the common 
difference is ‘d’ then 


the n’th term is: a +(n —1)d 


In example (i) above, the 7th term is given by 
1+ (7 — 1)3 = 19, which may be readily checked. 


The sum S of an AP can be obtained by multi- 
plying the average of all the terms by the number 
of terms. 


a+1 
The average of all the terms = ——, where 


‘a’ is the first term and / is the last term, i.e. 
l1=a+(n —1)d, for n terms. 


Hence the sum of n terms, 


Sy =n (>) = Slat [at (n—Vd)} 


fe S,= 5 (2a +(n —1)d] 


For example, the sum of the first 7 terms of the 
series 1, 4, 7, 10, 13, ... is given by 


7 
57 = 3 l2(1) (7 = 1)3), 


since a= 1 andd = 3 


= 119 418] = 7190) = 70 
5 = = 


14.2. Worked problems on arithmetic 


progression 


Problem 1. Determine (a) the ninth, and 


(b) the sixteenth term of the series 2, 7, 12, 
17,... 


2, 7, 12, 17, ... is an arithmetic progression with a 
common difference, d, of 5 


(a) The n’th term of an AP is given by a+(n—1)d 
Since the first term a = 2,d = 5 andn =9 


then the 9th term is: 
2+ (9—1)5 =2+4 (8)(5) =2+40 = 42 
(b) The 16th term is: 
2+ 6-—1)5 =2+ (15)(5) =2+75 =77 


Problem 2. The 6th term of an AP is 17 and 
the 13th term is 38. Determine the 19th term 


The n’th term of an AP is a+ (n — 1)d 
The 6th term is: a+5d=17 (1) 
The 13th term is: a+ 12d = 38 (2) 
Equation (2) — equation (1) gives: 7d = 21, from 
which, d = z= 3 
Substituting in equation (1) gives: a+ 15 = 17, from 
which, a = 2 
Hence the 19th term is: 

a+(n—1)d=2+4+ (19 — 193 = 2+ (18)G) 

=2+54= 56 


Problem 3. Determine the number of the 


term whose value is 22 in the series 


2 fee 7 
ar ee 
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1 
2~, 4, sh. 7, ... isan AP 
2 2 


where a= oo and d = i 
2 2 


Hence if the n’th term is 22 then: a+ (n —1)d = 22 


1 1 
i.e. 2 1) {1—) =22: 
Le he (15) ; 
n—1) (12) =22-21 = 1092 
e 2) 7 5s 
io! 
n—-l=—*=13 
J— 
2 
and n=134+1=14 


i.e. the 14th term of the AP is 22 


Problem 4. Find the sum of the first 12 


terms of the series 5, 9, 13, 17, ... 


5, 9, 13, 17, ... is an AP where a=5 andd = 4 
The sum of 1 terms of an AP, 


— 5a + (n —1)d] 


Hence the sum of the first 12 terms, 


Si2 = =26) ap 2 14) 
= 6[10 + 44] = 6(54) = 324 


Now try the following exercise 


Exercise 51 Further problems on arith- 
metic progressions 


1. Find the 11th term of the series 8, 14, 20, 


26, 1346 [68] 
2. Find the 17th term of the series 11, 10.7, 
10.4, 10.1, .... [6.2] 


3. The seventh term of a series is 29 and 
the eleventh term is 54. Determine the 
sixteenth term. [85.25] 


NUMBER SEQUENCES _ 107 


4. Find the 15th term of an arithmetic pro- 


1 
gression of which the first term is 2— and 


1 
the tenth term is 16. [235 


5. Determine the number of the term which 
is 29 in the series 7, 9.2, 11.4, 13.6,.... 


[11] 


6. Find the sum of the first 11 terms of the 
series 4, 7, 10, 13, .... [209] 


7. Determine the sum of the series 6.5, 8.0, 
9.5, 11.0, ..., 32 [346.5] 


14.3. Further worked problems on 
arithmetic progressions 


Problem 5. The sum of 7 terms of an AP is 
35 and the common difference is 1.2. 


Determine the first term of the series 


n=7,d = 1.2 and S7 = 35 


Since the sum of n terms of an AP is given by 
n 
Sn = 3 [2a + (n _— 1)]d, 


7 fl 
then 35 = 5[2a+ (7 11.2) = 5124 +7.2] 


35 x 2 
Hence = =2a+7.2 
10 = 2a+ 7.2 
Thus 2a = 10 —7.2 = 2.8, from which 
2.8 
a=—=+14 
2 


i.e. the first term, a = 1.4 


Problem 6. Three numbers are in arithmetic 
progression. Their sum is 15 and their 


product is 80. Determine the three numbers 


Let the three numbers be (a — d), a and (a+ d) 


Then (a—d)+a+(a+d) = 15,1. 3a = 15, from 
which, a = 5 
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Also, a(a — d)(a + d) = 80, i.e. a(a® — d*) = 80 


Since a=5, 5(5?—d*) = 80 
125 — 5d? = 80 

125 — 80 = 5d” 

45 = 5d? 


45 
from which, d? = = 9. Hence d = /9 = +3 


The three numbers are thus (5 — 3), 5 and (5 + 3), 
i.e. 2,5 and 8 


Problem 7. Find the sum of all the numbers 
between 0 and 207 which are exactly divisi- 


ble by 3 


The series 3, 6, 9, 12, ... 207 is an AP whose first 
term a = 3 and common difference d = 3 


The last term is a+ (n — 1)d = 207 


i.e. 3+ (n — 1)3 = 207, from which 
207 — 3 
(n—1)= = 68 
Hence n=68+1= 69 


The sum of all 69 terms is given by 


Sep = 5 [24+ (n — 1d] 
= 26) + (69 — 1)3] 


69 69 
= el + 204] = a 210) = 7245 


Problem 8. The first, twelfth and last term 
of an arithmetic progression are 4, 31.5, and 


376.5 respectively. Determine (a) the number 
of terms in the series, (b) the sum of all the 
terms and (c) the 80’th term 


(a) Letthe AP bea,a+d,a+2d,...,a+(n—1)d, 
where a = 4 


The 12th term is: a+ (12 — 1)d = 31.5 


1.e. 4+ 11d = 31.5, from which, 
lld = 31.5 —4 = 27.5 
27.5 
Hence = = 2.5 


11 


(b) 


(c) 


The last term is a+ (n — 1)d 
ie. 4+ (n —1)(2.5) = 376.5 


( 1) 376.5 — 4 
n— = ———_—_ 
25 
372.5 
= — = 149 
2.5 


Hence the number of terms in the series, 
n= 1494+1= 150 


Sum of all the terms, 


Sige 5 [2a +(n— 1d] 


1 
= 4) + (150 — 1)(2.5)] 


= 75[8 + (149)(2.5)] 
= 85[8 + 372.5] 
= 75(380.5) = 28537.5 
The 80th term is: 
a+(n—1)d = 4+ (80 — 1)(2.5) 
= 4+ (79)(2.5) 
= 4+ 197.5 = 201.5 


Now try the following exercise 


Exercise 52. Further problems on arith- 


metic progressions 


The sum of 15 terms of an arithmetic pro- 
gression is 202.5 and the common differ- 
ence is 2. Find the first term of the series. 


[—0.5] 
Three numbers are in arithmetic progres- 


sion. Their sum is 9 and their product is 
20.25. Determine the three numbers. 


[1.5, 3, 4.5] 

Find the sum of all the numbers between 5 

and 250 which are exactly divisible by 4. 

[7808] 

Find the number of terms of the series 5, 
8, 11, ... of which the sum is 1025. 

[25] 

Insert four terms between 5 and 22.5 to 

form an arithmetic progression. 
[8.5, 12, 15.5, 19] 
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6. The first, tenth and last terms of an 
arithmetic progression are 9, 40.5, and 
425.5 respectively. Find (a) the number 
of terms, (b) the sum of all the terms and 
(c) the 70th term. 


[(a) 120 (b) 26070 = (c) 250.5] 


7. On commencing employment a man is 
paid a salary of £7200 per annum and 
receives annual increments of £350. Deter- 
mine his salary in the 9th year and calculate 
the total he will have received in the first 
12 years. [£10 000, £109 500] 


8. An oil company bores a hole 80m deep. 
Estimate the cost of boring if the cost is 
£30 for drilling the first metre with an 
increase in cost of £2 per metre for each 
succeeding metre. 


[£8720] 


14.4 Geometric progressions 


When a sequence has a constant ratio between suc- 
cessive terms it is called a geometric progression 
(often abbreviated to GP). The constant is called the 
common ratio, r 


Examples include 


(i) 1, 2,4, 8,... where the common ratio is 2 
and (ii) a, ar, ar’, ar?, ... where the common ratio 
is r 


If the first term of a GP is ‘a’ and the common ratio 
is r, then 


the n’th term is : ar”—! 


which can be readily checked from the above exam- 
ples. 


For example, the 8th term of the GP 1, 2, 4, 8, 
... is (1)(2)’ = 128, since a = 1 andr =2 


Let a GP be a, ar, ar’, ar’, ... ar”! 
then the sum of n terms, 
5S, =@ or-aer ar sar ,... (1 


Multiplying throughout by r gives: 
rSn =ar+ar?+ar+ar +... 


ar"-'!+ar"... (2) 
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Subtracting equation (2) from equation (1) gives: 


Sy, —1rS, =a-—ar" 


ie. S,( —r) =a —r") 


Thus the sum of 7 terms, 


which is valid when r < 1 


Subtracting equation (1) from equation (2) gives 


which is valid when r > 1 


For example, the sum of the first 8 terms of the GP 
1, 2, 4, 8, 16, ... is given by: 


1728-1), 
3 = ———_.,, since a= 1 andr=2 
G=1) 
1(256 — 1 
i.e. p= ET = 258 


When the common ratio r of a GP is less than unity, 
the sum of 7 terms, 


1—r” 
Ss. = lee 9 which may be written as 
(l= ¥) 
5. = a ar” 
. d= =r) 


Since r < 1, r” becomes less as n increases, 


1.e. r’—>0O as n>o 
a 
Hence >0 a now. 
(_—r) 
a 
Thus ane iy as noo 
—r 


The quantity is called the sum to infinity, 


Soo, and is the limiting value of the sum of an infinite 
number of terms, 


a 


1.¢e. Soo = (d—r) 


which is valid when 


-l<r<l 
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For example, the sum to infinity of the GP 
1+ : + : +e. 

~+-—4+...is 

2°4 , 

1 

1 ? 
{tos 

2 


Soo = 


1 
since a= 1 andr= 3 Le. Soo = 2 


14.5 Worked problems on geometric 
progressions 


Problem 9. Determine the tenth term of the 


series 3, 6, 12, 24, ... 


3, 6, 12, 24, ... is a geometric progression with a 
common ratio r of 2. 
The n’th term of a GP is ar"~', where a is the 
first term. Hence the 10th term is: 
(3)(2)'0-! = (3)(2)? = 3(512) = 1536 


Problem 10. Find the sum of the first 7 
1 1 


1 
terms of the series, —, 1-, 4-, 13-,... 
2° 2° 2 2 


1 1 1 1 
7” 5! 2’ 135, wes 
is a GP with a common ratio r = 3 
a(r" — 1) 
(r—1) 


The sum of n terms, S, = 
log 1) | 5187 1) 
2 2 


Hence $7 = = 
(3-1) 2 


= 5464 
2 


Problem 11. The first term of a geometric 


progression is 12 and the fifth term is 55. 
Determine the 8’th term and the 11’th term 


The 5th term is given by ar* = 55, where the first 
term a = 12 


Hence r* = — 


F=4) = = 1.4631719... 
12 


The 8th term is 
ar’ = (12)(1.4631719 ...)’ = 172.3 
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The 11th term is 


ar! = (12)(1.4631719 ...)'° = 539.7 


Problem 12. Which term of the series: 


1 
2187, 729, 243, ... is 5" 


2187, 729, 243, ... 


— 3 and first term a = 2187 


is a GP with a common ratio 


The n’th term of a GP is given by: ar”! 


1 1 n-1 
Hence 9 = (2187) (5) from which 


()"- I ess, Bee cl -(+) 
3 ~ (9)(2187) 3237 39 (3 
Thus (n — 1) = 9, from which, n =9+1= 10 


1.e. : is the 10th term of the GP 


Problem 13. Find the sum of the first 9 


terms of the series: 72.0, 57.6, 46.08, ... 


The common ratio, 


ar 57.6 
are mal 
2 
also oe ane = 0.8 
ar 57.6 


The sum of 9 terms, 


a(l—r") 72.011 — 0.8°) 
d-r) (1-08) 
72.0(1 — 0.1342) 


= ——__ = 311.7 
0.2 


So = 


Problem 14. Find the sum to infinity of the 


1 
series 3, 1, —,... 
3 


: : 1 
, -.. 18 a GP of common ratio, r = 3 
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The sum to infinity, 


Now try the following exercise 


Exercise 53 Further problems on geomet- 
ric progressions 


Find the 10th term of the series 5, 10, 20, 
40, .... [2560] 


Determine the sum of the first 7 terms of 
the series 0.25, 0.75, 2.25, 6.75, .... 
[273.25] 


The first term of a geometric progression 
is 4 and the 6th term is 128. Determine 
the 8th and 11th terms. [512, 4096] 


Which term of the series 3, 9, 27, ... is 
59 049? 

Find the sum of the first 7 terms of the 
series 2, 5, 125, ... (correct to 4 signifi- 


cant figures). [812.5] 


Determine the sum to infinity of the series 
4,2, 1,.... [8] 


Find the sum to infinity of the series 
1 5 
—l-,-,.... 
4 8 


14.6 Further worked problems on 
geometric progressions 


Problem 15. In a geometric progression the 
sixth term is 8 times the third term and the 
sum of the seventh and eighth terms is 192. 


Determine (a) the common ratio, (b) the first 
term, and (c) the sum of the fifth to eleventh 
terms, inclusive 


-1 
., ar” 


(a) Let the GP be a, ar, ar’, ar, .. 
The 3rd term = ar? and the sixth term = ar 


The 6th term is 8 times the 3rd 


5 
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Hence ar? = 8ar* from which, r? = 8 and 
r= 
i.e. the common ratio r = 2 


The sum of the 7th and 8th terms is 192. Hence 
ar® + ar’ = 192. Since r = 2, then 


64a + 128a = 192 
192a = 192, 


(b) 


from which, a, the first term = 1 


(c) The sum of the 5th to 11th terms (inclusive) is 
given by: 
ar'!—1) a(r* 1) 
Sit — S4 => TT OO 
(r—1) (r—1) 
124-1) 1@4-1) 
(2-1) (2-1) 
sO? =1j 
= 2!! _ 94 = 2408 — 16 = 2032 


Problem 16. A hire tool firm finds that 
their net return from hiring tools is 
decreasing by 10% per annum. If their net 


gain on a certain tool this year is £400, find 
the possible total of all future profits from 
this tool (assuming the tool lasts for ever) 


The net gain forms a series: 
£400 + £400 x 0.9 + £400 x 0.97 +..., 
which is a GP with a = 400 and r = 0.9 


The sum to infinity, 


— a _ 400 
~ (d-rn (-0.9) 
= £4000 = total future profits 


Soo 


Problem 17. If £100 is invested at 
compound interest of 8% per annum, 


determine (a) the value after 10 years, 
(b) the time, correct to the nearest year, it 
takes to reach more than £300 


(a) Let the GP be a, ar, ar’, ... ar” 
The first term a = £100 and 
The common ratio r = 1.08 
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Hence the second term is ar = (100)(1.08) = 
£108, which is the value after 1 year, the third 
term is ar* = (100)(1.08)* = £116.64, which 
is the value after 2 years, and so on. 


Thus the value after 10 years = ar!? = (100) 
(1.08)!° = £215.89 


(b) When £300 has been reached, 300 = ar” 


Le. 300 = 100(1.08)” 

and 3 = (1.08)” 

Taking logarithms to base 10 of both sides 
gives: 


Ig 3 = 1g(1.08)" = n1g(1.08), 


by the laws of logarithms from which, 


Ig3 
A> —— 
lg 1.08 
Hence it will take 15 years to reach more 


than £300 


Problem 18. A drilling machine is to have 
6 speeds ranging from 50 rev/min to 


750 rev/min. If the speeds form a geometric 
progression determine their values, each 
correct to the nearest whole number 


Let the GP of n terms be given by a, ar, ar’, ... 


ar’! 


The first term a = 50 rev/min. 


The 6th term is given by ar®!, which is 750 rev/min, 
ie., ar> = 750 
7 7 
from which r? = i) = ce = 
a 50 
Thus the common ratio, r = 1/15 = 1.7188 


15 


The first term is a = 50 rev/min, 

the second term is ar = (50)(1.7188) = 85.94, 
the third term is ar? = (50)(1.7188)? = 147.71, 
the fourth term is ar? = (50)(1.7188)>? = 253.89, 
the fifth term is ar* = (50)(1.7188)* = 436.39, 
the sixth term is ar? = (50)(1.7188)° = 750.06 


Hence, correct to the nearest whole number, the 
6 speeds of the drilling machine are: 50, 86, 148, 
254, 436 and 750 rev/min. 


Now try the following exercise 


Exercise 54 Further problems on geomet- 
ric progressions 


In a geometric progression the 5th term 
is 9 times the 3rd term and the sum of 
the 6th and 7th terms is 1944. Determine 
(a) the common ratio, (b) the first term 
and (c) the sum of the 4th to 10th terms 
inclusive. [(a)3. (b) 2.) (ec) 59022] 


The value of a lathe originally valued at 
£3000 depreciates 15% per annum. Cal- 
culate its value after 4 years. The machine 
is sold when its value is less than £550. 
After how many years is the lathe sold? 

[£1566, 11 years] 


If the population of Great Britain is 55 
million and is decreasing at 2.4% per 
annum, what will be the population in 
[48.71 M] 


100g of a radioactive substance disin- 
tegrates at a rate of 3% per annum. 
How much of the substance is left after 
11 years? [71.53 g] 


If £250 is invested at compound interest 
of 6% per annum determine (a) the value 
after 15 years, (b) the time, correct to the 
nearest year, it takes to reach £750 


[(a) £599.14 (b) 19 years] 


A drilling machine is to have 8 speeds 
ranging from 100 rev/min to 1000 rev/min. 
If the speeds form a geometric progres- 
sion determine their values, each correct 
to the nearest whole number. 

100, 139, 193, 268, 373, 518, 


720, 1000 rev/min 


5 years time? 


14.7 Combinations and permutations 


A combination is the number of selections of r 
different items from n distinguishable items when 
order of selection is ignored. A combination is 


denoted by ”C, or (") 
n! 


where "C,= —————— 
ri\(n—r)! 
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where, for example, 4! denotes 4 x 3 x 2 x 1 and is a 7! 7! 
termed ‘factorial 4’. (a) (Ca= 417 — 4)! = ABI 
Thus, ae ee 
~  (4x3x2)3x2) 
5! 5x4x3x2x 1 
SO ee eee 10! 10! 
C= = 10 
= b C6 = = = 210 
315-3)! @x2x«1)2~x 1) (b) ‘= GiGo—-6)! > old 


120 


— = 10 
One Problem 20. Evaluate: (a) °P) (b) °Ps5 


For example, the five letters A, B, C, D, E can be 
arranged in groups of three as follows: ABC, ABD, 6! sO! 


6p, — 
ABE, ACD, ACE, ADE, BCD, BCE, BDE, CDE, “ 92> Gp) >= q 
ie. there are ten groups. The above calculation *C3 
_6x5x4x3x2 | 


produces the answer of 10 combinations without = — 30 
having to list all of them. 4x3x2 
A permutation is the number of ways of selecting 9 9! 9! 
r <n objects from n distinguishable objects when (b) °Ps = (9 — 5)! ~ a 
order of selection is important. A permutation is : 
denoted by "P, or »P, ee Eee 
A) 


where "P,=n(n—1)(n—2)...(n—r+1) 
Now try the following exercise 


n! 
or P= 
=F) Exercise 55 Further problems on permu- 
Thus, “4P) = 4(3) = 12 tations and combinations 
Al Al Evaluate the following: 
“ i= Go 3 
, , (a)°Ce (b) °C, [(a) 84 (b) 3] 
4x3x2 4 
i: i 12 . (a) °Co (b) PCs [(a) 15 (b) 56] 


(a) “Pz (b) "Pa [(a) 12 (b) 840] 


Problem 19. Evaluate: (a) 7C4 (b) !°C¢5 . (a) !°P; (b)8P5 ~ [(a) 720 (b) 6720] 
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The binomial series 


15.1 Pascal’s triangle 


A binomial expression is one that contains two 
terms connected by a plus or minus sign. Thus 
(p+q), (a+x)*, (2x+ y) are examples of binomial 
expressions. Expanding (a+.x)” for integer values of 
n from 0 to 6 gives the results shown at the bottom 
of the page. 

From the results the following patterns emerge: 


(i) ‘a’ decreases in power moving from left to 
right. 


(ii) ‘x’ increases in power moving from left to 
right. 


(iii) The coefficients of each term of the expan- 
sions are symmetrical about the middle coef- 
ficient when n is even and symmetrical about 
the two middle coefficients when n is odd. 


(iv) The coefficients are shown separately in 
Table 15.1 and this arrangement is known as 
Pascal’s triangle. A coefficient of a term 
may be obtained by adding the two adjacent 
coefficients immediately above in the previous 
row. This is shown by the triangles in 
Table 15.1, where, for example, 1 +3 = 4, 
10 +5 = 15, and so on. 

(v) Pascal’s triangle method is used for expan- 
sions of the form (a+ x)” for integer values 
of 1 less than about 8 


Problem 1. Use the Pascal’s triangle 
method to determine the expansion of 


(a+x)’ 


(a+x)° 
(a+x)! 
(a+x)* =(a+x)\(a+x)= 
(a+xp=(a+xPatx= 
(a+x) = (a+xP@txn= 
(a+xP =(at+xatx= 
(a+x)§=(a+xP@tx= 


Table 15.1 

(a+x)° 1 
(a+x)! 1 1 
(a+xy 1 2 1 


(a+x) 1 4 6 4 1 
(a+x) 1 5 10 1 
(a+x)° 1 6 15 2 #1 6 41 


From Table 15.1, the row of Pascal’s triangle cor- 
responding to (a + x)® is as shown in (1) below. 
Adding adjacent coefficients gives the coefficients 
of (a+.x)’ as shown in (2) below. 


The first and last terms of the expansion of 
(a +x)’ are a’ and x’ respectively. The powers of 
‘a’ decrease and the powers of ‘x’ increase moving 
from left to right. Hence, 


(a+x)’=a’ +7a°x + 21a>x? + 35a4x3 
+ 35a°x4 4 21a7x5 + 7ax® +x7 


Problem 2. Determine, using Pascal’s 


triangle method, the expansion of (2p — 3q) 


1 
a+x 
a® + 2ax + x? 
a@ + 3a?x + 3ax* + x3 
a’ + 4a3x + 6a7x? + 4ax3 + x* 


a + 5atx + 10a3x? + 10a2x3 + 5axt + x9 
a® + 6a°x + 1Satx? + 20a3x3 + 15a?2x* + 6ax> + x® 
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In the general expansion of (a+ x)” it is noted that 


Comparing (2p — 3q)° with (a + x) shows that 
a= 2p and x = —3q 


Using Pascal’s triangle method: 
(a+xp =a? +5atx + 10a>x? + 10a7x3 +--- 
Hence 
(2p — 3q) = (2pY + 52p)"(—3q) 

+ 10(2p)*(—34)" 
+ 10(2p)°(—3q)" 
+ 5(2p)(—3q)* + (-3q)° 

i.e. (2p — 3q)° = 32p* — 240p4q + 720p%q” 
— 1080p7q? + 810pq4 — 243q° 


Now try the following exercise 


Exercise 56 Further problems on Pascal’s 
triangle 


1. Use Pascal’s triangle to expand (x — y)’ 
* — Tx®y + 21x y* — 35x4y3 


$35 y =e ry + iy = y" 
2. Expand (2a+3b)° using Pascal’s triangle. 


32a + 240atb + 720a3b? 
+ 1080a7b? + 810ab* + 243b° 


15.2. The binomial series 


The binomial series or binomial theorem is a 
formula for raising a binomial expression to any 
power without lengthy multiplication. The general 
binomial expansion of (a+ x)” is given by: 


1 


n(in—1 
x + n(n = V in-2y2 


2! 


n(n —1)(n — 2) n-3y3 


(a +x)" =a" +na"— 


3! 
fee tx” 


where, for example, 3! denotes 3 x 2 x | and is 
termed ‘factorial 3’. 

With the binomial theorem n may be a fraction, 
a decimal fraction or a positive or negative integer. 


the 4th term is: 


n(n — ae = 2) 93,3 


The number 3 is very evident in this expression. 

For any term in a binomial expansion, say the 
r’th term, (r — 1) is very evident. It may therefore 
be reasoned that the r’th term of the expansion 
(a +x)" is: 


n(n — 1)(n — 2)... to(r — 1)terms 


n—(r—-1) Vr-1 
x 
(—D! . 


If a = | in the binomial expansion of (a+.x)” then: 


—1 
(1+x)" =1+4+nx +? 


n(n —1)(n —2) 3 
— 3p +e. 


which is valid for —1 <x < 1 
When x is small compared with 1 then: 


+x)" ~1+nx 


15.3. Worked problems on the binomial 
series 


Problem 3. Use the binomial series to 


determine the expansion of (2 + x)’ 


The binomial expansion is given by: 
n(n—1) , 55 
— oo * 


— 1 —2 
n(n oa ) 3,3 


(a+xy" =q" +na"—!x + 


When a = 2 andn =7: 


(7)(6) 


2) 2 
@yn? * 


(2+x)’ =27+7(2)%« + 


(1165) 4 5 
——— (2 

+ Maa” * t 
(7)(6)(5)(4)(3) 


S)\HGB)@Q)C) 


(7)(6)(5)(4) 
(4)(3)(2)0) 


(2)°x° 


yx? 
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(7)(6)(35)(4)3)Q2) 6 
(2)x 
(6)(5)(4)(3)(2)0) 
MNOVOIOOAMD 
(7)(6)(5)(4)(3)2)(1) 


ie. (24x)? = 128 + 448x + 672x? + 560x3 
+ 280x4 + 84x5 + 14x° 4x7 


1 5 
Problem 4. Expand (c = -) using the 
c 


binomial series 


ae af “4h (5)(4) 3/1)? 
(e- =) =e 45¢(-2)+ Bay? (a) 
(5)A4)B) 2 (- 1 ) 

(3)(2)(1) 


Cc 
(S\AGBIQ) (- 1 y 
(43,20) \ ec 
(5)(4)(3)(2)() (- 1 ) 
(5)(4)3)(2)0) \ ec 


Problem 5. Without fully expanding 


(3 +.x)’, determine the fifth term 


The r’th term of the expansion (a+ x)” is given by: 


n(n — 1)(n —2)...to (r — 1) terms a ee 
a x 
(r—1)! 


Substituting n = 7,a=3 andr—1=5-—-1=4 
gives: 


(7)(6)(5)(4) 
(4)(3)(2)0) 


ive. the fifth term of (3 + x)’ = 35(3)°x* = 945x4 


(3)’4x4 


Problem 6. 


Find the middle term of 


In the expansion of (a + x)!° there are 10 + 1, 
i.e. 11 terms. Hence the middle term is the sixth. 
Using the general expression for the r’th term where 


a= 2p,x = - n = 10 andr—1l=5 


. 2’ 
gives: 
5 
LOGIE @ py0-s (_1) 
(5)(4)(3)(2)(1) 2q 


»(-za) 
= 252(32p*) ( -—~ 
q 


Problem 7. Evaluate (1.002)? using the 
binomial theorem correct to (a) 3 decimal 
places and (b) 7 significant figures 


—1 
(1+x)"=1l+nx+ ae 


n(n — ie al Boat 
(1.002)? = (1 + 0.002)? 


Substituting x = 0.002 and n = 9 in the general 
expansion for (1 + x)” gives: 


9 (9)(8) 2 
(1 + 0.002)” = 1 + 9(0.002) + yd 2:0”) 
(9)(8)(7) 
(3)(2)(1) 
= 1+ 0.018 + 0.000144 
+0.000000672 + --- 
= 1.018144672... 
Hence, (1.002)? = 1.018, correct to 3 decimal 
places 
= 1.018145, correct to 
7 significant figures 


(0.002)? + --- 


Problem 8. Determine the value of 
(3.039)*, correct to 6 significant figures using 
the binomial theorem 
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(3.039)* may be written in the form (1 + x)” as: 


(3.039)* = (3 + 0.039)* 


= |3(1+ 


= 34(14+0. 


0.039 )| : 
3 


013)* 


(1 + 0.013)* = 1 + 4(0.013) 


(4)(3) 
+ aM 


(4)(3)2) 
(3)(2)() 


(0.013)? 


(0.013) +--+ 


= 1+0.052 + 0.001014 
+ 0.000008788 + - -- 
= 1.0530228 


correct to 8 significant figures 


(3.039)* = 37(1.0530228) 


Hence 
= 85.2948, 


correct to 


6 significant figures 


Now try the following exercise 


Exercise 57. Further problems 
binomial series 


1. Use the binomial theorem to expand 


(a+ 2x)* 


[“ + 8a3x + 24a7x? 


+ 32ax3 + 16x* 


2. Use the binomial theorem to expand 


(2 — x) 


* — 192x + 240x? — 160x3 
+ 60x* — 12x° + x® 


3. Expand (2x — 3y)* 


| 16x* — 96x7 y + 216x?y? 
— 216xy? + 81y* 


on the 


| 


| 
| 


2 5 
4. Determine the expansion of (2: + -) 
x 


320 
32x° + 160x? + 320x + — 
x 


160 
3 


32 


x 
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5. Expand (p+ 2q)!! as far as the fifth term 
p'! +.22p!q + 220p°¢’ 

+ 1320p'¢? + 5280p’q* 
13 

6. Determine the sixth term of (3 pt *) 


[34749 p®q?] 
7. Determine the middle term of (2a — 5b)8 
[700 000 a*b*] 


8. Use the binomial theorem to determine, 
correct to 4 decimal places: 


(a) (1.003)® (b) (0.98)’ 
[(a) 1.0243 (b) 0.8681] 
9. Evaluate (4.044)° correct to 3 decimal 
places. [4373.880] 


15.4 Further worked problems on the 
binomial series 


Problem 9. 


(a) Expand in ascending powers 


(1 + 2x)3 
of x as far as the term in x°, using the 
binomial series. 


State the limits of x for which the 
expansion is valid 


(a) Using the binomial expansion of (1 + x)”, 


where n = —3 and x is replaced by 2x gives: 
daa 2a) 
= 14 (-3)02n) + 0 ony 
IMD os 4, 


3! 
= 1—6x + 24x? — 80x34 


(b) The expansion is valid provided |2x| < 1, 


1 


‘ 1 1 
1.e. Kl <5 or FON AS 
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Problem 10. 


(a) Expand a—a in ascending powers 


of x as far as the term in x*, using the 


binomial theorem. 
What are the limits of x for which the 


expansion in (a) is true? 


1 1 1 
(a) SF 


oe ea). aca. 


Using the expansion of (1 + x)” 
1 1 x\-2 
a il fa = 
(4—x) 16 ( 4 


= = [ + (=2) (-3) 


(—2)(—3) ( a 


2! 4 


ra ie (-*)’ ee | 


1 i x ote 
~ 16 2 16 16 


+ 


(b) The expansion in (a) is true provided 5 <1, 


ie. |x| <4 or —4<x <4 


Problem 11. Use the binomial theorem to 
expand ./4 + x in ascending powers of x to 


four terms. Give the limits of x for which the 
expansion is valid 


V¥rx=\/4(1+3) 


=v4 1+ 


=2(1+2)? 


Using the expansion of (1 + x)”, 


=2[1+ ($) @) + SP) 


(1/2) (1/2) (=3/2) 72 
ag) +| 


-_ ( x2 rs x? 
7 8 128 1024 


This is valid when 5 Zi, 


1.e. ai<4 or —4<x <4 


Problem 12. Expand in ascending 


1 
V1 —2t 


powers of ¢ as far as the term in 2°. 


State the limits of ¢ for which the expression 
is valid 


(-1/2)(=3/2) -_ 54 
2! 


(—1/2) (—3/2) (—S/2) 

+ ee 
3! 

using the expansion for (1 + x)” 


(21 +o 


3 5 
=i ete + as 
PERG ha tT 


The expression is valid when |2t| < 1, 
1 


1.e. ft|}<= or —z=<t<-= 
2 2 2 


JL — 3xV/1 +x 


(145) 


Problem 13. Simplify 


given that powers of x above the first may be 
neglected 
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SA = 3x)/1 +x 
(1+3) 
= (1—3x)3(1+2)2 (1+5) 


[i Qe Cop +-n6 


when expanded by the binomial theorem as far as 
the x term only, 


Bf 3x 
=(1-a)(1+5) (1-5) 
1 x 3x 
=( ae _ 


= (1 — 2x) 


when powers of x higher 
than unity are neglected 


X 
as a power 


V1+2 
Problem 14. Express Marre 
v1 — 3x 


series as far as the term in x7. State the range 
of values of x for which the series is 
convergent 


V1+2x 
J 1 — 3x 


d+ 2x)? =1+ (5) (2x) 


(1/2) (1/2) 
* 2! 


=~ (42x 2(1— ax)73 


(2x) +++ 
x2 
= ea ae which is valid for 


1 
|2x| < 1, ie. |x| < = 
2 


(1 —3x)73 = 14 1/3) (—3x) 
1B) 4/3) 

2! 
= 1st es 


(3x) +++ 
which is valid for 


1 
[3x| < 1, Le. |x| < = 


3 


Hence ————— 


7 
fi + 2)2(1 = ax)3 


JV1+2x 
1— 3x 


2 
= (thx St) dtr t2e be) 


2 
= eet e se ee 


2 
neglecting terms of higher power 
than 2 
52 
ee: . 1 1 
The series is convergent if 3 <x < 3 


Now try the following exercise 


on the 


Exercise 58 Further problems 
binomial series 


In Problems 1 to 5 expand in ascending pow- 
ers of x as far as the term in x*, using the 
binomial theorem. State in each case the limits 
of x for which the series is valid. 


1 
(1 —x) 
[l+xtx?txet---, Ix| < 1] 
1 
2. —— 
Chsea yr 
aoe | 
|x| < 1 
3 1 
"  (24+x3 
1 i 3x 3x? om 
8 2 2 4 
|x| < 2 
4. /24+x 
x x x 
2{1+--—-4+—- 
SACs 32 * 128 ) 
|x| <2 
1 
V1+ 3x 
3 27 135 
1—t Pe Oe, a a 
( er ar +) 
1 
Ix} <> 
3 
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6. Expand (2 + 3x)~® to three terms. For 
what values of x is the expansion valid? 


1 1 
(1 9x + 7] 


Ixl<Z 
3 


7. When x is very small show that: 


1 
~ | 
reer ar ee 
po ets 
(>) (3p! + 10x 
@) ew 14 2s 
J/1 — 2x 6 


8. If x is very small such that x? and higher 
powers may be neglected, determine the 
power series for 


Vx+4 SB—x [4-2] 
(A+xe 15 


9. Express the following as power series in 
ascending powers of x as far as the term 
in x’. State in each case the range of x for 
which the series is valid. 


(a) [=x ) (l+x) V1 —3x? 
I+x V1 4x? 
1 
(a) l—x+ =x’, |x| <1 


2 


(b) 1 Pig 
—xX— xX, [xX}< 
2 3 


15.5 Practical problems involving the 
binomial theorem 


Binomial expansions may be used for numerical 
approximations, for calculations with small varia- 
tions and in probability theory. 


Problem 15. The radius of a cylinder is 
reduced by 4% and its height is increased by 
2%. Determine the approximate percentage 


change in (a) its volume and (b) its curved 
surface area, (neglecting the products of 
small quantities) 


JNTUWORLD 


Volume of cylinder = mr7h 


Let r and h be the original values of radius and 
height 


The new values are 0.96r or (1—0.04)r and 

1.02 h or (1 +. 0.02)h 

(a) New volume = x[(1 — 0.04)r]?[(1 + 0.02)h] 
= mr7h(1 — 0.04)*(1 + 0.02) 


Now (1 — 0.04)* = 1 — 2(0.04) + (0.04)? 
= (1 — 0.08), neglecting 
powers of small terms 
Hence new volume 
~ mr h(1 — 0.08)(1 + 0.02) 
~ mr7h(1 — 0.08 + 0.02), neglecting 
products of small terms 


x mr°h(1 — 0.06) or 0.9427r7h, i.e. 94% 
of the original volume 


Hence the volume is reduced by approxi- 
mately 6%. 


(b) Curved surface area of cylinder = 2zrh. 


New surface area 
= 2n[(1 — 0.04)r][C. + 0.02)A] 
= 2mrh(1 — 0.04)(1 + 0.02) 
x 2nrh(1 — 0.04 + 0.02), neglecting 
products of small terms 


& 2nrh(1 — 0.02) or 0.98(2zrh), 
i.e. 98% of the original surface area 


Hence the curved surface area is reduced by 
approximately 2%. 


Problem 16. The second moment of area of 


a rectangle through its centroid is given by 
3 


—. Determine the approximate change in 


the second moment of area if Db is increased 
by 3.5% and / is reduced by 2.5% 


New values of b and 7 are (1 + 0.035)b and 
(1 — 0.025)/ respectively. 
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New second moment of area 


= ala + 0.035)b][(1 — 0.025} 


bi P 
= Fy (1 +:0.035)(1 — 0.025) 


bi} 
~ pe + 0.035)(1 — 0.075), neglecting 


powers of small terms 


bi3 
~ cris + 0.035 — 0.075), neglecting 


products of small terms 


x bb 0.040) or (0 96) 1.e. 96% 
oe : or (0. 1? ie. fo 


of the original second moment of area 


Hence the second moment of area is reduced by 
approximately 4%. 


Problem 17. The resonant frequency of a 


1 /[k 
vibrating shaft is given by: f = = 
1 


’ 
where k is the stiffness and / is the inertia of 
the shaft. Use the binomial theorem to 
determine the approximate percentage error 
in determining the frequency using the 
measured values of k and J when the 
measured value of k is 4% too large and the 
measured value of J is 2% too small 


Let f, k and J be the true values of frequency, 
stiffness and inertia respectively. Since the measured 
value of stiffness, k;, is 4% too large, then 


as ae (1 +.0.04)k 
‘100° 


The measured value of inertia, /,, is 2% too small, 
hence 


98 
1, = —/=(1 -— 0.02) 
|= T90 (1 — 0.02) 


The measured value of frequency, 


1 /k i se 
=o el,” 


IL eT, oe 


= aa + 0.04)k]2[(1 _ 0.02)1}-2 
20 
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1 i 4 i 
= 5-(1 + 0.04)2k2 (1 — 0.02)" 2172 
IT 


111 1 £ 
= 5-2 2(1 + 0.04)2 (1 — 0.02)-2 


JU 


ie. f1=70 +0.04)2.(1 — 0.02)72 


1 1 
~ a + (;) (.04)] + (;) (-0.02) 
x fd + 0.02) + 0.01) 
Neglecting the products of small terms, 
fi ~(1+0.02 + 0.01) f + 1.03 f 
Thus the percentage error in f based on the 


measured values of k and J is approximately 
[(1.03)(100) — 100], i.e. 3% too large 


Now try the following exercise 


Exercise 59 Further practical problems 
involving the binomial 
theorem 


1. Pressure p and volume v are related 
by pu? = c, where c is a constant. 
Determine the approximate percentage 
change in c when p is increased by 3% 
and v decreased by 1.2%. 


[0.6% decrease] 


1 
2. Kinetic energy is given by <=mv’. 


Determine the approximate change in 
the kinetic energy when mass m is 
increased by 2.5% and the velocity v is 
reduced by 3%. [3.5% decrease] 


3. An error of +1.5% was made when 
measuring the radius of a_ sphere. 
Ignoring the products of small quantities 
determine the approximate error in 
calculating (a) the volume, and (b) the 
surface area. 


(a) 4.5% increase 
(b) 3.0% increase 


4. The power developed by an engine is 
given by J = k PLAN, where k is 
a constant. Determine the approximate 
percentage change in the power when P 
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and A are each increased by 2.5% and L 
and WN are each decreased by 1.4%. 


[2.2% increase] 


The radius of a cone is increased by 
2.7% and its height reduced by 0.9%. 
Determine the approximate percentage 
change in its volume, neglecting the 
products of small terms. 


[4.5% increase] 


The electric field strength H due to a 
magnet of length 2/ and moment M at 
a point on its axis distance x from the 
centre is given by: 


M 1 1 
a 
21 oaer <a} 


Show that if / is very small compared 


: 2M 
with x, then H ~ a 
x 


The shear stress t in a_ shaft of 
diameter D under a torque T is given by: 
T 


k . ; 

tT = —,. Determine the approximate 
m™D* : eed 

percentage error in calculating t if T is 


10. 


measured 3% too small and D 1.5% too 
large. [7.5% decrease] 


The energy W stored in a flywheel is 
given by: W = kr°N?, where k isa 
constant, r is the radius and WN the 
number of revolutions. Determine the 
approximate percentage change in W 
when r is increased by 1.3% and N is 
decreased by 2%. [2.5% increase] 


In a series electrical circuit containing 
inductance L and capacitance C the 
resonant frequency is given by: 


ft = te 


C used in the calculation are 2.6% too 
large and 0.8% too small respectively, 
determine the approximate percentage 
error in the frequency. [0.9% too small] 


. If the values of L and 


The viscosity n of a liquid is given by: 
4 
. 
n= Tr where k is a constant. If there 
v 


is an error in r of +2%, in v of +4% 
and I of —3%, what is the resultant error 
in n? [+79%] 
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Solving equations by iterative methods 


16.1 Introduction to iterative methods 


Many equations can only be solved graphically 
or by methods of successive approximations to 
the roots, called iterative methods. Three meth- 
ods of successive approximations are (i) by using 
the Newton-Raphson formula, given in Section 
16.2, (ii) the bisection method, and (iii) an alge- 
braic method. The latter two methods are dis- 
cussed in Higher Engineering Mathematics, third 
edition. 

Each successive approximation method relies on 
a reasonably good first estimate of the value of a 
root being made. One way of determining this is 
to sketch a graph of the function, say y = f(x), 
and determine the approximate values of roots from 
the points where the graph cuts the x-axis. Another 
way is by using a functional notation method. This 
method uses the property that the value of the 
graph of f(x) = O changes sign for values of x 
just before and just after the value of a root. For 
example, one root of the equation x* — x — 6 = 0 is 
x=3. 

Using functional notation: 


f@ =x —-x-6 
7Q=2 
f=" -4-6=46 


2—6=-4 


It can be seen from these results that the value 
of f(x) changes from —4 at f(2) to +6 at f(4), 
indicating that a root lies between 2 and 4. This is 
shown more clearly in Fig. 16.1. 


16.2 The Newton—Raphson method 


The Newton—Raphson formula, often just referred 
to as Newton’s method, may be stated as fol- 
lows: 


f(x) 
8 
i f(x) = x°—x-61 
— 0. 4 x, 


Figure 16.1 


if r, is the approximate value of a real root 
of the equation f(x) = 0, then a closer 
approximation to the root rz is given by: 


fry 


f'ry 


rg =r, — 


The advantages of Newton’s method over other 
methods of successive approximations is that it can 
be used for any type of mathematical equation (i.e. 
ones containing trigonometric, exponential, logarith- 
mic, hyperbolic and algebraic functions), and it is 
usually easier to apply than other methods. The 
method is demonstrated in the following worked 
problems. 


16.3. Worked problems on the 
Newton-Raphson method 


Problem 1. Use Newton’s method to 
determine the positive root of the quadratic 


equation 5x? + 11x — 17 = 0, correct to 3 
significant figures. Check the value of the 
root by using the quadratic formula 
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The functional notation method is used to determine 
the first approximation to the root: 


f («) = 5x? + 11x —17 

f (0) = 5(0)? +110) — 17 = —-17 
fd) =5(0)* +1101) - 17 =-1 

FO)=S50Y +110) =17 = 25 


This shows that the value of the root is close to 
x= 1 

Let the first approximation to the root, r;, be 
1. Newton’s formula states that a closer approxima- 
tion, 


_ fav 
fr) 
f(x) = 5x" + 11x — 17, thus, 
fn) = Sy + 111) — 17 
= 451) +110)-17=-1 


m=", 


f'(x) is the differential coefficient of f(x), i.e. 
f(x) = 10x + 11 (see Chapter 44). Thus 
f'(@) = 10(77,) + 11 = 1001) + 11 = 21 

By Newton’s formula, a better approximation to 
the root is: 


—1 
m=1- a 1 — (—0.048) = 1.05, 


correct to 3 significant figures 
A still better approximation to the root, 73, is 
given by: 
_ £2) 
f'(r2) 
[5(1.05)* + 11(1.05) — 17] 
[10(1.05) + 11] 


3 = 12 


= 1.05 — 


= 1.05 — 0.003 = 1.047, 


ie. 1.05, correct to 3 significant figures 
Since the values of r2 and r3 are the same when 
expressed to the required degree of accuracy, the 
required root is 1.05, correct to 3 significant figures. 
Checking, using the quadratic equation formula, 


_ —l11+ /121 — 4(5)(-17) 
= (2)(5) 
—1l1+ 21.47 
10 


The positive root is 1.047, i.e. 1.05, correct to 3 
significant figures 


Problem 2. Taking the first approximation 
as 2, determine the root of the equation 


x? — 3sinx + 2In(x + 1) = 3.5, correct to 3 
significant figures, by using Newton’s 
method 


fr) 
roy) 


r, is a first approximation to the root and r2 is a 
better approximation to the root. 


Newton’s formula states that r. = r;— where 


f(x) =x’ —3sinx + 2In(@4+ 1) —3.5 
f(r) = fQ) = 2? —3sin2 + 21n3 — 3.5, 


where sin 2 means the sine of 2 radians 


Since 


= 4 — 2.7279 + 2.1972 — 3.5 = —0.0307 


2 
/ =2x—3 
f (@) Xx cosx + ae i 


fC) = f'Q) = 2) 
= 44 1.2484 + 0.6667 = 5.9151 


3.cos2 + 
cos = 
3 


Hence, 
f(r) 
27 =, — 
fy) 
—0.0307 
5.9151 ae 


correct to 3 significant figures. 


A still better approximation to the root, r3, is 
given by: 


eee f (72) 
f'(r2) 
[(2.005)* — 3 sin 2.005 
— 5005 — 2103.05 — 3.5] 
2(2.005) — 3 cos 2.005 
o) 
ot 2.005 + 1 
(—0.00104) 
= 2.005 — —————_ = 2.005 + 0.000175 
5.9376 - 


i.e. 73 = 2.01, correct to 3 significant figures. 
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Since the values of r2 and r3 are the same when 
expressed to the required degree of accuracy, then 
the required root is 2.01, correct to 3 significant 
figures. 


Problem 3. Use Newton’s method to find 
the positive root of: 


(x +4) — e!°* + 5cos = 9, 


correct to 3 significant figures 


The functional notational method is used to deter- 
mine the approximate value of the root: 


f@= (+4) — 25 + S008 = —9 
f() = (0+ 4) —e° + 5cos0—-9 = 59 


1 
fl) = 5° — eb + Scos 3-9 114 


2 
{Q=H=e = es + Scos 5 —9% 164 
fB)=7F —e +5cosl1—-9*% 19 

4 
f (4) = 8 — e7® 4+ 5cos 3 9 © — 1660 


From these results, let a first approximation to the 
root be r; = 3. 

Newton’s formula states that a better approxima- 
tion to the root, 


fm) 
Q2=7, — 
fm) 
f(n) = fB)=7 -—e&" 4+ 5c0s1—9 
= 19.35 
f'(@e) = 3x +4)? — 1.92e19% — 2 sin 5 
/ ! 2 5.76 5 : 
f'(n) = f’G) = 307° — 1.92e7'© — 3 sind 
= —463.7 
19.35 
Th = 3-—-——__ = .042 = 3.042 = 3.04, 
us, 73 = 3 “7637 3+0.0 3.0. 3.0. 


correct to 3 significant figure 


f (3.042) 


aaa 
< f'.042) 


Similarly, 
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(—1.146) 


(—513.1) 
= 3.042 — 0.0022 = 3.0398 = 3.04, 


= 3.042 


correct to 3 significant figures. 

Since rz and r3 are the same when expressed to 
the required degree of accuracy, then the required 
root is 3.04, correct to 3 significant figures. 


Now try the following exercise 


Exercise 60 Further problems on New- 
ton’s method 


In Problems 1 to 7, use Newton’s method 
to solve the equations given to the accuracy 
stated. 


x? — 2x — 13 = 0, correct to 3 decimal 
places. [—2.742, 4.742] 


3x3 — 10x = 14, correct to 4 significant 
figures. [2.313] 


xt — 3x3 + 7x = 12, correct to 3 decimal 
places. [—1.721, 2.648] 


3x4 — 4x3 + 7x — 12 = 0, correct to 3 
decimal places. [—1.386, 1.491] 


3Inx + 4x = 5, correct to 3 decimal 
places. [1.147] 


x3 = 5cos2x, correct to 3 significant 


figures. [—1.693, —0.846, 0.744] 


0 
300e~78 + a= 6, correct to 3 significant 
[2.05] 


figures. 


A Fourier analysis of the instantaneous 
value of a waveform can be represented 
ae 1 

by: y= (: *) sint + —sin 3¢ 

yi) =F 1 + a 8 

Use Newton’s method to determine the 
value of t near to 0.04, correct to 4 dec- 
imal places, when the amplitude, y, is 
0.880 [0.0399] 


A damped oscillation of a system is given 
by the equation: y = —7.4e°> sin 37. 
Determine the value of ¢ near to 4.2, 
correct to 3 significant figures, when the 
magnitude y of the oscillation is zero. 


[4.19] 
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Assignment 4 


difference is 3. Determine the first term 
of the series. (4) 


8. Determine the 11" term of the series 1.5, 
: ; ee 31, O, W2s ose (2) 
This assignment covers the material in 
Chapters 13 to 16. The marks for each 9. A machine is to have seven speeds rang- 
question are shown in brackets at the ing from 25 rev/min to 500 rev/min. If 
end of each question. the speeds form a geometric progression, 
determine their value, each correct to the 
Evaluate the following, each correct to 4 CEOS SiO satiate (8) 
significant figures: 10. Use the binomial series to expand 
_ 27)6 
Whee 5(e-23 1) (2a — 3b) (7) 
A) ae (3) ll. E ing i 
ale . Expand the following in ascending pow- 
Bas 7 
Expanders toes tonne (5) ers of ¢ as far as in term in ¢ 
leo 4) ——— b) ——=——= 
Plot a graph of y = 5e over the Nr (b) (= 
range x = —2 to x = +1 and hence 
determine, correct to 1 decimal place, For each case, state the limits for which 
(a) the value of y when x = —0.75, and the expansion is valid. (10) 
a 12. The modulus of rigidity G is given by 
Evaluate the following, each correct to 3 R*0 . . 
decimal places: G = — where R is the radius, 6 the 
In 3.68 — In2.91 angle of twist and L the length. Find 
(a) In0.0753  (b) I (2) the approximate percentage error in G 
‘ when R is measured 1.5% too large, 0 is 
Two quantities x and y are related by measure 3% too small and L is measured 
the equation y = ae~™, where a and 1% too small. (6) 
k are constants. Determine, correct to : : : ; 
1 decimal place, the value of y when 13. The solution to a differential equation 


a= 2.114, k = —3.20 and x = 1.429 


associated with the path taken by a pro- 
jectile for which the resistance to motion 


(3) is proportional to the velocity is given 
Determine the 20 term of the series Dye V = 25H’ =e) abe = 
15.6, 15, 14.4, 13.8)... (3) 


The sum of 13 terms of an arithmetic 
progression is 286 and the common 


Use Newton’s method to determine the 
value of x, correct to 2 decimal places, 
for which the value of y is zero. (11) 
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Multiple choice questions on 


chapters 1—16 


All questions have only one correct answer (answers on page 526). 


1. 


The relationship between the temperature in 
degrees Fahrenheit (F) and the temperature in 
degrees Celsius (C) is given by: F = 2C+ 32: 
135 °F is equivalent to: 
(a) 43°C 

(c) 185.4°C 


(b) 57.2°C 
(d) 184°C 


V 
Transposing J = R for resistance R gives: 


V I 
(ayI—V_ (b) 7 (c) V 


11 mm expressed as a percentage of 41 mm is: 


(d) VI 


(a) 2.68, correct to 3 significant figures 
(b) 2.6, correct to 2 significant figures 
(c) 26.83, correct to 2 decimal places 
(d) 0.2682, correct to 4 decimal places 


When two resistors R; and R» are connected 


1 
in parallel the formula — = i 
Rr R,; Ro 
used to determine the total resistance Rr. If 


R,; = 470 Q and Rp = 2.7 kQ, Rr (correct to 
3 significant figures) is equal to: 


(a) 2.68 Q (b) 400 Q 
(c) 473 Q (d) 3170 Q 

li + 13 +28 a ; is equal to: 

@ly Oy ©2y WI5 


Transposing v = fA to make wavelength A the 
subject gives: 


v 7 
(a) r; 


butf @f—-v Co ee 


2-3 
The value of = 1 is equal to: 
(a) 1 (c) —4 


(b) 2 (d) 5 


8. 


Four engineers can complete a task in 5 hours. 
Assuming the rate of work remains constant, 
six engineers will complete the task in: 


(a) 126h (b) 4h 48 min 
(c) 3 h 20 min (d) 7 h 30 min 
4 
1 
In an engineering equation ap = 5 The value 
of r is: 
(a) —6 (b) 2 (c) 6 (d) —2 


Transposing the formula R = Ro(1 + at) for t 
gives: 


@) RoR 4) 22h=1 
(+a) a 
(q “—* (a) 
aRo Roa 
2x? — (x — xy) — x(2y — x) simplifies to: 


(a) x(3x —1—y) (b) x? — 3xy — xy 
(c) xy — y— 1) (d) 3x2 —x+ xy 
The current J in an a.c. circuit is given by: 


JR? +X? 
When R = 4.8, X = 10.5 and J = 15, the 
value of voltage V is: 


(a) 173.18 (b) 1.30 
(c) 0.98 (d) 229.50 


The height s of a mass projected vertically 


upwards at time f is given by: s = ut — =g??. 
When g = 10, t= 1.5 and s = 3.75, the value 
of u is: 

(a) 10 (b) —5 (c) +5 (d) —10 
The quantity of heat Q is given by the formula 
QO = mc(t2 —1t,). When m = 5, t; = 20, c= 8 
and Q = 1200, the value of fp is: 
(a) 10 (b) 1.5 (c) 21.5 


(d) 50 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


pT 


23. 


24. 


ENGINEERING MATHEMATICS 


When p = 3, qg = —5 and r = —2, the 
engineering expression 2p7q?r* is equal to: 
(a) -—36 =(b) 1296 (c) 36 (d) 18 


; ; 1 ; 
Electrical resistance R = e transposing this 
a 


equation for / gives: 


@~=~ w+ ot @% 
p ap Roe R 

3 a 13 is equal to: 

(a) 5 1g Oly 25 

(2e — 3 f)(e + f) is equal to: 

(a) 2e?—3 f? (b) 2e?—Se f—3 f? 

(c) 2e7+3 f? (d) 2e?—ef -3f? 

The solution of the simultaneous equa- 


tions 3x — 2y = 13 and 2x + S5y = —4 is: 
(a)x=—-2, y=3 (b)x=1, y=-5 
(c)x=3, y= -2 (d)x=-7, y= 2 
16—>/4 is equal to: 

(a) 8 (b)-z (©) 4 (d) 5 


A formula for the focal length f of a convex 


1 1 1 

lens is — = —+—-. When f = 4 andu=6, 
f uv 

v IS: 

(a)-2 (by) F (c) 12 (d) —4 

ql, 0711 
ip oe aohicear hewn 
/0.0635 


lowing statements is correct? 

(a) x = 16cm, correct to 2 significant figures 

(b) x = 16.09 cm, correct to 4 significant 
figures 

(c) x= 1.61 x 10! cm, correct to 3 decimal 
places 


(d) x = 16.099 cm, correct to 3 decimal 
places 


mass 


—. The density (in kg/m?) 
density 


when the mass is 2.532 kg and the volume is 
162 cm? is: 

(a) 0.01563 kg/m? (b) 410.2 kg/m? 

(c) 15630 kg/m? (d) 64.0 kg/m? 

(5.5 x 107)(2 x 10°) cm in standard form is 
equal to: 


(a) 11x 10° cm (b) 1.1 10° cm 


(c) 11x10° cm (d) 1.1x10° cm 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


PV = mkRT is the characteristic gas equation. 
When P = 100 x 10°, V = 4.0, R = 288 and 
T = 300, the value of m is: 


(a) 4.630 (b) 313 600 
(c) 0.216 (d) 100592 
logy, 8 is equal to: 

(a) 5 (b) 144 (©) 3 (d) 2 


The quadratic equation in x whose roots are 
—2 and +5 is: 


(a) x7—3x—-10=0 (b) x7 +7x+10= 0 
(c) x7 +3x—-10=0 (d) x7 -7x-10=0 


The area A of a triangular piece of land of 
sides a, b and c may be calculated using 


A= J/s(s — a)(s — b)(s — c) where 
at b+ec 


2 


When a = 15m, b=11mandc=8 m, the 
area, correct to the nearest square metre, is: 


(a) 1836 m? (b) 648 m2 
(c) 445 m? (d) 43 m? 
direc _ (16x 4), i 
e€ engineerin ression ———— 1S equa 
engl ing expres (8 x 2/4 qu 
to: 
(a) 4 (b)24* © xz (d) 1 


In a system of pulleys, the effort P required 
to raise a load W is given by P = aW +), 
where a and b are constants. If W = 40 when 
P= 12 and W = 90 when P = 22, the values 
of a and b are: 


@@=5,b=4 
(c)a=4,b=-8 


(b)a=1, b= —28 
(dja=i,b= 4 


1 2 
(16 4 — 27 3) is equal to: 
ae 7 ©1, @-8 
Resistance R ohms varies with temperature ¢ 
according to the formula R = Ro(1+eart). Given 
R = 21 Q, a = 0.004 and t = 100, Ro has a 
value of: 
(a) 21.4 Q (b) 29.4 Q 
(c) 15 Q (d) 0.067 Q 
(p+x)t = p*+4p?x+6p?x?+4 px3-+x4. Using 
Pascal’s triangle, the third term of (p+.x)° is: 
(a) 10p?x? (b) Sp*x 
(c) 5 p?x? (d) 10p>x? 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


Al. 


42. 


43. 


The value of 2 of (44 —34)+5+23-} is: 


(a) 17 (6) 803 (c) 16; ~— (d) 88 
log, : is equal to: 
(a)-3 (Bb) 3 (3 (d) 16 
2 
The value of = , correct to 3 significant 
e-lg2 
figures, is: 
(a) 0.0588 (b) 0.312 
(c) 17.0 (d) 3.209 


8x? + 13x — 6 = (x + p)(qx — 3). The values 
of p and gq are: 


(a) p=—2,q=4 (b) p=3,q=2 
(c) p=2,q=8 (d) p=l1,q= 8 
If log, x = 3 then: 

(a)x =8 (b) x = 3 
()x=9 (d) x= 4 


The pressure p Pascals at height metres 
above ground level is given by p = poe"*, 
where po is the pressure at ground level and 
k is a constant. When po is 1.01 x 10° Pa 
and the pressure at a height of 1500 m is 
9.90 x 10* Pa, the value of k, correct to 3 
significant figures is: 


(a) 1.33 x 107> (b) 75000 
(c) 173000 (d) 197 


The fifth term of an arithmetic progression is 
18 and the twelfth term is 46. 


The eighteenth term is: 
(a) 72 (b) 74 (c) 68 (d) 70 


The height S metres of a mass thrown ver- 
tically upwards at time ¢ seconds is given by 
S = 80 t—16?’. To reach a height of 50 metres 
on the descent will take the mass: 


(a) 0.73 s (b) 5.56 s 

(c) 4.27 s (d) 81.77 s 

(2x — y)* is equal to: 

(a) 4x? + y? (b) 2x? — 2xy + y? 
(c) 4x? — y? (d) 4x? — 4xy + y? 


The final length 72 of a piece of wire heated 
through 6°C is given by the formula 
l, = 1,(1 + a6). Transposing, the coefficient 


44, 


45. 


46. 


47. 


48. 


49. 


MULTIPLE CHOICE QUESTIONS ON CHAPTERS 1-16 = 129 


of expansion @ is given by: 


iy 4 i =a; 
os b 

Oy 7 (b) 70 

Gb —10 q@ Bo! 

Cc a —= —EEes 
2, 1 ut 10 


The roots of the quadratic equation 
8x + 10x — 3 = O are: 


(a) —+ and 3 


(c) —3 and ; 


(b) 4 and + 
(d) = and —4 


The current i amperes flowing in a capacitor at 
time ¢ seconds is given by i = 10(1 —e7/), 
where resistance R is 25 x 10° ohms and 
capacitance C is 16 x 10~° farads. When cur- 
rent i reaches 7 amperes, the time f¢ is: 


(a) —0.48 s (b) 0.14 s 
(c) 0.21 s (d) 0.48 s 
3.67 In 21.28 a 
The value of ps9? Correct to 4 signif- 
e-0. 
icant figures, is: 
(a) 9.289 (b) 13.56 
(c) 13.5566 (d) —3.844 x 10° 


The volume V2 of a material when the 
temperature is increased is given by 

Vo = Vi [1 + y(t- t)]. The value of fo 
when V> = 61.5 cm?, V; = 60 cm?, 

y = 54x 10~° and t, = 250 is: 


(a) 213 (b) 463 

(c) 713 (d) 28028 

A formula used for calculating the resistance 
L 

of a cable is R = ee A cable’s resistance 


a 
R = 0.50 Q, its length / is 5000 m and its 
cross-sectional area ais 4 x 10~* m*. The 
resistivity p of the material is: 


(a) 6.25 x 10’ Qm (b) 4 x 1078 Qm 


(c) 2.5 x 10’ Qm (d) 3.2 x 1077 Qm 


2: 

In the equation 5.0 = 3.01n = , x has a 
x 

value correct to 3 significant figures of: 

(a) 1.59 (b) 0.392 


(c) 0.548 (d) 0.0625 
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50. 


51. 


52. 


53. 


54. 


ENGINEERING MATHEMATICS 


Current J in an electrical circuit is given by 


E-e : : 
I = —. Transposing for R gives: 


R+r 
E-—e-Ir E-e 
or a Oe 
E-e 
(c) (E—e)d +r) (d) 7 
r 


(/x)(y*/?)(x*y) is equal to: 
(a) (Gy) (b) xv? y°/? 
(c) xy*/? (d) x/y3 


The roots of the quadratic equation 
2x? — 5x + 1 = O, correct to 2 decimal 
places, are: 


(a) —0.22 and —2.28 
(c) 0.19 and —2.69 


(b) 2.69 and —0.19 
(d) 2.28 and 0.22 


l 
Transposing ft = am for g gives: 
& 


= 2 
(a) eo. (b) (=) [2 


t 
\ 20 
(c) 7 
log, 9 is equal to: 


(a) 3 (b) 27 (c) 4 (d) 2 


56. 


57. 


58. 


59. 


60. 


The second moment of area of a rectangle 
13 


through its centroid is given by ae 


Using the binomial theorem, the approximate 
percentage change in the second moment of 
area if b is increased by 3% and / is reduced 
by 2% is: 

(a) -6% (b)+1% (c)+3% (d) —3% 
The equation x* — 3x? — 3x + 1 = 0 has: 

(b) 2 real roots 


(d) 4 real roots 


(a) 1 real root 
(c) 3 real roots 


The motion of a particle in an electrostatic field 
is described by the equation 

y = x3 + 3x? + 5x — 28. When x = 2, y is 
approximately zero. Using one iteration of the 
Newton—Raphson method, a better approxima- 
tion (correct to 2 decimal places) is: 


(a) 1.89 (b)2.07 (c) 2.11 (d) 1.93 
In hexadecimal, the decimal number 123 is: 
(a) 1111011 (b) 123 
(c) 173 (d) 7B 


6x? — 5x — 6 divided by 2x — 3 gives: 
(a) 2x—1 (b)3x+2 (c)3x-—2 (d) 6x41 


The first term of a geometric progression 
is 9 and the fourth term is 45. The eighth 
term is: 


(a) 225 (b) 150.5 (c) 384.7. (d) 657.9 
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Part 2 Mensuration 


17 


Areas of plane figures 


17.1. Mensuration 


Mensuration is a branch of mathematics con- 
cerned with the determination of lengths, areas and 
volumes. 


17.2 Properties of quadrilaterals 
Polygon 


A polygon is a closed plane figure bounded by 
straight lines. A polygon, which has: 


(i) 3 sides is called a triangle 

(ii) 4 sides is called a quadrilateral 
(iii) 5 sides is called a pentagon 
(iv) 6 sides is called a hexagon 

(v) 7 sides is called a heptagon 
(vi) 8 sides is called an octagon 


There are five types of quadrilateral, these being: 


(i) rectangle 

(ii) square 
(iii) parallelogram 
(iv) rhombus 

(v) trapezium 


(The properties of these are given below). 

If the opposite corners of any quadrilateral are 
joined by a straight line, two triangles are produced. 
Since the sum of the angles of a triangle is 180°, the 
sum of the angles of a quadrilateral is 360°. 

In a rectangle, shown in Fig. 17.1: 


(i) all four angles are right angles, 
(ii) opposite sides are parallel and equal in length, 
and 


Figure 17.1 


(iii) diagonals AC and BD are equal in length and 
bisect one another. 


In a square, shown in Fig. 17.2: 


(i) all four angles are right angles, 
(ii) opposite sides are parallel, 
(iii) all four sides are equal in length, and 
(iv) diagonals PR and QS are equal in length and 
bisect one another at right angles. 


Ss 
Figure 17.2 


In a parallelogram, shown in Fig. 17.3: 


(i) opposite angles are equal, 
(ii) opposite sides are parallel and equal in length, 
and 
(iii) diagonals WY and XZ bisect one another. 


In a rhombus, shown in Fig. 17.4: 


(i) opposite angles are equal, 
(ii) opposite angles are bisected by a diagonal, 
(iii) opposite sides are parallel, 
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WwW x 


Figure 17.4 


(iv) all four sides are equal in length, and 
(v) diagonals AC and BD bisect one another at 
right angles. 


In a trapezium, shown in Fig. 17.5: 


(i) only one pair of sides is parallel 


ma 
H G 
Figure 17.5 


17.3. Worked problems on areas of 
plane figures 


Table 17.1 summarises the areas of common plane 
figures. 


Table 17.1 
(i) Square eX 


mi Area = x2 
[ i Area=/xb 
k—_——>+| 


il 


ff h Area=bxh 


b 


(iv) Triangle 
/\ Area=3xbxh 


b 


(ii) Rectangle 


(iii) Parallelogram 


Table 17.1 (continued) 


(v) Trapezium ps 
~~ Area =4(a+b)h 


-—_—— 
Db 
(vi) Circle ; 
Oy) Area =2r2 or 7 
(vii) Semicircle d 
m > 2 
YK A/ Area = 3 m1? or 22 


(viii) Sector of a circle i j 
_) 0° 1 
Za \ Area = sens (nr?) or 5 120 
r 


(6 in rads) 


m9 Area = xab 
Permiter ~ (a+ b) 


(ix) Ellipse 


Problem 1. State the types of quadrilateral 
shown in Fig. 17.6 and determine the angles 
marked a to / 


Figure 17.6 


(i) ABCD is a square 
The diagonals of a square bisect each of the 
right angles, hence 
ee 90° 
== 


45° 
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(ii) 


(iii) 


(iv) 


(v) 


EFGH is a rectangle 


In triangle FGH, 40° + 90° + b = 180° 
(angles in a triangle add up to 180°) from 
which, b = 50°. Also c = 40° (alternate 
angles between parallel lines EF and HG). 


(Alternatively, b and c are complementary, i.e. 
add up to 90°) 


d = 90°+c (external angle of a triangle equals 
the sum of the interior opposite angles), hence 
d = 90° + 40° = 130° 


JKLM is a rhombus 


The diagonals of a rhombus bisect the interior 
angles and opposite internal angles are equal. 


Thus ZJKM = ZMKL= ZLJMK = LLMK = 
30°, hence, e = 30° 


In triangle KLM, 30° + ZKLM + 30° = 180° 
(angles in a triangle add up to 180°), hence 
LKLM = 120°. 


The diagonal JL bisects KLM, hence 
120° 
= — = 60° 
f 2 
NOP@ is a parallelogram 


g = 52° (since opposite interior angles of a 
parallelogram are equal). 

In triangle NOQ, g+h+ 65° = 180° (angles 
in a triangle add up to 180°), from which, 


h = 180° — 65° — 52° = 63° 


i = 65° (alternate angles between parallel 
lines NQ and OP). 

j = 52°+i = 52°+65° = 117° (external angle 
of a triangle equals the sum of the interior 
opposite angles). 


RSTU is a trapezium 


35° +k = 75° (external angle of a triangle 
equals the sum of the interior opposite angles), 
hence k = 40° 


ZSTR = 35° (alternate angles between paral- 
lel lines RU and ST). 

1+ 35° = 115° (external angle of a triangle 
equals the sum of the interior opposite angles), 
hence 


1 = 115° — 35° = 80° 


Problem 2. A rectangular tray is 820 mm 
long and 400 mm wide. Find its area in 


(a) mm’, (b) cm”, (c) m? 
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(a) Area = length x width = 820 x 400 = 


328 000 mm2 
(b) 1 cm? = 100 mm’. Hence 


328 000 
328 000 mm? = 
cs 100 


cm* = 3280 cm? 


(c) 1m’? = 10000 cm’. Hence 


3280 


= —— mm = 0.32 2 
T0000 ™ 0.3280 m 


3280 cm? 


Problem 3. Find (a) the cross-sectional area 


of the girder shown in Fig. 17.7(a) and 
(b) the area of the path shown in Fig. 17.7(b) 


t 50mm 


Figure 17.7 


(a) The girder may be divided into three separate 
rectangles as shown. 


A= 50% 5 = 250 mm 

B=(75—8-—5)x6 
= 62 x 6 = 372 mm” 

Area of rectangle C = 70 x 8 = 560 mm” 


Area of rectangle 


Area of rectangle 


Total area of girder = 250 + 372 + 560 = 
1182 mm or 11.82 cm? 


(b) Area of path = area of large rectangle — area 
of small rectangle 


= (25 x 20) — (21 x 16) = 500 — 336 
= 164 m? 


Problem 4. Find the area of the parallelo- 
gram shown in Fig. 17.8 (dimensions are 
in mm) 


JNTUWORLD 


www.jntuworld.com 


134. ENGINEERING MATHEMATICS 


A B 
I 
D & 
34 
Figure 17.8 


Area of parallelogram = base x perpendicular 
height. The perpendicular height h is found using 
Pythagoras’ theorem. 


BC =CE* +h’ 
ie. = 157 = (34-257 +4 
h? = 157-9 = 225-81 = 144 


Hence, h = /144 = 12 mm (—12 can be neglected). 
Hence, area of ABCD = 25 x 12 = 300 mm? 


Problem 5. Figure 17.9 shows the gable 
end of a building. Determine the area of 
brickwork in the gable end 


Figure 17.9 


The shape is that of a rectangle and a triangle. 
Area of rectangle = 6 x 8 = 48 m?* 
Area of triangle = 5 x base x height. 


CD =4m, AD=5m, hence AC = 3 m (since it 
is a 3, 4, 5 triangle). 


Hence, area of triangle ABD = 5 x8x3=12m 
Total area of brickwork = 48 + 12 = 60 m? 


Problem 6. Determine the area of the shape 
shown in Fig. 17.10 


27.4mm 


5.5 mmi NX 


8.6mm 


Figure 17.10 


The shape shown is a trapezium. 
Area of trapezium 


= + (sum of parallel sides)(perpendicular 


2 
distance between them) 

= 5(27.4 + 8.6)(5.5) 

5 x 36 x 5.5 = 99 mm? 


II 


Now try the following exercise 


Exercise 61 Further problems on areas of 
plane figures 


1. A rectangular plate is 85 mm long and 
42 mm wide. Find its area in square 
centimetres. [35.7 cm*] 


2. A rectangular field has an area of 1.2 

hectares and a length of 150 m. Find 

(a) its width and (b) the length of a diag- 
onal (1 hectare = 10000 m7). 

[(a) 80 m_ (b) 170 m] 


3. Determine the area of each of the angle 
iron sections shown in Fig. 17.11. 


[(a) 29 cm? (b) 650 mm?] 
iy 
7em 
30mm if 
Ht om 8mm 
€ 
E jomm? 
8 mm a! 
t 6mm 
2cm 11cm 2cm 50 mm 
(a) {b) 


Figure 17.11 


4. A rectangular garden measures 40 m by 
15m. A 1m flower border is made 
round the two shorter sides and one 
long side. A circular swimming pool 
of diameter 8 m is constructed in the 
middle of the garden. Find, correct to the 
nearest square metre, the area remaining. 

[482 m?] 


5. The area of a trapezium is 13.5 cm? and 
the perpendicular distance between its 
parallel sides is 3 cm. If the length of 
one of the parallel sides is 5.6 cm, find 
the length of the other parallel side. 

[3.4 cm] 
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6. Find the angles p,qg,r,s and ¢f in 
Fig. 17.12(a) to (c). 
p = 105°, g= 35°, r= 142°, 
s = 95°, t= 146° 


Figure 17.12 


7. Name the types of quadrilateral shown 
in Fig. 17.13(@) to (iv), and determine 
(a) the area, and (b) the perimeter of 
each. 
(i) rhombus (a) 14 cm? (b) 16 cm 
(ii) parallelogram (a) 180 cm? 
(b) 80 mm 
(iii) rectangle (a) 3600 mm? 
(b) 300 mm 
(iv) trapezium (a) 190 cm? (b) 62.91 cm 


120 mm 


em _ 


(iii) 
26cm 


A 
10cm 
5.94cm 


(i) (ii) 12cm 
16cm 


(iv) 


~ 
ie] 
3 
3.5cm 
30mm 
38mm 


Figure 17.13 


8. Calculate the area of the steel plate 
shown in Fig. 17.14. 


[6750 mm?] 


Figure 17.14 
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17.4 Further worked problems on 
areas of plane figures 


Problem 7. Find the areas of the circles 
having (a) a radius of 5 cm, (b) a diameter 


of 15 mm, (c) a circumference of 70 mm 


md” 
Area of a circle = zr? or Ee 


(a) Area = mr? = 2(5)? = 25m = 78.54 cm? 
md _ m(15)* _ 225% 


(b) Area = = 176.7 mm? 
4 4 4 
(c) Circumference, c = 27r, hence 
Cc 70 935 
r= = = mm 
2x 20 IW 
2 2 
Area of circle = mr? = 1 (=) = 2 
1 a 


= 389.9 mm? or 3.899 cm? 


Problem 8. Calculate the areas of the 
following sectors of circles having: 


(a) radius 6 cm with angle subtended at 
centre 50° 


(b) diameter 80 mm with angle subtended 
at centre 107°42’ 

(c) radius 8 cm with angle subtended at 
centre 1.15 radians 


62 
Area of sector of a circle = —~(zr’) 


; 360 
or 579 (@ in radians). 
(a) Area of sector 
50 50 36 
2 oe = 57 
360 360 
= 15.71 cm’ 


(b) If diameter = 80 mm, then radius, r = 40 mm, 
and area of sector 


1072 
107°42! aa 
= ——~ (1407) = —®9 (a0? 
oo ae 
107.7 


= 369 (740°) = 1504 mm? or 15.04 cm? 


(c) Area of sector = 4770 = 5 x 8? x 1.15 
= 36.8 cm? 
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Problem 9. A hollow shaft has an outside 
diameter of 5.45 cm and an inside diameter 


of 2.25 cm. Calculate the cross-sectional area 
of the shaft 


The cross-sectional area of the shaft is shown by the 
shaded part in Fig. 17.15 (often called an annulus). 


d=5.45 cm 


Figure 17.15 
Area of shaded part = area of large circle — area of 
small circle 

mD* nd* 


eayiaaies “= _(p* da 
4 4 ) 


= = (5.457 — 2.257) = 19.35 em? 


Problem 10. The major axis of an ellipse is 
15.0 cm and the minor axis is 9.0 cm. Find 


its area and approximate perimeter 


If the major axis = 15.0 cm, then the semi-major 
axis = 7.5 cm. 

If the minor axis = 9.0 cm, then the semi-minor 
axis = 4.5 cm. 

Hence, from Table 17.1(ix), 


area = stab = 1(7.5)(4.5) = 106.0 cm? 


and perimeter © z(a + b) = 2(7.5 + 4.5) 
= 12.02 = 37.7 cm 


Now try the following exercise 


Exercise 62. Further problems on areas of 


plane figures 


1. Determine the area of circles having 
a (a) radius of 4cm_ (b) diameter of 
30 mm_ (c) circumference of 200 mm. 
(a) 50.27 cm? (b) 706.9 mm? 
(c) 3183 mm? 


2. An annulus has an outside diameter of 
60 mm and an inside diameter of 20 mm. 
Determine its area. [2513 mm?] 


If the area of a circle is 320 mm’, find 
(a) its diameter, and (b) its circumference. 
[(a) 20.19 mm_ (b) 63.41 mm] 
Calculate the areas of the following sec- 
tors of circles: 
(a) radius 9 cm, angle subtended at cen- 
tre 75° 
(b) diameter 35 mm, angle subtended at 
centre 48°37’ 
(c) diameter 5 cm, angle subtended at 
centre 2.19 radians 
(a) 53.01 cm? (b) 129.9 mm? 
(c) 6.84 cm? 


Determine the area of the template shown 
in Fig. 17.16. [5773 mm7] 


eon 
120mm nada 


90mm 


Figure 17.16 


An archway consists of a rectangular 
opening topped by a semi-circular arch as 
shown in Fig. 17.17. Determine the area 
of the opening if the width is 1 m and the 
greatest height is 2 m. [1.89 m7] 


im 


Figure 17.17 


The major axis of an ellipse is 200 mm 

and the minor axis 100 mm. Determine 

the area and perimeter of the ellipse. 
[15710 mm’, 471 mm] 


If fencing costs £8 per metre, find the 
cost (to the nearest pound) of enclosing 
an elliptical plot of land which has major 
and minor diameter lengths of 120 m and 
80 m. [£2513] 
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9. A cycling track is in the form of an 
ellipse, the axes being 250 m and 150 m 
respectively for the inner boundary, and 
270 m and 170 m for the outer boundary. 
Calculate the area of the track. 

[6597 m7] 


17.5 Worked problems on areas of 
composite figures 


Problem 11. Calculate the area of a regular 


octagon, if each side is 5 cm and the width 
across the flats is 12 cm 


An octagon is an 8-sided polygon. If radii are drawn 
from the centre of the polygon to the vertices then 
8 equal triangles are produced (see Fig. 17.18). 


Area of one triangle = 5 x base x height 
12 
=3x5x >= 15cm’ 


Area of octagon =8x 15 = 120 cm’ 


12cm 


5cm 


Figure 17.18 


Problem 12. Determine the area of a 


regular hexagon that has sides 8 cm long 


A hexagon is a 6-sided polygon which may 
be divided into 6 equal triangles as shown in 
Fig. 17.19. The angle subtended at the centre of each 
triangle is 360°/6 = 60°. The other two angles in the 
triangle add up to 120° and are equal to each other. 
Hence each of the triangles is equilateral with each 
angle 60° and each side 8 cm. 


Area of one triangle = 5 x base x height 


= 5 x8xh 
h is calculated using Pythagoras’ theorem: 
92 = h ae 42 


h= V8 —4 = 6.928 cm 


from which, 
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8cm 


Figure 17.19 


Hence area of one triangle 
= 5 x 8 x 6.928 = 27.71 cm’ 
Area of hexagon = 6 x 27.71 = 166.3 cm? 


Problem 13. Figure 17.20 shows a plan of 
a floor of a building that is to be carpeted. 
Calculate the area of the floor in square 
metres. Calculate the cost, correct to the 
nearest pound, of carpeting the floor with 
carpet costing £16.80 per m’, assuming 30% 
extra carpet is required due to wastage in 
fitting 


Figure 17.20 


Area of floor plan 
= area of triangle ABC + area of semicircle 
+ area of rectangle CGLM 
+ area of rectangle CDEF 
— area of trapezium HI JK 


Triangle ABC is equilateral since AB = BC = 3 m 
and hence angle B’CB = 60° 
sin B’CB = BB'/3, i.e. BB’ = 3sin60° = 2.598 m 
Area of triangle ABC = 4(AC)(BB’) 

= 4(3)(2.598) = 3.897 m* 


Area of semicircle = 47r? = $7(2.5)? = 9.817 m? 
Area of CGLM = 5 x 7 = 35 m? 


JNTUWORLD 


www.jntuworld.com 


138 ENGINEERING MATHEMATICS 


Area of CDEF = 0.8 x 3 = 2.4 m?* 
Area of HIJK = $(KH + 1J)(0.8) 


Since MC = 7 m then LG = 7 m, hence 
JI=7-—5.2=1.8m 


Hence area of HIJK = (3 + 1.8)(0.8) = 1.92 m? 


Total floor area = 3.897+9.817+35+2.4—1.92 = 
49.194 m2 


To allow for 30% wastage, amount of carpet 
required = 1.3 x 49.194 = 63.95 m? 


Cost of carpet at £16.80 per m? = 63.95 x 16.80 = 
£1074, correct to the nearest pound. 


Now try the following exercise 


Exercise 63 Further problems on areas of 
plane figures 


Calculate the area of a regular octagon if 
each side is 20 mm and the width across 
the flats is 48.3 mm. [1932 mm?] 
Determine the area of a regular hexagon 
which has sides 25 mm. [1624 mm?] 
A plot of land is in the shape shown 
in Fig. 17.21. Determine (a) its area in 
hectares (1 ha = 10* m?), and (b) the 
length of fencing required, to the nearest 


metre, to completely enclose the plot of 
land. [(a) 0.918 ha (b) 456 m] 


20m 30m 20m 


Figure 17.21 


17.6 Areas of similar shapes 


The areas of similar shapes are proportional to 
the squares of corresponding linear dimensions. 


x 


(a) 


Figure 17.22 


For example, Fig. 17.22 shows two squares, one 
of which has sides three times as long as the other. 


Area of Fig. 17.22(a) = (x)(x) = x? 
Area of Fig. 17.22(b) = (3x)(3x) = 9x? 


Hence Fig. 17.22(b) has an area (3), i.e. 9 times 
the area of Fig. 17.22(a). 


Problem 14. A rectangular garage is shown 
on a building plan having dimensions 10 mm 


by 20 mm. If the plan is drawn to a scale of 
1 to 250, determine the true area of the 
garage in square metres 


Area of garage on the plan = 10 mm x 20 mm = 
200 mm? 

Since the areas of similar shapes are proportional 
to the squares of corresponding dimensions then: 


true area of garage = 200 x (250)* 
= 12.5 x 10° mm? 
12.5 % 10° 


= oO op? = 12.5 m? 
10° 


| 


Now try the following exercise 


Exercise 64 Further problems on areas of 
similar shapes 


The area of a park on a map is 500 mm”. 
If the scale of the map is | to 40000 
determine the true area of the park in 
hectares (1 hectare = 10* m?). — [80 ha] 


A model of a boiler is made having an 
overall height of 75 mm corresponding to 
an overall height of the actual boiler of 
6 m. If the area of metal required for the 
model is 12 500 mm? determine, in square 
metres, the area of metal required for the 


actual boiler. [80 m7] 
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18.1 


18 
The circle and its 


Introduction 


A circle is a plain figure enclosed by a curved line, 
every point on which is equidistant from a point 
within, called the centre. 


18.2 
(i) 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 


Properties of circles 


The distance from the centre to the curve is 
called the radius, r, of the circle (see OP 
in Fig. 18.1). 


es 


Cc 


Figure 18.1 


The boundary of a circle is called the cir- 
cumference, c. 


Any straight line passing through the cen- 
tre and touching the circumference at each 
end is called the diameter, d (see QR in 
Fig. 18.1). Thus d = 2r 


circumference 


The ratio = a constant for 


. diameter 
any circle. 
This constant is denoted by the Greek letter 
zt (pronounced ‘pie’), where 7 = 3.14159, 
correct to 5 decimal places. 
Hence c/d =z orc = xd orc = 2ar 
A semicircle is one half of the whole circle. 
A quadrant is one quarter of a whole circle. 
A tangent to a circle is a straight line that 
meets the circle in one point only and does 
not cut the circle when produced. AC in 
Fig. 18.1 is a tangent to the circle since it 
touches the curve at point B only. If radius 
OB is drawn, then angle ABO is a right angle. 


properties 


(viii) 


(ix) 


(x) 


(xi) 


(x1i) 


A sector of a circle is the part of a cir- 
cle between radii (for example, the portion 
OXY of Fig. 18.2 is a sector). If a sec- 
tor is less than a semicircle it is called a 
minor sector, if greater than a semicircle it 
is called a major sector. 


° yy" 


Figure 18.2 


A chord of a circle is any straight line that 
divides the circle into two parts and is ter- 
minated at each end by the circumference. 
ST, in Fig. 18.2 is a chord. 


A segment is the name given to the parts 
into which a circle is divided by a chord. 
If the segment is less than a semicir- 
cle it is called a minor segment (see 
shaded area in Fig. 18.2). If the segment 
is greater than a semicircle it is called a 
major segment (see the unshaded area in 
Fig. 18.2). 

An arc is a portion of the circumference of 
a circle. The distance SRT in Fig. 18.2 is 
called a minor arc and the distance SX YT 
is called a major arc. 


The angle at the centre of a circle, sub- 
tended by an arc, is double the angle at the 
circumference subtended by the same arc. 
With reference to Fig. 18.3, 


Angle AOC = 2 x angle ABC. 


Figure 18.3 
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(xiii) The angle in a semicircle is a right angle 
(see angle BQP in Fig. 18.3). 


Problem 1. Find the circumference of a 
circle of radius 12.0 cm 
Circumference, 
c=2x a x radius = 27r = 27(12.0) 
= 75.40 cm 


Problem 2. If the diameter of a circle is 
75 mm, find its circumference 


Circumference, 


c= xX diameter = md = 2(75) = 235.6 mm 


Problem 3. Determine the radius of a circle 
if its perimeter is 112 cm 


Perimeter = circumference, c = 27r 


112 
Hence radius r = Leora paasah er 17.83 cm 
20 20 


Problem 4. In Fig. 18.4, AB is a tangent to 


the circle at B. If the circle radius is 40 mm 
and AB = 150 mm, calculate the length AO 


B 


Figure 18.4 


x 


A tangent to a circle is at right angles to a radius 
drawn from the point of contact, i. ABO = 90°. 
Hence, using Pythagoras’ theorem: 


AO? = AB? + OB? 
AO = AB? + OB2 
= 1502 + 40? = 155.2 mm 


Now try the following exercise 


from which, 


Exercise 65 Further problems on proper- 
ties of a circle 


1. Calculate the length of the circumference 
of a circle of radius 7.2 cm. [45.24 cm] 


2. If the diameter of a circle is 82.6 mm, 
calculate the circumference of the circle. 


[259.5 mm] 


3. Determine the radius of a circle whose 
[2.629 cm] 


4. Find the diameter of a circle whose peri- 
[47.68 cm] 


circumference is 16.52 cm. 


meter is 149.8 cm. 


18.3 Arc length and area of a sector 


One radian is defined as the angle subtended at the 
centre of a circle by an arc equal in length to the radius. 
With reference to Fig. 18.5, for arc length s, 


@ radians = s/r or arc length, (1) 


where @ is in radians. 


Figure 18.5 


When s = whole circumference (= 277) then 
0 =s/r = 2nr/r = 20 


i.e. 277 radians = 360° or 


mw radians = 180° 


Thus 1 rad = 180°/z = 57.30°, correct to 2 decimal 
places. 

Since z rad = 180°, then 27/2 = 90°, 2/3 = 60°, 
wt/4 = 45°, and so on. 


0 
Area of tor = —(ar? 
rea of a sector 360 (ar) 
when @ is in degrees 
0 2 1, 
= —(ar°)= =r°6 (2) 


20 2 
when @ is in radians 


Problem 5. Convert to radians: (a) 125° 


(b) 69°47’ 


(a) Since 180° = z rad then 1° = z/180 rad, 
therefore 


125° = 125 (=) = 2.182 radians 


(Note that © means ‘circular measure’ and indi- 
cates radian measure.) 
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° 


47 
(b) 69°47! = 69—— = 69.783° 
60 


69.783° = 69.783 (=) = 1.218 radians 


Problem 6. Convert to degrees and 
minutes: (a) 0.749 radians (b) 37/4 radians 


(a) Since z rad = 180° then 1 rad = 180°/z, 
therefore 


1 ° 
0.749 = 0.749 (=) = 42.915° 
a 


0.915° = (0.915 x 60)’ = 55’, correct to the 
nearest minute, hence 


0.749 radians = 42°55’ 


180\° 
(b) Since 1 rad = (=) then 
a 


3 32 (180\° 
— rad = — ( — 
4 4 XN 


3 
a 180 5 = 135° 
ri ) 


Problem 7. Express in radians, in terms of 
, (a) 150° (b) 270° (c) 37.5° 


Since 180° = z rad then 1° = 180/z, hence 


5 a 5x 

(a) 150° = 150 (=) rad = rad 
; ua 3a 

(b) 270° = 270 ( =) rad = rad 

(c) 37.5° = 37.5 (—) rad = cs rad = aa 
~~" \180 ~ 360 ~ 24 


Now try the following exercise 


Exercise 66 Further problems on radians 
and degrees 


1. Convert to radians in terms of z: (a) 30° 


T 5x 57 
b) 75° (c) 225° b 
(b) (c) la 6 (b) 2 (c) mn 
2. Convert to radians: (a) 48° (b) 84°51’ 


(c) 232°15’ 
[(a) 0.838 (b) 1.481 (c) 4.054] 
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4 
3. Convert to degrees: (a) = rad (b) = rad 
i, 
(c) > rad [(a) 150° (b) 80° (c) 105°] 


4. Convert to degrees and minutes: 
(a) 0.0125 rad (b) 2.69 rad (c) 7.241 rad 


[(a) 0° 43’ (b) 154° 8’ (c) 414°53] 


18.4 Worked problems on arc length 
and sector of a circle 


Problem 8. Find the length of arc of a 
circle of radius 5.5 cm when the angle 
subtended at the centre is 1.20 radians 


From equation (1), length of arc, s = r0, where @ is 
in radians, hence 


s = (5.5)(1.20) = 6.60 cm 


Problem 9. Determine the diameter and 
circumference of a circle if an arc of length 
4.75 cm subtends an angle of 0.91 radians 


; Ss 4.75 
Since s = r@ then r = ~— = —— = 5.22 cm. 
6 091 


Diameter = 2 x radius = 2 x 5.22 = 10.44 cm. 
Circumference, c = md = 1(10.44) = 32.80 cm. 


Problem 10. If an angle of 125° is 
subtended by an arc of a circle of radius 
8.4 cm, find the length of (a) the minor arc, 


and (b) the major arc, correct to 3 significant 
figures 


Since 180° =z rad then 1° = (=) rad 
and 125° = 125 (=) rad 
Length of minor arc, 


s = 10 = (8.4)(125) (5 


correct to 3 significant figures. 
Length of major arc = (circumference — minor 
arc) = 27(8.4) — 18.3 = 34.5 cm, correct to 3 
significant figures. 
(Alternatively, major arc 
= 10 = 8.4(360 — 125)(2/180) = 34.5 cm.) 


) = 18.3 cm 
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Problem 11. Determine the angle, in 


degrees and minutes, subtended at the centre 


of a circle of diameter 42 mm by an arc of 
length 36 mm. Calculate also the area of the 
minor sector formed 


Since length of arc, s = r@ then 0 = s/r 


diameter 42 
r= —— = — = 21 mm 
2 2 


K 36 
d= ee 1.7143 radians 

r 21 

1.7143 rad = 1.7143 x (180/27)? = 98.22° = 
98°13’ = angle subtended at centre of circle. 


Radius, 


hence 


From equation (2), 
area of sector = 4770 = $(21)’(1.7143) 
= 378 mm” 


Problem 12. A football stadium floodlight 
can spread its illumination over an angle of 


45° to a distance of 55 m. Determine the 
maximum area that is floodlit 


1 
Floodlit area = area of sector = are 


= 505) (45 x =) 


from equation (2) 
= 1188 m? 


Problem 13. An automatic garden spray 
produces a spray to a distance of 1.8 m and 
revolves through an angle a which may be 
varied. If the desired spray catchment area is 
to be 2.5 m”, to what should angle a@ be set, 
correct to the nearest degree 


1 1 
Area of sector = —r*6, hence 2.5 = 5 (18)°a from 


. 2.5 x2 : 
which, a = 182 = 1.5432 radians 
: : i 
1.5432 rad = { 1.5432 x a = 88.42° 
aA 


Hence angle a = 88°, correct to the nearest degree. 


Problem 14. The angle of a tapered groove 
is checked using a 20 mm diameter roller as 
shown in Fig. 18.6. If the roller lies 2.12 mm 
below the top of the groove, determine the 
value of angle 6 


2.12 mm 


Figure 18.6 


In Fig. 18.7, triangle ABC is right-angled at C (see 
Section 18.2(vii), page 139). 


2.12mm 
Ss 30mm 
Cc 
\pe 
py 2 
A 
Figure 18.7 


Length BC = 10 mm (i.e. the radius of the circle), 


and AB = 30 10 — 2.12 = 17.88 mm from 
Fig. 18.6. 
_@ 10 

Hence sin — = ——— and 

2 17.88 

6 1 

—=sin! ave = 34° 

2 17.88 
and angle 6 = 68° 


Now try the following exercise 


Exercise 67 Further problems 
length and area of a sector 


on arc 


1. Find the length of an arc of a circle 
of radius 8.32 cm when the angle sub- 
tended at the centre is 2.14 radians. Cal- 
culate also the area of the minor sector 
formed. [17.80 cm, 74.07 cm?] 


2. If the angle subtended at the centre of 
a circle of diameter 82 mm is 1.46 rad, 
find the lengths of the (a) minor arc 
(b) major arc. 

[(a) 59.86 mm_ (b) 197.8 mm] 


3. A pendulum of length 1.5 m swings 
through an angle of 10° in a single 
swing. Find, in centimetres, the length 
of the arc traced by the pendulum bob. 


[26.2 cm] 
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10. 


Determine the length of the radius and 
circumference of a circle if an arc length 
of 32.6 cm subtends an angle of 3.76 
radians. [8.67 cm, 54.48 cm] 
Determine the angle of lap, in degrees 
and minutes, if 180 mm of a belt drive 
are in contact with a pulley of diameter 
250 mm. [82.5°] 
Determine the number of complete revo- 
lutions a motorcycle wheel will make in 
travelling 2 km, if the wheel’s diameter 
is 85.1 cm. [748] 
The floodlights at a sports ground spread 
its illumination over an angle of 40° to 
a distance of 48 m. Determine (a) the 
angle in radians, and (b) the maximum 
area that is floodlit. 


[(a) 0.698 rad (b) 804.2 m?] 
Determine (a) the shaded area in Fig. 18.8 


(b) the percentage of the whole sector that 
the area of the shaded area represents. 


[(a) 396 mm? (b) 42.24%] 


Figure 18.8 


Determine the length of steel strip 
required to make the clip shown in 
Fig. 18.9 [483.6 mm] 


100mm 


100 nm 


Figure 18.9 


A 50° tapered hole is checked with 
a 40 mm diameter ball as shown in 
Fig. 18.10. Determine the length shown 
as x. [7.74 mm] 
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| 70mm | 
x 


Figure 18.10 


18.5 The equation of a circle 


The simplest equation of a circle, centre at the 
origin, radius r, is given by: 


r+ye=r 


For example, Fig. 18.11 shows a circle x7 + y” = 9. 


Figure 18.11 


More generally, the equation of a circle, centre 
(a, b), radius r, is given by: 


@-al+(y-by =r (1) 
Figure 18.12 shows a circle (x —2)* + (y—3)? =4 


y 
oY, 
fa Le 
b= 382 : 
OFFS O HECHT teh 
a=2 


Figure 18.12 


The general equation of a circle is: 
xe+ty?+22ex+2fyt+co=0 (2) 


Multiplying out the bracketed terms in equation (1) 
gives: 


x —2axta*+y—-2by+hV=Pr° 
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Comparing this with equation (2) gives: The general equation of a circle is 
2e = —2a, ice. == x+y +lex+2fy+e=0 
2 2e of 
: af From above a=——, b=—— 
and 2f = —2b, ie. b= = 2 2 


and c=a@+b—r, ie. r= Va2+b2—c and r=Va+b’—c 


Thus, for example, the equation Hence if x? + y*-—4x+6y—3=0 


-4 6 
x+y’ —4x-6y+9=0 then a=—(>)=2, b=—(3)=-3 
represents a circle with centre and r= 1/2?+(-3)?-(-3)=V16=4 
a=-—($), b=-(5), Thus the circle has centre (2, —3) and radius 4, 


as shown in Fig. 18.14. 
ie. at (2, 3) and radius r = /2?2 + 32-9 =2 


Hence x? + y? —4x —6y+9 = 0 is the circle shown 


in Fig. 18.12, which may be checked by multiplying yi 
out the brackets in the equation : 

@— 2 +(y-3/ =4 . 
Problem 15. Determine (a) the radius, and 4 f 4 
(b) the co-ordinates of the centre of the i oe 
circle given by the equation: “3 
x+y +8x—2y+8=0 

x? + y? + 8x — 2y +8 = 0 is of the form shown in i 


equation (2), 


where a=—(8)=-4, b=- (+) =1 


and r= /(4% + 2 -8=V9 =3 


Figure 18.14 


Now try the following exercise 


Hence x? + y? + 8x — 2y+ 8 = O represents a 

circle centre (—4,1) and radius 3, as shown in 

Fig. 18.13. Exercise 68 Further problems on_ the 
equation of a circle 


Hi . Determine (a) the radius, and (b) the co- 
iat ordinates of the centre of the circle given 
v i by the equation x*+ y*—6x+8y+21 =0 
i bok [(a) 2 (b) (3 —4)] 
{ _ . Sketch the circle given by the equation 
a ?+y—6x+4y—-3=0 

Figure 18.13 [Centre at (3, —2), radius 4] 
. Sketch the curve x7 + (y— 1)? —25=0 

Problem 16. Sketch the circle given by the : : 
equation: x? + y? — 4x + 6y—3=0 [Circle, centre (0,1), radius 5] 

2 

The equation of a circle, centre (a, b), radius r is . Sketch the curve x = 64/1 — ( 


given by: 


[Circle, centre (0, 0), radius 6] 
@-aPl+y-by=r 
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Volumes and surface areas of 


common solids 


19.1. Volumes and surface areas of 


regular solids 


A summary of volumes and surface areas of regular 


solids is shown in Table 19.1. 


Table 19.1 


(i) Rectangular prism 
(or cuboid) 


! 
Volume =/x bxh 
b Surface area =2 (bh + hi + Ib) 


(ii) Cylinder 


h_ Volume = nr2h 


Total surface area=2nrh+2nr2 


(iii) Pyramid 


Volume = 4 xAxh 
h_ where A = area of base 
and h= perpendicular height 
a 


Total surface area = (sum of areas of 
triangles forming sides) + (area of base) 


(iv) Cone 
1p. 
l Volume = 3 meh 
- Curved surface area = mrl/ 
Total surface area = nr/+ nr2 
(v) Sphere 


Volume = qnr3 


Surface area = 4nr2 


19.2 Worked problems on volumes and 


surface areas of regular solids 


Problem 1. A water tank is the shape of a 
rectangular prism having length 2 m, breadth 


75 cm and height 50 cm. Determine the capa- 
city of the tank in (a) m? (b) cm? (c) litres 


Volume of rectangular prism = / x b x h (see 


Table 19.1) 
(a) Volume of tank = 2 x 0.75 x 0.5 = 0.75 m? 


(b) 1m? = 10° cm’, hence 
0.75 m? = 0.75 x 10° cm? = 750000 cm? 


(c) 1 litre = 1000 cm’, hence 
7 
750000 cm? = clad litres = 750 litres 


Problem 2. Find the volume and total 


surface area of a cylinder of length 15 cm 
and diameter 8 cm 


Volume of cylinder = mr*h (see Table 19.1) 
Since diameter = 8 cm, then radius r = 4 cm 
Hence volume = z x 4? x 15 = 754 em? 
Total surface area (i.e. including the two ends) 
= 2nrh + 2nr? = (2x a x 4x 15) 
+(2 x a x 42) = 477.5 cm? 


Problem 3. Determine the volume (in cm?) 
of the shape shown in Fig. 19.1. 


beans 


12mm 40 mm 


Figure 19.1 
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The solid shown in Fig. 19.1 is a triangular prism. 
The volume V of any prism is given by: V = Ah, 
where A is the cross-sectional area and h is the 
perpendicular height. 


Hence volume = 5 x 16 x 12 x 40 
= 3840 mm? = 3.840 cm? 
(since 1 cm? = 1000 mm?) 
Problem 4. Calculate the volume and total 


surface area of the solid prism shown in 
Fig. 19.2 


11cm 
[+--+ 


4 cm] 


Figure 19.2 


The solid shown in Fig. 19.2 is a trapezoidal prism. 


Volume = cross-sectional area x height 
= 4(11+5)4 x 15 = 32 x 15 = 480 cm? 


Surface area = sum of two trapeziums 
+ 4 rectangles 
= (2 x 32)+ (5 x 15) + C11 x 15) 
+ 2(5 x 15) 
= 64475 + 165 + 150 = 454 cm? 
Problem 5. Determine the volume and the 
total surface area of the square pyramid 


shown in Fig. 19.3 if its perpendicular height 
is 12 cm. 


A 


Figure 19.3 


Volume of pyramid 
= z(area of base) x (perpendicular height) 
= 4(5 x 5) x 12 = 100 cm® 


The total surface area consists of a square base and 
4 equal triangles. 


Area of triangle ADE 
= 5 x base x perpendicular height 
=4x5xAC 


The length AC may be calculated using Pythagoras’ 
theorem on triangle ABC, where AB = 12cm, 


BC = xX5=2.5 cm 


Hence, AC = V/AB? + BC? = V/12? + 2.5? 
= 12.26 cm 

Hence area of triangle ADE = 5 x 5 x 12.26 
= 30.65 cm? 

Total surface area of pyramid = (5 x 5) + 4(30.65) 
= 147.6 cm? 


Problem 6. Determine the volume and total 
surface area of a cone of radius 5 cm and 


perpendicular height 12 cm 


The cone is shown in Fig. 19.4. 


Volume of cone = sar-h =!lxnax5?x 12 


1 

3 

= 314.2 cm? 

Total surface area = curved surface area 
+ area of base 


=arl + nr? 


From Fig. 19.4, slant height 7 may be calculated 
using Pythagoras’ theorem 


l= V12?+52=13 cm 
Hence total surface area = (1 x 5 x 13) + (4 x 5”) 


= 282.7 cm? 


Problem 7. Find the volume and surface 


area of a sphere of diameter 8 cm 
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Figure 19.4 


Since diameter = 8 cm, then radius, r = 4 cm. 


4 
3 =_xq7x4 
3 


= 268.1 cm* 


Surface area of sphere = 4ar? = 4 x a x 4° 


= 201.1 cm? 


Now try the following exercise 


Exercise 69 Further problems on volumes 
and surface areas of regular 
solids 


A rectangular block of metal has dimen- 
sions of 40 mm by 25 mm by 15 mm. 
Determine its volume. Find also its mass 
if the metal has a density of 9 g/cm’. 


[15 cm’, 135 g] 


Determine the maximum capacity, in 
litres, of a fish tank measuring 50 cm by 
40 cm by 2.5 m (1 litre = 1000 cm’). 


[500 litre] 


Determine how many cubic metres of 
concrete are required for a 120 m long 
path, 150 mm wide and 80 mm deep. 


[1.44 m3] 


Calculate the volume of a metal tube 
whose outside diameter is 8 cm and 
whose inside diameter is 6 cm, if the 
length of the tube is 4m. [8796 cm?] 


The volume of a cylinder is 400 cm’. 
If its radius is 5.20 cm, find its height. 
Determine also its curved surface area. 


[4.709 cm, 153.9 cm?] 
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6. If acone has a diameter of 80 mm and 
a perpendicular height of 120 mm cal- 
culate its volume in cm? and its curved 
surface area. [201.1 cm’, 159.0 cm?] 


7. A cylinder is cast from a rectangular 
piece of alloy 5 cm by 7 cm by 12 cm. If 
the length of the cylinder is to be 60 cm, 
find its diameter. [2.99 cm] 


8. Find the volume and the total surface 
area of a regular hexagonal bar of metal 
of length 3 m if each side of the hexagon 
is 6 cm. [28 060 cm?, 1.099 m7] 


9. A square pyramid has a perpendicular 
height of 4 cm. If a side of the base is 
2.4 cm long find the volume and total 
surface area of the pyramid. 


[7.68 cm?, 25.81 cm?] 


10. A sphere has a diameter of 6 cm. Deter- 
mine its volume and surface area. 


[113.1 cm3, 113.1 cm?] 


11. Find the total surface area of a hemi- 
sphere of diameter 50 mm. 


[5890 mm? or 58.90 cm] 


19.3. Further worked problems on 
volumes and surface areas of 
regular solids 


Problem 8. A wooden section is shown in 
Fig. 19.5. Find (a) its volume (in m*), and 
(b) its total surface area. 


Figure 19.5 


The section of wood is a prism whose end comprises 
a rectangle and a semicircle. Since the radius of the 
semicircle is 8 cm, the diameter is 16 cm. 

Hence the rectangle has dimensions 12 cm by 
16 cm. 
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Area of end = (12 x 16) + $78? = 292.5 cm? 
Volume of wooden section 


= area of end x perpendicular height 


717 3 
= 292.5 x 300 = 87750 cm? = — 


= 0.08775 m? 


The total surface area comprises the two ends (each 
of area 292.5 cm’), three rectangles and a curved 
surface (which is half a cylinder), hence 


total surface area = (2 x 292.5) + 2(12 x 300) 
+ (16 x 300) + $(2m x 8 x 300) 
= 585 + 7200 + 4800 + 24007 
= 20125 cm? or 2.0125 m? 


Problem 9. A pyramid has a rectangular 
base 3.60 cm by 5.40 cm. Determine the 


volume and total surface area of the pyramid 
if each of its sloping edges is 15.0 cm 


The pyramid is shown in Fig. 19.6. To calculate 
the volume of the pyramid the perpendicular height 
EF is required. Diagonal BD is calculated using 
Pythagoras’ theorem, 


ie. BD = V3.60? + 5.40? = 6.490 cm 


Figure 19.6 


1 4 
Hence EB = Shad = — = 3.245 cm 


Using Pythagoras’ theorem on triangle BEF gives 
BF? = EB’ + EF? 
from which, EF = /BF2 — EB? 
= /15.0? — 3.245? = 14.64 cm 


Volume of pyramid 


= i(area of base)(perpendicular height) 


= +(3.60 x 5.40)(14.64) = 94.87 cm? 


Area of triangle ADF (which equals triangle BCF) 


= 5(AD)(FG), where G is the midpoint of AD. 


Using Pythagoras’ theorem on triangle FGA gives: 


FG = vV15.07 — 1.807 = 14.89 cm 


5(3.60)(14.89) 
= 26.80 cm? 


Hence area of triangle ADF 


Similarly, if H is the mid-point of AB, then 
FH = vV15.0? — 2.70? = 14.75 cm, 


hence area of triangle ABF (which equals triangle 
CDF) 


= 1(5.40)(14.75) = 39.83 cm? 


Total surface area of pyramid 


= 2(26.80) + 2(39.83) + (3.60)(5.40) 
= 53.60 + 79.66 + 19.44 
= 152.7 cm? 


Problem 10. Calculate the volume and total 


surface area of a hemisphere of diameter 
5.0 cm 


Volume of hemisphere = 5(volume of sphere) 
oe ee 
i ae 
= 32.7 cm? 


Total surface area 
= curved surface area + area of circle 


= 3 (surface area of sphere) + ar? 
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a $(4nr*) + ar? 
2 2 2 5.0)? 
= 2n0r° +ar° = 3nr° = 30 (22) 
= 58.9 cm? 
Problem 11. A rectangular piece of metal 


having dimensions 4 cm by 3 cm by 12 cm 
is melted down and recast into a pyramid 


having a rectangular base measuring 2.5 cm 
by 5 cm. Calculate the perpendicular height 
of the pyramid 


Volume of rectangular prism of metal = 4 x 3 x 12 
= 144 cm? 


Volume of pyramid 


= (area of base)(perpendicular height) 


Assuming no waste of metal, 


144 = 1(2.5 x 5)(height) 


144 x 3 


= 34.5 
Sas 


i.e. perpendicular height = 


Problem 12. A rivet consists of a 
cylindrical head, of diameter 1 cm and depth 


2 mm, and a shaft of diameter 2 mm and 
length 1.5 cm. Determine the volume of 
metal in 2000 such rivets 


Radius of cylindrical head = 5 cm = 0.5 cm and 
height of cylindrical head = 2 mm = 0.2 cm 


Hence, volume of cylindrical head 
= rh = n(0.5)°(0.2) = 0.1571 cm? 


Volume of cylindrical shaft 
O27)" 
=arh=n (=) (1.5) = 0.0471 cm* 


= 0.1571 + 0.0471 
= 0.2042 cm? 


Total volume of 1 rivet 


Volume of metal in 2000 such rivets 


= 2000 x 0.2042 = 408.4 cm? 


Problem 13. A solid metal cylinder of 
radius 6 cm and height 15 cm is melted 
down and recast into a shape comprising a 


hemisphere surmounted by a cone. Assuming 
that 8% of the metal is wasted in the process, 
determine the height of the conical portion, if 
its diameter is to be 12 cm 


Volume of cylinder = mr*h = m x 67 x 15 
= 5407 cm? 


If 8% of metal is lost then 92% of 5407 gives the 
volume of the new shape (shown in Fig. 19.7). 


12cm 
Figure 19.7 


Hence the volume of (hemisphere + cone) 
= 0.92 x 5407 cm’, 


ie. 4 (40r°) + inr*h = 0.92 x 540 
Dividing throughout by z gives: 
Sr + ar-h = 0.92 x 540 

Since the diameter of the new shape is to be 12 cm, 
then radius r = 6 cm, 
2(6)° + (6h = 0.92 x 540 

144 + 12h = 496.8 
i.e. height of conical portion, 
496.8 — 144 
a 


hence 


h= = 29.4 cm 


Problem 14. A block of copper having a 
mass of 50 kg is drawn out to make 500 m 
of wire of uniform cross-section. Given that 


the density of copper is 8.91 g/cm?, calculate 
(a) the volume of copper, (b) the cross- 
sectional area of the wire, and (c) the 
diameter of the cross-section of the wire 


(a) A density of 8.91 g/cm? means that 8.91 g of 
copper has a volume of 1 cm®, or 1 g of copper 
has a volume of (1/8.91) cm? 
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(b) 


(c) 


Problem 15. 


ENGINEERING MATHEMATICS 


Hence 50 kg, i.e. 50000 g, has a volume 
50.000 
“8.91 

Volume of wire 


cm?® = 5612 cm? 


= area of circular cross-section 


x length of wire. 


Hence 5612 cm? = area x (500 x 100 cm), 


5612 ; 
=. mn eM 
500 x 100 


= 0.1122 cm? 
ps 


: af 
Area of circle = mr? or ——, hence 


from which, area = 


2 


0.1122 = x from which 


j= yes = 0.3780 cm 
TT 


i.e. diameter of cross-section is 3.780 mm 


A boiler consists of a cylindri- 


cal section of length 8 m and diameter 6 m, 
on one end of which is surmounted a hemi- 


spherical section of diameter 6 m, and on the 
other end a conical section of height 4 m and 
base diameter 6 m. Calculate the volume of 
the boiler and the total surface area 


The boiler is shown in Fig. 19.8. 


Figure 19.8 


Volume of hemisphere, 


Perr Soka Ks = (or 


Volume of cylinder, 
OQ=nrh=nx3?x8=720 we 
Volume of cone, 


R=anrh=4xuax3x4=llam 


Total volume of boiler = 187 + 727 + 127 
= 1027 = 320.4 m3 
Surface area of hemisphere, 
Pap )=2xrx? = 187 mi? 
Curved surface area of cylinder, 
Q=2nrh=2xnx3x8= 487 mr’ 


The slant height of the cone, /, is obtained by 
Pythagoras’ theorem on triangle ABC, i.e. 


L=7f +3 =5 
Curved surface area of cone, 


R=oarl=xx3x5= 152m 


Total surface area of boiler = 187 + 487 + 15z 
= 81m = 254.5 m? 


Now try the following exercise 


Exercise 70 Further problems on volumes 
and surface areas of regular 
solids 


1. Determine the mass of a hemispher- 
ical copper container whose external 
and internal radii are 12 cm and 10 cm. 
Assuming that 1 cm? of copper weighs 
8.9 g. [13.57 kg] 


2. If the volume of a sphere is 566 cm’, 
find its radius. [5.131 cm] 


3. A metal plumb bob comprises a hemi- 
sphere surmounted by a cone. If the 
diameter of the hemisphere and cone are 
each 4 cm and the total length is 5 cm, 
find its total volume. [29.32 cm?] 


4. A marquee is in the form of a cylinder 
surmounted by a cone. The total height 
is 6m and the cylindrical portion has 
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a height of 3.5 m, with a diameter of 
15 m. Calculate the surface area of mate- 
rial needed to make the marquee assum- 
ing 12% of the material is wasted in the 
process. [393.4 m7] 


Determine (a) the volume and (b) the 
total surface area of the following solids: 


(i) acone of radius 8.0 cm and per- 
pendicular height 10 cm 


(ii) asphere of diameter 7.0 cm 
(iii) a hemisphere of radius 3.0 cm 


(iv) a 2.5 cm by 2.5cm_ square 
pyramid of perpendicular height 
5.0 cm 


(v) a 4.0 cm by 6.0 cm rectangular 
pyramid of perpendicular height 
12.0 cm 


(vi) a 4.2 cm by 4.2 cm square pyra- 
mid whose sloping edges are each 
15.0 cm 


(vii) a pyramid having an octagonal 
base of side 5.0 cm and perpen- 
dicular height 20 cm. 


(i) (a) 670 cm? (b) 523 cm? 
(ii) (a) 180 cm? (b) 154 cm? 
(iii) (a) 56.5 cm? (b) 84.8 cm? 
(iv) (a) 10.4 cm? (b) 32.0 cm? 
(v) (a) 96.0 cm? (b) 146 cm? 
(vi) (a) 86.5 cm? (b) 142 cm? 
(vii) (a) 805 cm? (b) 539 cm? 


The volume of a sphere is 325 cm’. 
Determine its diameter. [8.53 cm] 


A metal sphere weighing 24 kg is melted 
down and recast into a solid cone of 
base radius 8.0 cm. If the density of the 
metal is 8000 kg/m? determine (a) the 
diameter of the metal sphere and (b) the 
perpendicular height of the cone, assum- 
ing that 15% of the metal is lost in the 
process. [(a) 17.9 cm (b) 38.0 cm] 


Find the volume of a regular hexagonal 
pyramid if the perpendicular height is 
16.0 cm and the side of base is 3.0 cm. 


[125 cm] 


A buoy consists of a hemisphere sur- 
mounted by a cone. The diameter of the 
cone and hemisphere is 2.5 m and the 
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slant height of the cone is 4.0 m. Deter- 
mine the volume and surface area of the 
buoy. [10.3 m?, 25.5 m*] 


10. A petrol container is in the form of a 
central cylindrical portion 5.0 m long 
with a hemispherical section surmounted 
on each end. If the diameters of the 
hemisphere and cylinder are both 1.2 m 
determine the capacity of the tank in 
litres (1 litre = 1000 cm*). [6560 litre] 


11. Figure 19.9 shows a metal rod section. 
Determine its volume and total surface 


area. [657.1 cm3, 1027 cm?] 
1.00 cm 
radius 1.00m 
4 
2.50 cm 
+ 
Figure 19.9 


19.4 Volumes and surface areas of 
frusta of pyramids and cones 


The frustum of a pyramid or cone is the portion 
remaining when a part containing the vertex is cut 
off by a plane parallel to the base. 

The volume of a frustum of a pyramid or cone 
is given by the volume of the whole pyramid or 
cone minus the volume of the small pyramid or cone 
cut off. 

The surface area of the sides of a frustum of 
a pyramid or cone is given by the surface area of 
the whole pyramid or cone minus the surface area 
of the small pyramid or cone cut off. This gives the 
lateral surface area of the frustum. If the total surface 
area of the frustum is required then the surface area 
of the two parallel ends are added to the lateral 
surface area. 

There is an alternative method for finding the 
volume and surface area of a frustum of a cone. 
With reference to Fig. 19.10: 


Volume = 47h(R? + Rr +r’) 


Curved surface area = a1(R +1) 


Total surface area = nl(R +r) +r? + 2R? 
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Figure 19.10 


Problem 16. Determine the volume of a 
frustum of a cone if the diameter of the ends 
are 6.0 cm and 4.0 cm and its perpendicular 
height is 3.6 cm 


Method 1 


A section through the vertex of a complete cone is 
shown in Fig. 19.11. 


Using similar triangles 


AP _ DR 
DP BR 
AP 3.6 
Hence — = — 
2.0 1.0 
(2.0)(3.6) _ 


from which AP = 7.2 cm 


1.0 


The height of the large cone = 3.6+7.2 = 10.8 cm. 


3.6 cm 


Figure 19.11 


Volume of frustum of cone 
= volume of large cone 


— volume of small cone cut off 
47(3.0)°(10.8) — 47r(2.0)°(7.2) 


101.79 — 30.16 = 71.6 em? 


Method 2 


From above, volume of the frustum of a cone 
= smh(R? +Rr+r’), 
where R= 3.0 cm, 
r=2.0cm and h=3.6cm 
Hence volume of frustum 
= 41(3.6) [(3.0) + (3.0)(2.0) + (2.0)"] 
= 47(3.6)(19.0) = 71.6 em? 


Problem 17. Find the total surface area of 
the frustum of the cone in Problem 16 


Method 1 


Curved surface area of frustum = curved surface 
area of large cone—curved surface area of small 
cone cut off. 


From Fig. 19.11, using Pythagoras’ theorem: 
AB? = AQ? + BQ’, from which 
AB = vV 10.82 + 3.02 = 11.21 cm 
and AD? =AP? + DP’, from which 


AD = V7.2? + 2.0? = 7.47 cm 


Curved surface area of large cone 


mrl = m(BQ)(AB) = 1(3.0)(11.21) 

= 105.65 cm? 
and curved surface area of small cone 

= m(DP)(AD) = 1(2.0)(7.47) = 46.94 cm? 
Hence, curved surface area of frustum 


= 105.65 — 46.94 
= 58.71 cm? 
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Total surface area of frustum 


= curved surface area 
+ area of two circular ends 
= 58.71 + 2(2.0)° + (3.0) 
= 58.71 + 12.57 + 28.27 = 99.6 cm? 


Method 2 
From page 151, total surface area of frustum 
=7ml(R+r)+ nr + mR’, 


where / = BD = 11.21 — 7.47 = 3.74 cm, 
R=3.0 cm and r = 2.0 cm. 


Hence total surface area of frustum 
= 1(3.74)(3.0 + 2.0) + 2(2.0)* + 2(3.0)" 
= 99.6 cm? 


Problem 18. A storage hopper is in the 
shape of a frustum of a pyramid. Determine 
its volume if the ends of the frustum are 


squares of sides 8.0 m and 4.6 m, 
respectively, and the perpendicular height 
between its ends is 3.6 m 


The frustum is shown shaded in Fig. 19.12(a) as 
part of a complete pyramid. A section perpendic- 
ular to the base through the vertex is shown in 
Fig. 19.12(b). 


a . CG BH 
By similar triangles: —- = — 
BG AH 
BH 2. : 
Height CG = BG = eee) = 4.87 m 
AH 1.7 


Height of complete pyramid = 3.6+ 4.87 = 8.47 m 


Volume of large pyramid 


II 


4(8.0)°(8.47) 
180.69 m* 


II 


Volume of small pyramid cut off 
= 4(4.6)° (4.87) = 34.35 m° 
Hence volume of storage hopper 


= 180.69 — 34.35 = 146.3 m* 


Problem 19. Determine the lateral surface 
area of the storage hopper in Problem 18 
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8.0m 1.7m2.3m 4.0m 
(a) (b) 


Figure 19.12 
The lateral surface area of the storage hopper con- 


sists of four equal trapeziums. 
From Fig. 19.13, area of trapezium PRSU 


= 4(PR + SU)(QT) 


Figure 19.13 


OT = 1.7 m (same as AH in Fig. 19.13(b)) and 
OQ = 3.6 m. 
By Pythagoras’ theorem, 


OT = OQ? + OT? = 3.62 + 1.72 = 3.98 m 
Area of trapezium PRSU = 5(4.6 + 8.0)(3.98) 
= 25.07 m? 


Lateral surface area of hopper = 4(25.07) 
= 100.3 m? 
Problem 20. A lampshade is in the shape of 


a frustum of a cone. The vertical height of 
the shade is 25.0 cm and the diameters of the 


ends are 20.0 cm and 10.0 cm, respectively. 

Determine the area of the material needed to 
form the lampshade, correct to 3 significant 

figures 


The curved surface area of a frustum of a cone = 
ml(R +r) from page 151. 
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Since the diameters of the ends of the frustum are 
20.0 cm and 10.0 cm, then from Fig. 19.14, 


r=5.0cm, R= 10.0 cm 


and b= 25.0? + 5.0? = 25.50 cm, 


from Pythagoras’ theorem. 


r=5.0cm 


Figure 19.14 


Hence curved surface area 
= 7(25.50)(10.0 + 5.0) = 1201.7 cm’, 


i.e. the area of material needed to form the lamp- 
shade is 1200 em”, correct to 3 significant figures. 


Problem 21. A cooling tower is in the form 
of a cylinder surmounted by a frustum of a 
cone as shown in Fig. 19.15. Determine the 
volume of air space in the tower if 40% of 
the space is used for pipes and other 
structures 


12.0m 
| EE: 
UY 


Bass 


a Te 


Figure 19.15 


Volume of cylindrical portion 
25.0\7 
=rarh=n (=*) (12.0) = 5890 m3 
Volume of frustum of cone 
= 4mh(R° + Rr +r’) 


where h = 30.0 — 12.0 = 18.0 m, 
R = 25.0/2 = 12.5 m and r = 12.0/2 = 6.0 m 
Hence volume of frustum of cone 
= 47(18.0) [(12.5)° + (12.5)(6.0) + (6.0)"] 
= 5038 m3 
Total volume of cooling tower = 5890 + 5038 


= 10 928 m3 
If 40% of space is occupied then volume of air 
space = 0.6 x 10 928 = 6557 m3 


Now try the following exercise 


Exercise 71 Further problems on volumes 
and surface areas of frustra 
of pyramids and cones 


1. The radii of the faces of a frustum of a 
cone are 2.0 cm and 4.0 cm and the thick- 
ness of the frustum is 5.0 cm. Determine 
its volume and total surface area. 


[147 cm?, 164 cm?] 


2. A frustum of a pyramid has square ends, the 
squares having sides 9.0 cm and 5.0 cm, 
respectively. Calculate the volume and 
total surface area of the frustum if the 
perpendicular distance between its ends is 
8.0 cm. [403 cm?, 337 cm*] 


3. A cooling tower is in the form of a frus- 
tum of a cone. The base has a diameter of 
32.0 m, the top has a diameter of 14.0 m 
and the vertical height is 24.0 m. Cal- 
culate the volume of the tower and the 
curved surface area. 


[10480 m3, 1852 m7] 


4. A loudspeaker diaphragm is in the form of 
a frustum of a cone. If the end diameters 
are 28.0 cm and 6.00 cm and the vertical 
distance between the ends is 30.0 cm, find 
the area of material needed to cover the 
curved surface of the speaker. 


[1707 cm?] 


5. A rectangular prism of metal having 
dimensions 4.3 cm by 7.2 cm by 12.4 cm 
is melted down and recast into a frustum 
of a square pyramid, 10% of the metal 
being lost in the process. If the ends of 
the frustum are squares of side 3 cm and 
8 cm respectively, find the thickness of 
the frustum. [10.69 cm] 
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6. Determine the volume and total surface 
area of a bucket consisting of an inverted 
frustum of a cone, of slant height 36.0 cm 
and end diameters 55.0 cm and 35.0 cm. 


[55910 cm3, 8427 cm?] 


7. A cylindrical tank of diameter 2.0 m 
and perpendicular height 3.0m is to 
be replaced by a tank of the same 
capacity but in the form of a frustum 
of a cone. If the diameters of the ends 
of the frustum are 1.0m and 2.0 m, 
respectively, determine the vertical height 
required. [5.14 m] 


19.5 The frustum and zone of a sphere 


Volume of sphere = $7? and the surface area of 


3 
sphere = 4zrr? 

A frustum of a sphere is the portion contained 
between two parallel planes. In Fig. 19.16, PQRS 
is a frustum of the sphere. A zone of a sphere is 
the curved surface of a frustum. With reference to 
Fig. 19.16: 


Surface area of a zone of a sphere = 2zrh 
Volume of frustum of sphere 
_ ah 


== (h? + 3r? + 3r?) 


P. 
Figure 19.16 


Problem 22. Determine the volume of a 
frustum of a sphere of diameter 49.74 cm if 


the diameter of the ends of the frustum are 


24.0 cm and 40.0 cm, and the height of the 
frustum is 7.00 cm 


From above, volume of frustum of a sphere 


mth 
= SU + 3rf + 379) 
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where h = 7.00 cm, r) = 24.0/2 = 12.0 cm and 
rz = 40.0/2 = 20.0 cm. 
Hence volume of frustum 
_ m(7.00) 
6 
= 6161 cm? 


[(7.00)* + 3(12.0)? + 3(20.0)7] 


Problem 23. 


Determine for the frustum of 
Problem 22 the curved surface area of the 
frustum 


The curved surface area of the frustum = surface 
area of zone = 2zrh (from above), where r = radius 
of sphere = 49.74/2 = 24.87 cm and h = 7.00 cm. 
Hence, surface area of zone = 277(24.87)(7.00) = 
1094 cm? 


Problem 24. The diameters of the ends of 
the frustum of a sphere are 14.0 cm and 
26.0 cm respectively, and the thickness of 
the frustum is 5.0 cm. Determine, correct to 
3 significant figures (a) the volume of the 
frustum of the sphere, (b) the radius of the 
sphere and (c) the area of the zone formed 


The frustum is shown shaded in the cross-section of 
Fig. 19.17. 


Figure 19.17 


(a) Volume of frustum of sphere 
h 
= =" + 3ri + 375) 


from above, where h = 5.0 cm, 7; = 14.0/2 = 
7.0 cm and rz = 26.0/2 = 13.0 cm. 
Hence volume of frustum of sphere 

_% (5.0) 


z [(5.0)* + 3(7.0)? + 3(13.0)7] 
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(b) The radius, r, of the sphere may be calculated 


Substituting OP = 9.50 cm into equation (1) gives: 


(c) 
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_ mt (5.0) 
~~ 6 
= 1780 cm? 


[25.0 + 147.0 + 507.0] 


correct to 3 significant figures 


using Fig. 19.17. Using Pythagoras’ theorem: 
OS* = PS? + OP? 


ive. r> = (13.0)° + OP? (1) 


OR? = OR? + OQ” 
ie. r’ = (7.0) + OO? 


However OQ = QP + OP = 5.0 + OP, 
therefore 
r? = (7.0" + (5.0 + OP) (2) 


Equating equations (1) and (2) gives: 
(13.0)? + OP? = (7.0)° + (5.0+ OP) 
169.0 + OP? = 49.0 + 25.0 
+ 10.0(OP) + OP? 
169.0 = 74.0 + 10.0(OP) 
Hence 


169.0 — 74.0 


OP = 
10.0 


= 9.50 cm 


r? = (13.0)? + (9.50) 
from which r = / 13.02 + 9.502 


i.e. radius of sphere, r = 16.1 cm 
Area of zone of sphere 


= 2mrh = 27(16.1)(5.0) 


= 506 cm’, correct to 3 significant figures. 


Problem 25. A frustum of a sphere of 


diameter 12.0 cm is formed by two parallel 
planes, one through the diameter and the 
other distance h from the diameter. The 
curved surface area of the frustum is 
required to be + of the total surface area of 


the sphere. Determine (a) the volume and 
surface area of the sphere, (b) the thickness h 
of the frustum, (c) the volume of the frustum 
and (d) the volume of the frustum expressed 
as a percentage of the sphere 


(a) 


(b) 


(c) 


Volume of sphere, 


= r == 

3 3 

= 904.8 cm? 
Surface area of sphere 
12,0)" 

=4nr* = 47 (=) 

2 
= 452.4 cm’ 

Curved surface area of frustum 


x surface area of sphere 


1 
4 
= $x 452.4 = 113.1 cm? 


From above, 
113.1 = 27rh = 20 (>) h 


Hence thickness of frustum 
_ 113.1 
~~ Qt (6.0) 


Volume of frustum, 


= 3.0 cm 


h 
V = 2? +37? +37) 


where h = 3.0 cm, r2 = 6.0 cm and 


r, = \/ OQ? — OP?, from Fig. 19.18, 
ie. 1) = V6.02 — 3.02 = 5.196 cm 


Figure 19.18 


Hence volume of frustum 
m (3.0) 


II 


[(3.0)° + 3(5.196)? + 3(6.0)7] 


519.0 + 81+ 108.0] = 311.0 cm? 
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(a) Volume of frustum = 311.0 x 100% 
Volume of sphere 904.8 


= 34.37% 


Problem 26. A spherical storage tank is 
filled with liquid to a depth of 20 cm. If the 
internal diameter of the vessel is 30 cm, 


determine the number of litres of liquid in 
the container (1 litre = 1000 cm?) 


The liquid is represented by the shaded area in the 
section shown in Fig. 19.19. The volume of liquid 
comprises a hemisphere and a frustum of thickness 
5 cm. 


VILLE AEE) 


GQ 


5cm 


Figure 19.19 


Hence volume of rage 


2 2 
= Gat lay + 3r} + 375] 
where rp = 30/2 = 15 cm and 
ry = V 152 — 52 = 14.14 cm 
Volume of liquid 
1 2 ) 


= S15) + ~~" 15? + 3(14.14)* + 3(15)7] 


= 7069 + 3403 = 10470 cm? 


Since 1 litre = 1000 cm?, the number of litres of 
liquid 
_ 10470 


1000 = 10.47 litres 


Now try the following exercise 


Exercise 72 Further problems on frus- 
tums and zones of spheres 


1. Determine the volume and surface area 
of a frustum of a sphere of diameter 
47.85 cm, if the radii of the ends of the 
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frustum are 14.0 cm and 22.0 cm and the 
height of the frustum is 10.0 cm 


[11210 cm’, 1503 cm?] 


2. Determine the volume (in cm?) and the 
surface area (in cm”) of a frustum of a 
sphere if the diameter of the ends are 
80.0 mm and 120.0 mm and the thickness 
is 30.0 mm. [259.2 cm?, 118.3 cm?] 


3. A sphere has a radius of 6.50 cm. 
Determine its volume and surface area. A 
frustum of the sphere is formed by two 
parallel planes, one through the diameter 
and the other at a distance h from the 
diameter. If the curved surface area of 
the frustum is to be t of the surface area 
of the sphere, find the height / and the 
volume of the frustum. 

ce cm?, 531 cm’, 


2.60 cm, 326.7 cm? 


4. A sphere has a diameter of 32.0 mm. 
Calculate the volume (in cm) of the 
frustum of the sphere contained between 
two parallel planes distances 12.0 mm 
and 10.00 mm from the centre and on 
opposite sides of it. [14.84 cm?] 


5. A spherical storage tank is filled with 
liquid to a depth of 30.0 cm. If the 
inner diameter of the vessel is 45.0 cm 
determine the number of litres of liquid 
in the container (1litre = 1000 cm’). 


(35.34 litres] 


19.6 Prismoidal rule 


The prismoidal rule applies to a solid of length x 
divided by only three equidistant plane areas, Aj, 
Az and A3 as shown in Fig. 19.20 and is merely an 
extension of Simpson’s rule (see Chapter 20) — but 
for volumes. 


Figure 19.20 
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With reference to Fig. 19.20, 
x 
Volume, V = Glau + 4A, + A3] 


The prismoidal rule gives precise values of volume 
for regular solids such as pyramids, cones, spheres 
and prismoids. 


Problem 27. A container is in the shape of 
a frustum of a cone. Its diameter at the 
bottom is 18 cm and at the top 30 cm. If the 


depth is 24 cm determine the capacity of the 
container, correct to the nearest litre, by the 
prismoidal rule. (1 litre = 1000 cm?) 


The container is shown in Fig. 19.21. At the mid- 
point, i.e. at a distance of 12 cm from one end, the 
radius rz is (9+ 15)/2 = 12 cm, since the sloping 
side changes uniformly. 


Figure 19.21 


Volume of container by the prismoidal rule 
x 
= gia + 4A, + As], 


from above, where x = 24 cm, A; = (15)? cm’, 


Aa = m(12)* cm? and A3 = 2(9)* cm? 
Hence volume of container 


24 2 2 2 
= rae + 4(12)° + 17(9)"] 
= 4[706.86 + 1809.56 + 254.47] 


= 11080 cm’ = aoe litres 


= 11 litres, correct to the nearest litre 
(Check: Volume of frustum of cone 
= smh[R° +Rr +r] from Section 19.4 
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= 49(24)[(15)? + (15)(9) + 9)7] 


= 11080 cm? as shown above) 


Problem 28. A frustum of a sphere of 
radius 13 cm is formed by two parallel 
planes on opposite sides of the centre, each at 


distance of 5 cm from the centre. Determine 
the volume of the frustum (a) by using the 
prismoidal rule, and (b) by using the formula 
for the volume of a frustum of a sphere 


The frustum of the sphere is shown by the section 
in Fig. 19.22. 


Figure 19.22 


Radius r} = r2 = PO = 132 — 52 = 12 cm, by 
Pythagoras’ theorem. 


(a) Using the prismoidal rule, volume of frustum, 


v= lA + 4A +A3] 
10 2) 2 2 
= Fae, + 47(13)° + 2(12)"] 


1 
= a4 + 676 + 144] = 5047 cm? 


(b) Using the formula for the volume of a frustum 
of a sphere: 


h 
Volume V= =e + 3r7 + 373) 


=o eli + 3(12Y + 3(12)7] 


10 
—— (100 + 432 + 432) 


II 


= 5047 cm? 


Problem 29. A hole is to be excavated in 
the form of a prismoid. The bottom is to be a 
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rectangle 16 m long by 12 m wide; the top is 
also a rectangle, 26 m long by 20 m wide. 
Find the volume of earth to be removed, 
correct to 3 significant figures, if the depth of 
the hole is 6.0 m 


The prismoid is shown in Fig. 19.23. Let A; rep- 
resent the area of the top of the hole, i.e. Ay = 
20 x 26 = 520 m”. Let A; represent the area of the 
bottom of the hole, i.e. Az; = 16 x 12 = 192 m’. Let 
Az represent the rectangular area through the middle 
of the hole parallel to areas A, and A3. The length of 
this rectangle is (26 + 16)/2 = 21 m and the width 
is (20+ 12)/2 = 16 m, assuming the sloping edges 
are uniform. Thus area Ay = 21 x 16 = 336 m?. 


Figure 19.23 


Using the prismoidal rule, 


volume of hole = IA, + 4A, + A3] 


6 
= gl520 + 4(336) + 192] 


= 2056 m? = 2060 m’, 


correct to 3 significant figures. 


Problem 30. The roof of a building is in the 
form of a frustum of a pyramid with a square 
base of side 5.0 m. The flat top is a square 
of side 1.0 m and all the sloping sides are 


pitched at the same angle. The vertical height 
of the flat top above the level of the eaves is 
4.0 m. Calculate, using the prismoidal rule, 
the volume enclosed by the roof 


Let area of top of frustum be A; = (1.0)? = 1.0 m? 
Let area of bottom of frustum be A3 = (5.0)? = 
25.0 m? 

Let area of section through the middle of the frustum 
parallel to A; and A3 be Ag. The length of the side 


of the square forming A2 is the average of the sides 
forming A, and A3, i.e. (1.0+5.0)/2 = 3.0 m. Hence 
A> = (3.0) = 9.0 mm’ 

Using the prismoidal rule, 


volume of frustum = =IAi + 4A, +A3] 
4.0 
= “5 te + 4(9.0) + 25.0] 
Hence, volume enclosed by roof = 41.3 m?> 
Now try the following exercise 


Exercise 73 Further problems on the pris- 
moidal rule 


Use the prismoidal rule to find the vol- 
ume of a frustum of a sphere contained 
between two parallel planes on opposite 
sides of the centre each of radius 7.0 cm 
and each 4.0 cm from the centre. 


[1500 cm?] 


Determine the volume of a cone of per- 
pendicular height 16.0 cm and base diam- 
eter 10.0 cm by using the prismoidal rule. 


[418.9 cm3] 


A bucket is in the form of a frustum of a 
cone. The diameter of the base is 28.0 cm 
and the diameter of the top is 42.0 cm. 
If the length is 32.0 cm, determine the 
capacity of the bucket (in litres) using the 
prismoidal rule (1 litre = 1000 cm*). 


(31.20 litres] 


Determine the capacity of a water reser- 
voir, in litres, the top being a 30.0 m 
by 12.0 m rectangle, the bottom being a 
20.0 m by 8.0 m rectangle and the depth 
being 5.0 m (1 litre = 1000 cm?). 


[1.267 x 10° litre] 


19.7 Volumes of similar shapes 


The volumes of similar bodies are proportional 
to the cubes of corresponding linear dimensions. 
For example, Fig. 19.24 shows two cubes, one of 
which has sides three times as long as those of the 
other. 
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since the volume of similar bodies are proportional 
to the cube of corresponding dimensions. 

Mass = density x volume, and since both car and 
model are made of the same material then: 


Mass of model _ ( 1 ) 
~ \50 


Mass of car 


1 3 
Hence mass of model = (mass of car) (=) 


50 
Figure 19.24 1000 
oe 
Volume of Fig. 19.24(a) = (x)(x)(x) = x7 =0.008 kg or 8g 


Volume of Fig. 19.24(b) = (3x)(3x)(3x) = 27x° : . 

Now try the following exercise 

Hence Fig. 19.24(b) has a volume (3), i.e. 27 times 

the volume of Fig. 19.24(a). Exercise 74 Further problems on volumes 
of similar shapes 


Problem 31. A car has a mass of 1000 kg. 


: The diameter of two spherical bearings 
A model of the car is made to a scale of 1 to 


are in the ratio 2:5. What is the ratio of 
their volumes? [8:125 ] 


50. Determine the mass of the model if the 
car and its model are made of the same 


material An engineering component has a mass 


of 400 g. If each of its dimensions are 
reduced by 30% determine its new mass. 


Volume of model = ( 1 ) [137.2 g] 


Volume of car 50 
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20 


Irregular areas and volumes and mean 


values of waveforms 


20.1 Areas of irregular figures 


Areas of irregular plane surfaces may be approxi- 
mately determined by using (a) a planimeter, (b) the 
trapezoidal rule, (c) the mid-ordinate rule, and 
(d) Simpson’s rule. Such methods may be used, for 
example, by engineers estimating areas of indica- 
tor diagrams of steam engines, surveyors estimating 
areas of plots of land or naval architects estimating 
areas of water planes or transverse sections of ships. 


(a) A planimeter is an instrument for directly 
measuring small areas bounded by an irregular 
curve. 

(b) Trapezoidal rule 


To determine the areas PORS in Fig. 20.1: 


Figure 20.1 


(i) Divide base PS into any number of equal 
intervals, each of width d (the greater 
the number of intervals, the greater the 
accuracy). 


(ii) Accurately measure ordinates y,, y2, y3, 
etc. 
qii) Area PORS 


vty 
aa[2E” by byt yet ys tye 


In general, the trapezoidal rule states: 


Area — ( Width of 1 / first + last % Hance 
~~ \ interval 2 \ ordinate 8 


ordinates 


(c) 


(d) 


Mid-ordinate rule 
To determine the area ABCD of Fig. 20.2: 


Figure 20.2 


(i) Divide base AD into any number of 
equal intervals, each of width d (the 
greater the number of intervals, the grea- 
ter the accuracy). 


(ii) Erect ordinates in the middle of each 
interval (shown by broken lines in 


Fig. 20.2). 

(iii) Accurately measure ordinates y,, yo, y3, 
etc. 

(iv) Area ABCD 


=d(y1 + yo + y3 + y4 + y5 + yo). 


In general, the mid-ordinate rule states: 


hee ‘ee of ) ( 


sum of ) 
interval 


mid-ordinates 


Simpson’s rule 


To determine the area PORS of Fig. 20.1: 


(i) Divide base PS into an even number of 
intervals, each of width d (the greater 
the number of intervals, the greater the 
accuracy). 


(ii) Accurately measure ordinates y,, yo, y3, 
etc. 
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(iii) Area PORS 


d 
— 3 lO + y7) + 4(y2 + y4 + Yo) 


+ 2(93 + ys)] 


In general, Simpson’s rule states: 


pe 1 / width of 
aia 3 \ interval 


first + last 44 sum of even 
ordinate ordinates 


42 {sum of remaining 
odd ordinates 


Problem 1. 


A car starts from rest and its 
speed is measured every second for 6 s: 


Time t(s)0 1 2 3 4 5 


Speed v 
(m/s) O 2.5 5.5 8.75 12.5 17.5 24.0 
Determine the distance travelled in 6 seconds 
(i.e. the area under the v/t graph), by (a) the 
trapezoidal rule, (b) the mid-ordinate rule, 

and (c) Simpson’s rule 


A graph of speed/time is shown in Fig. 20.3. 


Graph of speed/time 


Time (seconds) 


Figure 20.3 


(a) Trapezoidal rule (see para. (b) above). 


The time base is divided into 6 strips each 
of width | s, and the length of the ordinates 


measured. Thus 
0+ 24.0 
area = (1) (=) LOS AS54875 


+ 12.5+ 17.5] = 58.75 m 


(b) Mid-ordinate rule (see para. (c) above). 


The time base is divided into 6 strips each of 
width 1 second. Mid-ordinates are erected as 
shown in Fig. 20.3 by the broken lines. The 
length of each mid-ordinate is measured. Thus 


area = (1)[1.25+4.0+ 7.0 + 10.75 
+ 15.0 + 20.25] = 58.25 m 


(c) Simpson’s rule (see para. (d) above). 


The time base is divided into 6 strips each 
of width | s, and the length of the ordinates 
measured. Thus 


1 
area = 5(1)[(0 + 24.0) + 4(2.5 + 8.75 
+ 17.5) + 2(5.5 + 12.5)] = 58.33 m 


Problem 2. A river is 15 m wide. 
Soundings of the depth are made at equal 
intervals of 3 m across the river and are as 
shown below. 


Depth (m) 0 2.2 33 45 42 24 0 


Calculate the cross-sectional area of the flow 
of water at this point using Simpson’s rule 


From para. (d) above, 


Area = : (3) [(0+ 0) + 4(2.2+4.5 42.4) 


+ 2(3.3 + 4.2)] 
= (1) [0 + 36.44 15] = 51.4 m? 


Now try the following exercise 


Exercise 75 Further problems on areas of 
irregular figures 


1. Plota graph of y = 3x — x” by completing 
a table of values of y from x = 0 tox = 3. 
Determine the area enclosed by the curve, 
the x-axis and ordinate x = 0 and x = 3 
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by (a) the trapezoidal rule, (b) the mid- 
ordinate rule and (c) by Simpson’s rule. 


[4.5 square units] 


2. Plot the graph of y = 2x*+3 between x = 
0 and x = 4. Estimate the area enclosed 
by the curve, the ordinates x = 0 and 
x = 4, and the x-axis by an approximate 
method. [54.7 square units] 


3. The velocity of a car at one second inter- 
vals is given in the following table: 


timet(s) 0 1 2 3 4 5 6 
velocity v 


(m/s) O 2.0 4.5 8.0 14.0 21.0 29.0 


Determine the distance travelled in 6 sec- 
onds (i.e. the area under the v/t graph) 
using an approximate method. [63 m] 


4. The shape of a piece of land is shown in 
Fig. 20.4. To estimate the area of the land, 
a surveyor takes measurements at inter- 
vals of 50 m, perpendicular to the straight 
portion with the results shown (the dimen- 


14011 60/2 i 


50150 150150150150 


Figure 20.4 


sions being in metres). Estimate the area 
of the land in hectares (1 ha = 10* m7’). 


[4.70 ha] 


5. The deck of a ship is 35 m long. At equal 
intervals of 5 m the width is given by the 
following table: 


Width 
(m) O 2.8 5.2 65 5.8 4.1 3.0 2.3 


[143 m7] 


Estimate the area of the deck. 


20.2 Volumes of irregular solids 


If the cross-sectional areas A), Ao, A3, .. of an 
irregular solid bounded by two parallel planes are 


known at equal intervals of width d (as shown in 
Fig. 20.5), then by Simpson’s rule: 


Volume, V = : he +A7) +4(A2 +Aq +Ao) 


+ 2(A3 +As) 


CEE (KG (y 


avTa{tadq{ta|[dtfd 

Figure 20.5 
Problem 3. A tree trunk is 12 m in length 
and has a varying cross-section. The cross- 


sectional areas at intervals of 2 m measured 
from one end are: 
0.52, 0.55, 0.59, 0.63, 0.72, 0.84, 0.97 m? 


Estimate the volume of the tree trunk 


A sketch of the tree trunk is similar to that shown 
in Fig. 20.5, where d = 2m, A; = 0.52 m’, 
A> = 0.55 m7’, and so on. 

Using Simpson’s rule for volumes gives: 


2 
Volume = O32 + 0.97) + 4(0.55 
+ 0.63 + 0.84) + 2(0.59 + 0.72)] 
2 
= 5.49 + 8.08 + 2.62] = 8.13 m? 
Problem 4. The areas of seven horizontal 
cross-sections of a water reservoir at inter- 


vals of 10 m are: 


210, 250, 320, 350, 290, 230, 170 m? 


Calculate the capacity of the reservoir in 
litres 


Using Simpson’s rule for volumes gives: 
10 
Volume = =z L@10 + 170) + 4(250 
+ 350 + 230) + 2(320 + 290)] 


10 
= ae + 3320 + 1220] 
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= 16400 m? 
16400 m= 16400 x 10° cm? 


Since 1 litre = 1000 cm?, 


16 400 x 10° 
= ——— litres 
1000 


16 400 000 = 1.64 x 10” litres 


capacity of reservoir 


Now try the following exercise 


Exercise 76 Further problems on volumes 
of irregular solids 


The areas of equidistantly spaced sections 
of the underwater form of a small boat are 
as follows: 


1.76, 2.78, 3.10, 3.12, 2.61, 1.24, 0.85 m? 


Determine the underwater volume if the 
[42.59 m?>] 


sections are 3 m apart. 


To estimate the amount of earth to be 
removed when constructing a cutting the 
cross-sectional area at intervals of 8 m 
were estimated as follows: 


0, 28, 3:7, 45, 41, 2.6, 0m? 


Estimate the volume of earth to be exca- 
vated. [147 m3] 


The circumference of a 12 m long log of 
timber of varying circular cross-section 
is measured at intervals of 2 m along its 
length and the results are: 


Distance from Circumference 
one end (m) (m) 


2.80 
3.25 
3.94 
4.32 
5.16 
5.82 
6.36 


Estimate the volume of the timber in 
cubic metres. [20.42 m3] 
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20.3 The mean or average value of a 


waveform 


The mean or average value, y, of the waveform 
shown in Fig. 20.6 is given by: 


__ area under curve 
~~ length of base, b 


Figure 20.6 


If the mid-ordinate rule is used to find the area under 
the curve, then: 


sum of mid-ordinates 


number of mid-ordinates 


y 
(- yi tyot+y3+ yat ys + vo + 97 
7 


for Fig. 206) 


For a sine wave, the mean or average value: 


(i) 


(ii) 


(iii) 


over one complete cycle is zero (see 
Fig. 20.7(a)), 


V Vv 
| ‘i 4 
(a) (b) 
V 


(c) 
Figure 20.7 


over half a cycle is 0.637 < maximum value, 
or 2/7 X maximum value, 


of a full-wave rectified waveform (see 
Fig. 20.7(b)) is 0.637 x maximum value, 
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(iv) of a half-wave rectified waveform (see 
Fig. 20.7(c)) is 0.318 x maximum value, or 
1 


— xX maximum value. 
w 


Problem 5. Determine the average values 
over half a cycle of the periodic waveforms 
shown in Fig. 20.8 


Voltage (V) 
ho 
(i=) 


S 
= 
o 
D 
© 
= 
iS 
> 


Figure 20.8 


(a) Area under triangular waveform (a) for a half 
cycle is given by: 


1 
Area = 3 (base)(perpendicular height) 


1 —3 
~ 52 x 1077)(20) 
= 20 x 107-7 Vs 


Average value of waveform 


area under curve 


length of base 


_ 20x 10-3 Vs 


= ——_— = 10 V 
2x 10-35 


(b) Area under waveform (b) for a half cycle 
=(1x1)+@G x 2)=7 As 
Average value of waveform 


area under curve 


~ length of base 
7 As 

= — =2.33 A 
3s 


(c) A half cycle of the voltage waveform (c) is 
completed in 4 ms. 


Area under curve 


1 —3 
= 3G — 1)10~°}(10) 
= 10x 107? Vs 


Average value of waveform 


area under curve 
length of base 


10 x 107-3 Vs 
= —— = 2.5 V 
4x 10-3 5 


Problem 6. Determine the mean value of 
current over one complete cycle of the 
periodic waveforms shown in Fig. 20.9 


0 4 6 8 1012 t(ms) 


Figure 20.9 


(a) One cycle of the trapezoidal waveform (a) is 
completed in 10 ms (i.e. the periodic time is 
10 ms). 


Area under curve = area of trapezium 


1 
= 3 (sum of parallel sides)(perpendicular 


distance between parallel sides) 
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1 
= rial 8) x 1077}(5 x 1077) 
= 30 x 10° As 


Mean value over one cycle 
area under curve 
~~ length of base 


_ 30x 10-8 As _ 
~ 10x 10-35 


(b) One cycle of the sawtooth waveform (b) is 
completed in 5 ms. 


Area under curve 


mA 


i 3 3 
= 53 x 10°)2) = 3 x 10° As 


Mean value over one cycle 
area under curve 
length of base 


_ 3x 1073 As 


—3xi03s 7°“ 


Problem 7. The power used in a 
manufacturing process during a 6 hour 
period is recorded at intervals of 1 hour as 
shown below 


Time (h) 0 1 2 3 4 5 6 


Power (kW) 0 14 29 51 45 23 O 


Plot a graph of power against time and, by 
using the mid-ordinate rule, determine (a) the 
area under the curve and (b) the average 
value of the power 


The graph of power/time is shown in Fig. 20.10. 


Graph of power/time 


3 4 
Time (hours) 


Figure 20.10 
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(a) The time base is divided into 6 equal intervals, 
each of width 1 hour. Mid-ordinates are 
erected (shown by broken lines in Fig. 20.10) 
and measured. The values are shown in 
Fig. 20.10. 


Area under curve 
= (width of interval) (sum of mid-ordinates) 
= (1) [7.04 21.5 + 42.0 
+ 49.5 + 37.0 + 10.0] 
= 167 kWh 


(i.e. a measure of electrical energy) 


(b) Average value of waveform 


area under curve 
length of base 


_ 167 kWh — 27.83 kW 
=a 


Alternatively, average value 


Sum of mid-ordinates 


~~ number of mid-ordinate 


Problem 8. Figure 20.11 shows a sinusoidal 
output voltage of a full-wave rectifier. 
Determine, using the mid-ordinate rule with 
6 intervals, the mean output voltage 


Figure 20.11 


One cycle of the output voltage is completed in 2 
radians or 180°. The base is divided into 6 intervals, 
each of width 30°. The mid-ordinate of each interval 
will lie at 15°, 45°, 75°, etc. 


At 15° the height of the mid-ordinate is 10 sin 15° = 
2.588 V 

At 45° the height of the mid-ordinate is 
10 sin 45° = 7.071 V, and so on. 
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The results are tabulated below: (b) Mean height of ordinates 


Mid-ordinate Height of mid-ordinate 


10sin 15° = 
10 sin 45° = 
10sin 75° = 


10 sin 105° 
10 sin 135° 
10 sin 165° = 


Sum of mid-ordinates = 38.636 V 


Mean or average value of output voltage 
sum of mid-ordinates 


~~ number of mid-ordinate 


= 8.636 «6 439 y 


(With a larger number of intervals a more accurate 
answer may be obtained.) 


For a sine wave the actual mean value is 0.637 x 
maximum value, which in this problem gives 6.37 V 


Problem 9. An indicator diagram for a 
steam engine is shown in Fig. 20.12. The 
base line has been divided into 6 equally 
spaced intervals and the lengths of the 7 
ordinates measured with the results shown in 
centimetres. Determine (a) the area of the 
indicator diagram using Simpson’s rule, and 
(b) the mean pressure in the cylinder given 


that 1 cm represents 100 kPa 


bebe he SEA 


-— 


12.0cm 


Figure 20.12 


12.0 
(a) The width of each interval is aa cm. Using 


Simpson’s rule, 


area = 7 2.018.6 + 1.6) + 4(4.0 


A204 1.7) 4213.5 £925) 


2 
= 715.2+344+ 114] 


= 34 cm? 


area of diagram 34 
= ——_— = — = 2.83 cm 
length of base 12 


Since 1 cm represents 100 kPa, the mean pres- 
sure in the cylinder 


= 2.83 cm x 100 kPa/cm = 283 kPa 


Now try the following exercise 


Exercise 77 Further problems on mean or 
average values of waveforms 


Determine the mean value of the periodic 
waveforms shown in Fig. 20.13 over a 
half cycle. 


[(a)2 A (b)50V_ (c) 2.5 A] 


Current (A) 
ie) 


o} 10 20 t(ms) 


Figure 20.13 


Find the average value of the periodic 
waveforms shown in Fig. 20.14 over one 
complete cycle. 


[(a)2.5 V(b) 3 A] 


An alternating current has the following 
values at equal intervals of 5 ms. 


Time (ms) O 5 10 15 20 25 30 
Current (A) 0 0.9 26 49 5.8 3.5 0 
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Plot a graph of current against time and 
estimate the area under the curve over the 
30 ms period using the mid-ordinate rule 
and determine its mean value. 


[0.093 As, 3.1 A] 


> 
= 
Q 10 
gS 
ic} 
="0| 2 4 6 8 10 t(ms) 
< 
SV AL AL 
rs) 
of 2 4 6 8 10 t(ms) 


Figure 20.14 


Determine, using an approximate method, 
the average value of a sine wave of 
maximum value 50 V for (a) a half cycle 
and (b) a complete cycle. 


[(a) 31.83 V(b) 0] 
An indicator diagram of a steam engine 
is 12 cm long. Seven evenly spaced ordi- 


nates, including the end ordinates, are 
measured as follows: 


5.90, 5.52, 4.22, 3.63, 3.32, 3.24, 3.16 cm 


Determine the area of the diagram and 
the mean pressure in the cylinder if 1 cm 
represents 90 kPa. 


[49.13 cm?, 368.5 kPa] 
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il. 


Assignment 5 


This assignment covers the material in 
Chapters 17 to 20. The marks for each 


question are shown in brackets at the 
end of each question. 


A swimming pool is 55 m long and 
10 m wide. The perpendicular depth at 
the deep end is 5 m and at the shallow 
end is 1.5 m, the slope from one end to 
the other being uniform. The inside of 
the pool needs two coats of a protec- 
tive paint before it is filled with water. 
Determine how many litres of paint will 
be needed if 1 litre covers 10 m?. (7) 


A steel template is of the shape shown 
in Fig. A5S.1, the circular area being 
removed. Determine the area of the tem- 
plate, in square centimetres, correct to | 
decimal place. (7) 


30mm 


re + 
70mm 150mm 


Figure A5.1 


The area of a plot of land on a map is 
400 mm?. If the scale of the map is 1 
to 50000, determine the true area of the 
land in hectares (1 hectare = 10* m’). 


(3) 


Determine the shaded area in Fig. A5.2, 
correct to the nearest square centimetre. 


(3) 
Determine the diameter of a circle whose 
circumference is 178.4 cm. (2) 


10. 


11. 


12. 


Figure A5.2 


Convert 

(a) 125°47’ to radians 

(b) 1.724 radians to degrees and minutes 
(2) 

Calculate the length of metal strip needed 

to make the clip shown in Fig. A5.3. 


(6) 


| 70mm 70mm 
Figure A5.3 


A lorry has wheels of radius 50 cm. 
Calculate the number of complete 
revolutions a wheel makes (correct to 
the nearest revolution) when travelling 
3 miles (assume | mile = 1.6 km). (5) 


The equation of a circle is: x? + y* + 
12x — 4y + 4 = 0. Determine (a) the 
diameter of the circle, and (b) the co- 
ordinates of the centre of the circle. (5) 


Determine the volume (in cubic metres) 
and the total surface area (in square 
metres) of a solid metal cone of base 
radius 0.5 m and perpendicular height 
1.20 m. Give answers correct to 2 deci- 
mal places. (5) 


Calculate the total surface area of a 
10 cm by 15 cm rectangular pyramid of 
height 20 cm. (5) 


A water container is of the form of a 
central cylindrical part 3.0 m long and 
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13. 


14. 


diameter 1.0 m, with a hemispherical 
section surmounted at each end as shown 
in Fig. A5.4. Determine the maximum 
capacity of the container, correct to the 
nearest litre. (1 litre = 1000 cm). (5) 


1.0m 


Find the total surface area of a bucket 
consisting of an inverted frustum of a 
cone, of slant height 35.0 cm and end 
diameters 60.0 cm and 40.0 cm. (4) 


A boat has a mass of 20000 kg. A model 
of the boat is made to a scale of 1 to 
80. If the model is made of the same 


3.0m 


Figure A5.4 


15. 


16. 


material as the boat, determine the mass 
of the model (in grams). (3) 


Plot a graph of y = 3x? +5 from 
x = | to x = 4. Estimate, correct to 
2 decimal places, using 6 intervals, the 
area enclosed by the curve, the ordinates 
x = 1 and x = 4, and the x-axis 
by (a) the trapezoidal rule, (b) the mid- 
ordinate rule, and (c) Simpson’s rule. 


(12) 


A vehicle starts from rest and its velocity 
is measured every second for 6 seconds, 
with the following results: 


Time ft (s) OO 2) 35 aS 6 
Velocity v (m/s) 0 1.2 2.4 3.7 5.2 6.0 9.2 


Using Simpson’s rule, calculate (a) the 
distance travelled in 6s (i.e. the area 
under the v/t graph) and (b) the average 
speed over this period. (6) 
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Introduction to trigonometry 


21.1 Trigonometry 


Trigonometry is the branch of mathematics that 
deals with the measurement of sides and angles 
of triangles, and their relationship with each other. 
There are many applications in engineering where 
knowledge of trigonometry is needed. 


21.2 The theorem of Pythagoras 


With reference to Fig. 21.1, the side opposite the 
right angle (i.e. side b) is called the hypotenuse. 
The theorem of Pythagoras states: 

‘In any right-angled triangle, the square on the 
hypotenuse is equal to the sum of the squares on 
the other two sides.’ 


Hence b*=a* +c? 
A 

é i: b 

B e Cc 

Figure 21.1 


Problem 1. 
EF. 


In Fig. 21.2, find the length of 


Figure 21.2 


By Pythagoras’ theorem: e=d +f? 
Hence ears 
169 = d? +25 
d* = 169 — 25 = 144 
Thus d= V/144 = 12 cm 
i.e. EF= 12 cm 


Problem 2. Two aircraft leave an airfield at 
the same time. One travels due north at an 
average speed of 300 km/h and the other due 


west at an average speed of 220 km/h. 
Calculate their distance apart after 4 hours 


N 
wee S 
S 1200 km 
C A 


880 km 
Figure 21.3 


After 4 hours, the first aircraft has travelled 4 x 
300 = 1200 km, due north, and the second aircraft 
has travelled 4 x 220 = 880 km due west, as shown 
in Fig. 21.3. Distance apart after 4 hours = BC. 


From Pythagoras’ theorem: 
BC? = 12007 + 880° 
= 1440000 + 774400 and 
BC = J2214400 


Hence distance apart after 4 hours = 1488 km 
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Now try the following exercise 


Exercise 78 Further problems on the the- 


c 
from the wall. How far up the wall (to the b 
nearest centimetre) does the ladder reach? A | 
If the foot of the ladder is now moved a 
30 cm further away from the wall, how 
far does the top of the ladder fall? Figure 21.4 
[3.35 m, 10 cm] 
Two ships leave a port at the same time. (b) From above, 
One travels due west at 18.4 km/h and the b 
other due south at 27.6 km/h. Calculate : snO6 © bd 9 
how far apart the two ships are after @) cos6 #& a =o 
4 hours. [132.7 km] Cc 
: sin 0 
Le. tan@d = —— 
cos 6 
21.3 Trigonometric ratios of acute Pe: Z 
angles ii = £=—=coté, 
8 ) sind Db 
(a) With reference to the right-angled triangle c 
shown in Fig. 21.4: . cos 6 
: . i.e. cot? = —— 
; : opposite side sin 6 
(i) sine 0 = Ta eaEe 1 
eee (iii) sec 9 = —— 
b cos 6 
ie. sind = — 1 
. (iv) cosec 06 = —— (Note ‘s’ and ‘c’ 
(ii ‘neta adjacent side sind 
HM) pela hypotenuse ’ go together) 
a 
i.e. cosO = — (v) cot@ = —— 
c tan 6 


orem of Pythagoras 


In a triangle CDE, D = 90°, CD = 
14.83 mm and CE = 28.31 mm. Deter- 
mine the length of DE. [24.11 mm] 


Triangle PQR is isosceles, Q being a right 
angle. If the hypotenuse is 38.47 cm find 
(a) the lengths of sides PQ and QR, and 
(b) the value of ZOPR. 


[(a) 27.20 cm each _(b) 45°] 


A man cycles 24 km due south and then 
20 km due east. Another man, starting at 
the same time as the first man, cycles 
32 km due east and then 7 km due south. 
Find the distance between the two men. 


[20.81 km] 


A ladder 3.5 m long is placed against 
a perpendicular wall with its foot 1.0 m 


opposite side 
(iil) tangent 0 = ec ycbneaecaad 
adjacent side 


. b 
i.e. tané@ = — 
a 


. hypotenuse 
(iv) secant 96 = ——————_, 
adjacent side 


. c 
i.e. secO = — 
a 


hypotenuse 
(v) cosecant 9 = ————_—_,, 
opposite side 


: c 
i.e. cosec 6 = — 
b 


adjacent side 


(vi) cotangent @ = ——., 
opposite side 


iemte=— 
1.€. CO — el 
b 
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Secants, cosecants and cotangents are called the 
reciprocal ratios. 


Problem 3. 


value of the other five trigonometry ratios 


9 
If cosX = 7 determine the 


Figure 21.5 shows a right-angled triangle XYZ. 


Z 


x Y 
9 


Figure 21.5 


Since cosX = 9 units and 
XZ = 41 units. 
Using Pythagoras’ theorem: 417 = 92+ YZ? from 


which YZ = /412 — 92 = 40 units. 


9 
—, then XY = 
41 


: 40 40 4 
Thus, sin X = a’ tanX = - = 45° 
Go ag) y_4 =e 
cosec X = 40 ~ 140° secX = 7 5 
d tx 2 
an co — 
40 


Problem 4. If sin@ = 0.625 and 
cos 8 = 0.500 determine, without using 


trigonometric tables or calculators, the values 
of cosec 6, sec 0, tan@ and coté 


cosec @ = a = ae = 1.60 
sinQ 0.625 

6 ! ; 2.00 

sec 6 = = =72, 

cos@ 0.500 

pp a ae 
cos@ = 0.500 

ie = SO sh 


sind 0.625 
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8} 8 

T poseccscceccccnee 1B OL -------------~- -aB 

6 1 6 ae 

4k 1 4 

2 Fae : 

= ae: I ! | 
8 o| 2 4 6 8 


(a) (b) 


Figure 21.6 


Problem 5. Point A lies at co-ordinate (2, 3) 
and point B at (8, 7). Determine (a) the dis- 


tance AB, (b) the gradient of the straight line 
AB, and (c) the angle AB makes with the 
horizontal 


(a) Points A and B are shown in Fig. 21.6(a). 


In Fig. 21.6(b), the horizontal and vertical lines 
AC and BC are constructed. Since ABC is a 
right-angled triangle, and AC = (8 — 2) = 6 
and BC = (7 — 3) = 4, then by Pythagoras’ 
theorem: 


AB* = AC? + BC? =6?4+47 
AB = V@C4+4 = 752 =7.211, 


correct to 3 decimal places 


and 


(b) The gradient of AB is given by tan8, 
? ‘ BC 4 2 
ie. gradient = tan? = — = -= — 
AC 6 3 
(c) The angle AB makes with the horizontal is 


2 
given by: tan”! a= 33.69° 


Now try the following exercise 


Exercise 79 Further problems on trigono- 
metric ratios of acute 


1. In triangle ABC shown in Fig. 21.7, find 
sinA, cosA, tanA, sin B, cos B and tan B. 


Figure 21.7 
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: 3 4 
sinA = —,cosA = =, tanA = 
5 5 


3 
4 
4 3 4 
sinB = —,cosB = —,tanB = — 

5 5 3 


2. For the right-angled triangle shown in 
Fig. 21.8, find: 


(a) sina (b)cos@  (c) tand 


17 
8 
O (™ 
15 
Figure 21.8 


| 15 by 2 =| 
@ (0) ©) T5 


12 
3. If cosA = 3B find sinA and tanA, in 


fraction form. 


12 


4. Point P lies at co-ordinate (—3, 1) and 
point Q at (5, —4). Determine (a) the dis- 
tance PQ, (b) the gradient of the straight 
line PQ, and (c) the angle PQ makes with 
the horizontal. 


sinA = 2, tanA = a 
13 


[(a) 9.434 (b) —0.625 


(c) —32°] 


21.4 Fractional and surd forms of 


trigonometric ratios 


In Fig. 21.9, ABC is an equilateral triangle of side 
2 units. AD bisects angle A and bisects the side BC. 
Using Pythagoras’ theorem on triangle ABD gives: 


ADa=/ 2 =F =. 


BD 1 AD 
Hence, sin30° = —~ = =, cos30° = —_= v3 
AB 2 AB 2 
d tan 30° = : 
an an = SS 
AD V3 
AD BD 1 
si 60° = 42 _¥3 , s60° = — =-— 
AB 2 AB 2 
, AD 
and tan60° = — = V3 
BD 


Figure 21.10 


In Fig. 21.10, POR is an isosceles triangle with 


PQ = QR = 1 unit. By Pythagoras’ theorem, 
PR=VJ12+2?=¥J2 
Hence, 


1 1 
sin 45° = —=, cos 45° = —= and tan45° = 1 


/2 /2 


A quantity that is not exactly expressible as a ratio- 
nal number is called a surd. For example, /2 
and J3 are called surds because they cannot be 
expressed as a fraction and the decimal part may 
be continued indefinitely. For example, 


J/2 = 14142135... , and V3 = 1.7320508... 
From above, 
sin 30° = cos 60°, sin 45° = cos 45° and 
sin 60° = cos 30°. 
In general, 
sin 6 = cos(90° — 6) and cos@ = sin(90° — 6) 


For example, it may be checked by calculator 
that sin25° = cos65°, sin42° = cos48° and 
cos 84°10! = sin 5°50’, and so on. 


Problem 6. Using surd forms, evaluate: 


3 tan 60° — 2 cos 30° 
tan 30° 
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V3 


From above, tan60° = V3, cos 30° = os and 


tan 30° = + hence 
3 (V3) -2 (3) 


3 tan 60° — 2 cos 30° _ 


tan 30° 23 
V3 

_ 3V¥3-V3_ 2v3 

ian nea i 

V3 V3 


= 273 (3) = 2(3) =6 


Now try the following exercise 


Exercise 80 Further problems on frac- 
tional and surd form of 
trigonometrical ratios 


Evaluate the following, without using calcula- 
tors, leaving where necessary in surd form: 


3 sin 30° — 2.cos 60° 


5 tan 60° — 3 sin 60° 


tan 60° 
3 tan 30° 


(tan 45°)(4 cos 60° — 2sin60°) [2— V3] 
tan 60° — tan 30° 1 
1 + tan 30° tan 60° J3 


21.5 Solution of right-angled triangles 


To ‘solve a right-angled triangle’ means ‘to find 
the unknown sides and angles’. This is achieved 
by using (i) the theorem of Pythagoras, and/or 
(ii) trigonometric ratios. This is demonstrated in the 
following problems. 


Problem 7. In triangle POR shown in 
Fig. 21.11, find the lengths of PQ and PR. 
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Qu CR 
7.5cm 


Figure 21.11 


P P 
tan 38° = PO a PQ hence 
OR 75 
PQ = 7.5 tan 38° = 7.5(0.7813) 
= 5.860 cm 
R 7. 
cos 38° = OR = es hence 
PR PR 
75 7.5 


= 9.518 cm 


~ cos38° 0.7880 
[Check: Using Pythagoras’ theorem 
(7.5)? + (5.860)? = 90.59 = (9.518)7] 


Problem 8. 
in Fig. 21.12 


Solve the triangle ABC shown 


A 35 mm 


37 mm 
Cc 


Figure 21.12 


To ‘solve triangle ABC’ means ‘to find the length 
AC and angles B and C’. 


sinC = 2 = 0.94595 hence 
37 
ZC = sin“! 0.94595 = 71.08° or 71°5’ 
ZB = 180° — 90° —71.08° = 18.92° or 18°55’ (since 
angles in a triangle add up to 180°) 


. AC 
sin B = —., hence 
37 
AC = 37sin 18.92° = 37(0.3242) 
= 12.0 mm, 


or, using Pythagoras’ theorem, 377 = 35* + AC?, 
from which, AC = /372 — 352 = 12.0 mm 


Problem 9. Solve triangle XYZ given 
LX = 90°, ZY = 23°17 and YZ = 20.0 mm. 


Determine also its area 
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It is always advisable to make a reasonably accurate 
sketch so as to visualize the expected magnitudes of 
unknown sides and angles. Such a sketch is shown 
in Fig. 21.13. 


LZ = 180° — 90° — 23°17! = 66°43! 
in 23°17’ = ~~ hence XZ = 20.0 sin 23°17’ 
sin = — nence — .U Sin 
: 20.0 , 


= 20.0(0.3953) 
= 7.906 mm 


XY 
cos 23°17' = 0.0 hence XY = 20.0cos 23°17’ 


= 20.0(0.9186) 
= 18.37 mm 


zZ 
> 20.0 mm 
xo Cy 


Figure 21.13 


[Check: Using Pythagoras’ theorem 
(18.37)* + (7.906)? = 400.0 = (20.0)7] 
Area of triangle 


1 
XYZ= 5 (base) (perpendicular height) 


= 5 (XYVXZ) = 5(18.37)(7.906) 
= 72.62 mm? 


Now try the following exercise 


Exercise 81 Further problems on the solu- 
tion of right-angled triangles 


1. Solve triangle ABC in Fig. 21.14(i). 


i 
(i) (ii) (iii) 


Figure 21.14 


[BC =3.50 cm, AB=6.10 cm, ZB = 55°] 
2. Solve triangle DEF in Fig. 21.14(ii). 


ie =5cm,ZE = 53.13°, 
LF = 36.87° 


21.6 
(a) 
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Solve triangle GH in Fig. 21.14(iii). 


[GH = 9.841 mm, GJ = 11.32 mm, 
LH = 49°] 


Solve the triangle JKL in Fig. 21.15() 
and find its area. 


J M 25°35’ 3.69m 
Pp Q 
6.7 ‘N i ie m 
R 
K L 
(i) 


(ii) (iii) 


Figure 21.15 


Ba = 5.43 cm, JL = 8.62 | 
ZJ = 39°, area = 18.19 cm? 


Solve the triangle MNO in Fig. 21.1541) 
and find its area. 
bey = 28.86 mm, NO = 13.82 7] 
ZO = 64.42°, area = 199.4 mm? 


Solve the triangle PQR in Fig. 21.15(i1) 
and find its area. 
i = 7.934 m, ZO = 65.05°, 
ZR = 24.95°, area = 14.64 m? 


A ladder rests against the top of the per- 
pendicular wall of a building and makes 
an angle of 73° with the ground. If the 
foot of the ladder is 2 m from the wall, 
calculate the height of the building. 


[6.54 m] 


Angles of elevation and depression 


If, in Fig. 21.16, BC represents horizontal 
ground and AB a vertical flagpole, then the 
angle of elevation of the top of the flagpole, 
A, from the point C is the angle that the 
imaginary straight line AC must be raised 
(or elevated) from the horizontal CB, i.e. 
angle 0. 


C - 


Figure 21.16 
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Figure 21.17 


(b) If, in Fig. 21.17, PQ represents a vertical 
cliff and R a ship at sea, then the angle of 
depression of the ship from point P is the 
angle through which the imaginary straight 
line PR must be lowered (or depressed) 
from the horizontal to the ship, i.e. angle @. 


(Note, ZPRQ is also ¢—alternate angles 
between parallel lines.) 


Problem 10. An electricity pylon stands on 
horizontal ground. At a point 80 m from the 
base of the pylon, the angle of elevation of 


the top of the pylon is 23°. Calculate the 
height of the pylon to the nearest metre 


Figure 21.18 shows the pylon AB and the angle of 
elevation of A from point C is 23° and 


tan 23° = — = — 
BC 80 


Figure 21.18 
Hence, height of pylon AB = 80 tan 23° 
= 80(0.4245) = 33.96 m 


= 34 m to the nearest metre. 


Problem 11. A surveyor measures the angle 
of elevation of the top of a perpendicular 
building as 19°. He moves 120 m nearer the 


building and finds the angle of elevation is 
now 47°. Determine the height of the 
building 


The building PQ and the angles of elevation are 
shown in Fig. 21.19. 
h 
x + 120 
h = tan 19°(x« + 120), 


In triangle PQS, tan 19° = 


hence 
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P 
h 
O (\ (“~~ 
Q x 120 ° 
Figure 21.19 
i.e. h = 0.3443(x + 120) (1) 


h 
In triangle POR, tan 47° = — 
x 


h = tan47°(x), i. h = 1.0724x (2) 
Equating equations (1) and (2) gives: 
0.3443(x + 120) = 1.0724x 
0.3443x + (0.3443)(120) = 1.0724x 
(0.3443)(120) = (1.0724 — 0.3443)x 


41.316 = 0.7281x 


41.31 
x= * = 56.74 m 
0.7281 


From equation (2), height of building, 2 = 1.0724x 
= 1.0724(56.74) = 60.85 m 


hence 


Problem 12. The angle of depression of a 
ship viewed at a particular instant from the top 
of a 75 m vertical cliff is 30°. Find the distance 
of the ship from the base of the cliff at this 


instant. The ship is sailing away from the cliff 
at constant speed and | minute later its angle 
of depression from the top of the cliff is 20°. 
Determine the speed of the ship in km/h 


Figure 21.20 


Figure 21.20 shows the cliff AB, the initial position 
of the ship at C and the final position at D. Since the 
angle of depression is initially 30° then ZACB = 30° 
(alternate angles between parallel lines). 


AB 75 


tan 30° = — = — 
BC BC 
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7 
hence BC = si = ie 
tan 30° 0.5774 
=129.9m 


= initial position of ship from 
base of cliff 
In triangle ABD, 
AB 1 75 


tan 20° = — = —_._ = —_ 
BD BC+CD = 129.9+x 
Hence 
129.9+x= 2 = a = 206.0 m 
tan20° =0.3640 
from which, 
x = 206.0 — 129.9 = 76.1 m 


Thus the ship sails 76.1 m in | minute, i.e. 60 s, 
hence, 


distance 76.1 
time 60 

_ 76.1 x 60 x 60 

~ 60 x 1000 

= 4.57 km/h 


speed of ship = 


Now try the following exercise 


Exercise 82 


Further problems on angles 
of elevation and depression 


1. If the angle of elevation of the top of a 
vertical 30 m high aerial is 32°, how far 
is it to the aerial? [48 m] 


2. From the top of a vertical cliff 80.0 m 
high the angles of depression of two 
buoys lying due west of the cliff are 23° 
and 15°, respectively. How far are the 
buoys apart? [110.1 m] 


3. From a point on horizontal ground a sur- 
veyor measures the angle of elevation of 
the top of a flagpole as 18°40’. He moves 
50 m nearer to the flagpole and measures 
the angle of elevation as 26°22’. Deter- 
mine the height of the flagpole. [53.0 m] 


4. A flagpole stands on the edge of the top 
of a building. At a point 200 m from the 
building the angles of elevation of the top 
and bottom of the pole are 32° and 30° 
respectively. Calculate the height of the 
flagpole. [9.50 m] 


5. From a ship at sea, the angles of eleva- 
tion of the top and bottom of a vertical 
lighthouse standing on the edge of a ver- 
tical cliff are 31° and 26°, respectively. 
If the lighthouse is 25.0 m high, calculate 
the height of the cliff. [107.8 m] 


6. From a window 4.2 m above horizontal 
ground the angle of depression of the foot 
of a building across the road is 24° and 
the angle of elevation of the top of the 
building is 34°. Determine, correct to the 
nearest centimetre, the width of the road 
and the height of the building. 


[9.43 m, 10.56 m] 


7. The elevation of a tower from two points, 
one due west of the tower and the other 
due west of it are 20° and 24°, respec- 
tively, and the two points of observation 
are 300 m apart. Find the height of the 

[60 m] 


tower to the nearest metre. 


21.7 Evaluating trigonometric ratios of 
any angles 


The easiest method of evaluating trigonometric 
functions of any angle is by using a calculator. The 
following values, correct to 4 decimal places, may 
be checked: 


sine 18° = 0.3090, 
sine 172° = 0.1392 
sine 241.63° = —0.8799, 


cosine 56° = 0.5592 
cosine 115° = —0.4226, 
cosine 331.78° = 0.8811 


tangent 29° = 0.5543, 
tangent 178° = —0.0349 
tangent 296.42° = —2.0127 


To evaluate, say, sine 42°23’ using a calculator 


means finding sine ar since there are 60 minutes 


in | degree. 


eh ; 
a = 0.3833, thus 42°23’ = 42.3833° 
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Thus sine 42°23’ = sine 42.3833° = 0.6741, correct 
to 4 decimal places. 


38° 
Similarly, cosine 72°38’ = cosine nD = 0.2985, 
correct to 4 decimal places. 
Most calculators contain only sine, cosine and tan- 


gent functions. Thus to evaluate secants, cosecants 
and cotangents, reciprocals need to be used. 


The following values, correct to 4 decimal places, 
may be checked: 


1 
t32° = ——— = 1.1792 
eer cos 32° 
cosecant 75° = — : = 1.0353 
sin 75° 
1 
t t41° = ——— = 1.1504 
cotangen nate 
5 1 
secant 215.12° = ———___ = —].2226 
cos 215.12° 
1 
t321.62° = ——_—__—__ = - 1.6l 
cosecant 321.6 anda 6106 
t t263.59° = —___—__ = 0.112 
cotangent 263.59 fan 363.59" 0 3 


Problem 13. 
places: 


(a) sine 168°14' 
(c) tangent 98°4’ 


Evaluate correct to 4 decimal 


(b) cosine 271.41° 


° 


14 
(a) sine 168°14’ = sine 168 = 0.2039 


(b) cosine 271.41° = 0.0246 


4 
(c) tangent 98°4’ = tan 8 = —7.0558 


Problem 14. Evaluate, correct to 4 decimal 
places: 


(a) secant 161° 


(b) secant 302°29' 


161° = = —1.057 
(a) secl6 IG 0576 
(b) 302°29' : ; 
sec So 
cos 302°29' 29 
cos 302 — 
60 
= 1.8620 


Problem 15. Evaluate, correct to 4 


significant figures: 


(a) cosecant 279.16° (b) cosecant 49°7’ 


279.16° = ———_——— = — 1.01 
(a) cosec 279.16 am279 16° 013 
(b) 49°7' : : 1.323 
cosec = —— = — ~~ = 1. 
sin 49°7’ : 7 
sin 49 — 
60 


Problem 16. Evaluate, correct to 4 decimal 
places: 


(a) cotangent 17.49° (b) cotangent 163°52’ 


t 17.49° = ————_. = 3.1735 
(ee ? tan 17.49° 18 
(b) t 163°52’ = = 
co = — > 
tan 163°52 ‘anna 
= —3.4570 


Problem 17. Evaluate, correct to 4 
significant figures: 
(a) sin 1.481 


(b) cos(3m/5) (c) tan2.93 


(a) sin 1.481 means the sine of 1.481 radians. 
Hence a calculator needs to be on the radian 


function. 
Hence sin 1.481 = 0.9960 
(b) cos(3z7/5) = cos 1.884955... = —0.3090 


(c) tan2.93 = —0.2148 


Problem 18. Evaluate, correct to 4 decimal 
places: 


(a) secant 5.37 (b) cosecant 7/4 


(c) cotangent 7/24 


(a) Again, with no degrees sign, it is assumed that 
5.37 means 5.37 radians. 


Hence sec 5.37 = = 1.6361 
c 


0s 5.37 
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1 1 
(b) cosec(z/4) = — = 5 
sin(z/4) sin 0.785398... 
= 1.4142 
1 


(c) cot (57/24) = 


Problem 19. Determine the acute angles: 
(a) sec~! 2.3164 (b) cosec™! 1.1784 


(c) cot~! 2.1273 


(a) sec~! 2.3164 = cos! ( 


= cos !0.4317... = 
1.124 radians 


1 
b ~! 1.1784 = sin7! 
(b) cosec 8 sin (a) 


= sin’! 0.8486... = 58.06° or 58°4’ or 
1.013 radians 


1 
2.3164 
64.42° or 64°25’ or 


1 
t~! 2.1273 = tan~! | ——— 
eh 8 te <u} 


= tan !0.4700... = 25.18° or 25°11’ or 
0.439 radians 


Problem 20. Evaluate the following 
expression, correct to 4 significant figures: 


4 sec 32°10’ — 2 cot 15°19’ 
3 cosec 63°8’ tan 14°57’ 


By calculator: 
sec 32°10! = 1.1813, cot 15°19’ = 3.6512 


cosec 63°8’ = 1.1210, tan 14°57’ = 0.2670 


Hence 
4 sec 32°10’ — 2 cot 15°19’ 


3 cosec 63°8’ tan 14°57’ 
4(1.1813) — 2(3.6512) 
~ ~~ 3(1.1210)(0.2670) 
4.7252 — 7.3024 —2.5772 
~~"9.8979 0.8979 


= —2.870, correct to 4 significant figures. 


Evaluate correct to 4 decimal 


Problem 21. 
places: 


(a) sec(—115°) (b) cosec(—95°47’) 


tan (57/24) tan0.654498... 
3032 
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(a) Positive angles are considered by convention 
to be anticlockwise and negative angles as 
clockwise. 


Hence —115° is actually the same as 245° (i.e. 
360° — 115°). 


1 
H —-115°)= 245° = —___ 
ence sec( 5°) = sec 245 cos 245° 
= —2.3662 
(b) cosec(—95°47')= =—1.0051 


Now try the following exercise 


Exercise 83. Further problems on evalua- 
ting trigonometric ratios 


In Problems 1 to 8, evaluate correct to 4 
decimal places: 


1. (a) sine 27° (b) sine 172.41° 
(c) sine 302°52’ 
[(a) 0.4540 (b) 0.1321 (c) —0.8399] 
2. (a) cosine 124° (b) cosine 21.46° 
(c) cosine 284° 10’ 
[(a) —0.5592 (b) 0.9307 (c) 0.2447] 
3. (a) tangent 145° (b) tangent 310.59° 
(c) tangent 49° 16’ 
[(a) —0.7002 (b) —1.1671 (c) 1.1612] 
4. (a) secant 73° (b) secant 286.45° 
(c) secant 155°41’ 
[(a) 3.4203 (b) 3.5313 (c) —1.0974] 
5. (a) cosecant 213° (b) cosecant 15.62° 
(c) cosecant 311°50’ 
[(a) —1.8361 (b) 3.7139 (c) —1.3421] 
6. (a) cotangent 71° (b) cotangent 151.62° 
(c) cotangent 321°23’ 
[(a) 0.3443 (b) —1.8510 (c) —1.2519] 


2 
7. (a) sine = (b) cos 1.681 (c) tan 3.672 
[(a) 0.8660 (b) —0.1010 (c) 0.5865] 
8. (a) sec (b) cosec 2.961 (c) cot2.612 


(a) 1.0824  (b) 5.5675 


(c) — 1.7083 
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In Problems 9 to 14, determine the acute 
angle in degrees (correct to 2 decimal places), 
degrees and minutes, and in radians (correct 
to 3 decimal places). 


9. sin! 0.2341 
[13.54°, 13°32’, 0.236 rad] 
10. cos~! 0.8271 
[34.20°, 34°12’, 0.597 rad] 
11. tan~! 0.8106 
[39.03°, 39°2’, 0.681 rad] 
12. sec™! 1.6214 
[51.92°, 51°55’, 0.906 rad] 
13. cosec™! 2.4891 
[23.69°, 23°41’, 0.413 rad] 
14. cot~! 1.9614 
[27.01°, 27°1', 0.471 rad] 


In Problems 15 to 18, evaluate correct to 4 
significant figures. 


15. 4cos 56°19’ — 3 sin 21°57’ [1.097] 
11.5 tan 49°11’ — sin 90° 
— 3cos45°. [5.805] 

5 sin 86°3’ 

70 eae Leas 
3 tan 14°29’ — 2 cos 31°9/ [—5.325] 
6.4 29°5/ = 81° 

(7. “oe Se ‘ois 


2 cot 12° 


19. Determine the acute angle, in degrees 


and minutes, correct to the nearest min- 


4.32 sin 42°16’ 
ute, given by: sin”! (SS) 


7.86 
[21°42"] 
20. If tanx = 1.5276, determine sec.x, 
cosec x, and cotx. (Assume x is an acute 
angle) [1.8258, 1.1952, 0.6546] 


In Problems 21 to 23 evaluate correct to 4 
significant figures. 


(sin 34°27’)(cos 69°2’) 
21. ———_______ 0.07448 
(2 tan 53°39’) 


22. 3cot 14°15’ sec 23°9’ 


33. cosec 27°19’ + sec 45°29’ [1.710] 
1 — cosec 27°19’ sec 45°29’ 


24. Evaluate correct to 4 decimal places: 


[12.85] 
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(a) sine(—125°) (b) tan(—241°) 
(c) cos(—49° 15’) 
[(a) —0.8192 (b) —1.8040 (c) 0.6528] 
25. Evaluate correct to 5 significant figures: 


(a) cosec(— 143°) (b) cot(—252°) 
(c) sec(—67°22’) 


[(a) —1.6616 (b) —0.32492 (c) 2.5985] 


21.8 Trigonometric approximations for 
small angles 


If angle x is a small angle (i.e. less than about 5°) and 
is expressed in radians, then the following trigono- 
metric approximations may be shown to be true: 


(i) sinx \x 
(ii) tanx }x 
2 


x 
is eT peal 
(iii) cosx 5) 


For example, let x = 1°, ie. 1 x a 0.01745 


radians, correct to 5 decimal places. By calculator, 
sin1l° = 0.01745 and tan1° = 0.01746, showing 
that: sinx = x © tanx when x = 0.01745 radians. 
Also, cos 1° = 0.99985; when x = 1°, i.e. 0.001745 
radians, 
a 0.017457 
1- — = 1 —- —— 
2 2 
correct to 5 decimal places, showing that 
2 
cosx = 1 — - when x = 0.01745 radians. 


= 0.99985, 


Similarly, let x = 5°, i.e. 5x in = 0.08727 radians, 
correct to 5 decimal places. 

sin5° = 0.08716, thus sinx ~ x, 
tan5° = 0.08749, thus tanx ~ x, 
and cos 5° = 0.99619; 


2 087272 
since x = 0.08727 radians, 1-> = ——— — 
0.99619, showing that: 
2 
cosx = 1— - when x = 0.0827 radians. 


By calculator, 


. sinx 
If sinx * x for small angles, then ~ 1, and 


x 
this relationship can occur in engineering consider- 
ations. 
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Trigonometric waveforms 


22.1 Graphs of trigonometric functions 


By drawing up tables of values from 0° to 360°, 
graphs of y = sinA, y = cosA and y = tanA 
may be plotted. Values obtained with a calculator 
(correct to 3 decimal places — which is more than 
sufficient for plotting graphs), using 30° intervals, 
are shown below, with the respective graphs shown 
in Fig. 22.1. 


(a) y =sinA 


A 0 30° 60° 90° 120° 150° 180° 
snA]|0O 0.500 0.866 1.000 0.866 0.500 0 


330° 360° 
0.500 0 


A 210° 240° 270° 300° 
sinA | —0.500 —0.866 —1.000 —0.866 


(b) y =cosA 
A 0 30° 60° 90° 120° 150° 180° 
cosA} 1.000 0.866 0.500 0 —0.500 —0.866 —1.000 


210° 240° 270° 300° 330° = 360° 


—0.866 —0.500 0 0.500 0.866 1.000 

(c) y =tanA 
A |0 30° 60° 90° 120° ~=150° 180° 
tanA}]0 0.577 1.732 oo —1.732 —0.577 0 


270° ~—- 300° 330° = 360° 
—1.732 -—0.577 0 


A 210° 240° 
0.577 1.732 oc 


tanA 


From Fig. 22.1 it is seen that: 


(i) Sine and cosine graphs oscillate between peak 
values of +1 


(ii) The cosine curve is the same shape as the sine 
curve but displaced by 90°. 


(iii) The sine and cosine curves are continuous and 
they repeat at intervals of 360°; the tangent 
curve appears to be discontinuous and repeats 
at intervals of 180°. 


70 300 330 31 


Figure 22.1 


22.2 Angles of any magnitude 


Figure 22.2 shows rectangular axes XX’ and YY’ 
intersecting at origin 0. As with graphical work, 
measurements made to the right and above 0 are 
positive, while those to the left and downwards 
are negative. Let OA be free to rotate about 0. By 
convention, when 0A moves anticlockwise angular 
measurement is considered positive, and vice versa. 
Let OA be rotated anticlockwise so that 6, is any 
angle in the first quadrant and let perpendicular AB 
be constructed to form the right-angled triangle OAB 
in Fig. 22.3. Since all three sides of the triangle are 
positive, the trigonometric ratios sine, cosine and 
tangent will all be positive in the first quadrant. 


JNTUWORLD 


www.jntuworld.com 


Quadrant 3 


A 
Quadrant 4 


Quadrant 3 
270° 


Figure 22.3 


(Note: 0A is always positive since it is the radius 
of a circle). 

Let OA be further rotated so that 62 is any angle 
in the second quadrant and let AC be constructed to 
form the right-angled triangle OAC. Then 


: + 
sin 6, = = cos) = — = — 
2 2 a 


es 
a a 


Let OA be further rotated so that 63 is any angle in 
the third quadrant and let AD be constructed to form 
the right-angled triangle OAD. Then 


sin@é; =— =— cos = —=— 
3 rs 3 + 


tané; =— =+ 


Let OA be further rotated so that 64 is any angle 
in the fourth quadrant and let AE be constructed to 


form the right-angled triangle OAE. Then 
sin@4 = — = — es 
4 A 


a= 
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90° 


Sine All positive 


0? 
360° 


Cosine 


Tangent 


270° 


Figure 22.4 


The above results are summarized in Fig. 22.4. The 
letters underlined spell the word CAST when start- 
ing in the fourth quadrant and moving in an anti- 
clockwise direction. 

In the first quadrant of Fig. 22.1 all of the curves 
have positive values; in the second only sine is pos- 
itive; in the third only tangent is positive; in the 
fourth only cosine is positive — exactly as summa- 
rized in Fig. 22.4. A knowledge of angles of any 
magnitude is needed when finding, for example, all 
the angles between 0° and 360° whose sine is, say, 
0.3261. If 0.3261 is entered into a calculator and 
then the inverse sine key pressed (or sin~! key) the 
answer 19.03° appears. However, there is a second 
angle between 0° and 360° which the calculator does 
not give. Sine is also positive in the second quad- 
rant [either from CAST or from Fig. 22.1(a)]. The 
other angle is shown in Fig. 22.5 as angle 6 where 
@ = 180° — 19.03° = 160.97°. Thus 19.03° and 
160.97° are the angles between 0° and 360° whose 
sine is 0.3261 (check that sin 160.97° = 0.3261 on 
your calculator). 

Be careful! Your calculator only gives you one 
of these answers. The second answer needs to be 
deduced from a knowledge of angles of any magni- 
tude, as shown in the following worked problems. 


Problem 1. Determine all the angles 


between 0° and 360° whose sine is —0.4638 


The angles whose sine is —0.4638 occurs in the third 
and fourth quadrants since sine is negative in these 
quadrants — see Fig. 22.6. 
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270° 


y y=sinx 


207.63° 332.37° 


x 


270° 


Figure 22.7 


From Fig. 22.7, 6 = sin~' 0.4638 = 27.63°. Mea- 
sured from 0°, the two angles between 0° and 360° 
whose sine is —0.4638 are 180°+27.63°, i.e. 207.63° 
and 360° — 27.63°, i.e. 332.37° 

(Note that a calculator only gives one answer, i.e. 
—27.632588°) 


Problem 2. Determine all the angles 


between 0° and 360° whose tangent is 1.7629 


A tangent is positive in the first and third quad- 
rants — see Fig. 22.8. 

From Fig. 22.9, 6 = tan~! 1.7629 = 60.44° 
Measured from 0°, the two angles between 0° and 
360° whose tangent is 1.7629 are 60.44° and 180° + 
60.44°, i.e. 240.44° 
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90° 


360° 


270° 


Figure 22.9 


Problem 3. Solve the equation 


cos~!(—0.2348) = @ for angles of a between 
0° and 360° 


Cosine is positive in the first and fourth quadrants 
and thus negative in the second and third quad- 
rants — from Fig. 22.5 or from Fig. 22.1(b). 

In Fig. 23.10, angle @ = cos! (0.2348) = 76.42° 


90° 


180° r 
A 360 


270° 
Figure 22.10 
Measured from 0°, the two angles whose cosine 


is —0.2348 are a = 180° — 76.42° i.e. 103.58° and 
a = 180° + 76.42°, i.e. 256.42° 
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Now try the following exercise 


Exercise 84 Further problems on angles 
of any magnitude 


Determine all of the angles between 0° 
and 360° whose sine is: 
(a) 0.6792 (b) —0.1483 
(a) 42.78° and 137.22° 
(b) 188.53° and 351.47° 


Solve the following equations for values 
of x between 0° and 360°: 


(a) x = cos! 0.8739 
(b) x = cos~!(—0.5572) 


(a) 29.08° and 330.92° 
(b) 123.86° and 236.14° 


Find the angles between 0° to 360° whose 
tangent is: 


(a) 0.9728 (b) —2.3418 


(a) 44.21° and 224.21° 
(b) 113.12° and 293.12° 


22.3 The production of a sine and 
cosine wave 


In Fig. 22.11, let OR be a vector | unit long and 
free to rotate anticlockwise about O. In one revo- 
lution a circle is produced and is shown with 15° 
sectors. Each radius arm has a vertical and a hor- 
izontal component. For example, at 30°, the verti- 
cal component is TS and the horizontal component 
is OS. 
From trigonometric ratios, 


.., rs TS. ere 
sin30° = — = —, ie. TS =sin30 
TO 1 
and cos30° = a — &. ie. OS =cos30° 
TO 1 


The vertical component TS may be projected across 
to T'S’, which is the corresponding value of 30° on 
the graph of y against angle x°. If all such vertical 
components as 7'S are projected on to the graph, then 
a sine wave is produced as shown in Fig. 22.11. 
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If all horizontal components such as OS are pro- 
jected on to a graph of y against angle x°, then 
a cosine wave is produced. It is easier to visual- 
ize these projections by redrawing the circle with 
the radius arm OR initially in a vertical position as 
shown in Fig. 22.12. 

From Figs. 22.11 and 22.12 it is seen that a cosine 
curve is of the same form as the sine curve but is 
displaced by 90° (or 2/2 radians). 


22.4 Sine and cosine curves 
Graphs of sine and cosine waveforms 


i) A graph of y = sinA is shown by the broken 
line in Fig. 22.13 and is obtained by drawing 
up a table of values as in Section 22.1. A 
similar table may be produced for y = sin 2A. 


Ae 0 30 45 60 90 120 
2A 0 60 90 120 180 240 
sin2A 0 0.866 1.0 0.866 0 —0.866 


A 135 150 180 210 225 240 
2A 270 300 360 420 450 480 


| —0.866 0 0.866 1.0 0.866 


A 270 300 315 330 360 
2A 540 600 630 660 720 
sin2A} 0 0.866 0 


0.866 1.0 


A graph of y = sin 2A is shown in Fig. 22.13. 
Gi) A graph of y = sin 5A is shown in Fig. 22.14 
using the following table of values. 


30 60 90 120. 150 180 
15 30 45 60 75 90 


210 240 270 300 330 = 360 
105 120 135 150 165 180 
sin 3A 0.966 0.866 0.707 0.500 0.259 0 


(iii) A graph of y = cosA is shown by the broken 
line in Fig. 22.15 and is obtained by drawing 
up a table of values. A similar table may be 
produced for y = cos2A with the result as 
shown. 


(iv) A graph of y = cos 5A is shown in Fig. 22.16 
which may be produced by drawing up a table 
of values, similar to above. 
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270° Ae 


360° 


Figure 22.13 


Periodic time and period 


(i) Each of the graphs shown in Figs. 22.13 
to 22.16 will repeat themselves as angle A 
increases and are thus called periodic func- 
tions. 


270° 330° 


300° 360° 


0 90° 180° 
\ 


270° 360°? 


Figure 22.14 


Gi) y = sinA and y = cosA repeat themselves 
every 360° (or 27 radians); thus 360° is called 
the period of these waveforms. y = sin2A 
and y = cos2A repeat themselves every 180° 
(or z radians); thus 180° is the period of these 
waveforms. 


(iii) In general, if y = sinpA or y = cos pA 
(where p is a constant) then the period of the 
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y=sin 3A 


Figure 22.17 


Problem 5. Sketch y= 3sin2A from A = 0 
to A = 27 radians 


Amplitude = 3 and period = 27/2 = a rads (or 


180°) 
0 90° 180° ae 360° A? A sketch of y = 3 sin 2A is shown in Fig. 22.18. 
\ 7 y 
1.0 ‘7 


Figure 22.16 


A 


270° 


360° 


waveform is 360°/p (or 277/p rad). Hence if 
y = sin3A then the period is 360/3, i.e. 120°, 
and if y = cos4A then the period is 360/4, 
i.e. 90° 


-3 


Figure 22.18 
Amplitude 


Amplitude is the name given to the maximum or Problem 6. Sketch y = 4cos 2x from 
peak value of a sine wave. Each of the graphs shown x = 0° to x = 360° 
in Figs. 22.13 to 22.16 has an amplitude of +1 


(i.e. they oscillate between +1 and —1). However, 
if y = 4sinA, each of the values in the table is | Amplitude = 4 and period = 360°/2 = 180°. 
multiplied by 4 and the maximum value, and thus A cketch of y = 4cos 2x is shown in Fig. 22.19. 
amplitude, is 4. Similarly, if y = Scos2A, the 
amplitude is 5 and the period is 360°/2, i.e. 180° 


Problem 7. Sketch y = 2sin 3A over one 


Problem 4. Sketch y = sin3A between ace 


A=0O° and A = 360° 


Amplitude = 2; period = = — oes = 600° 
Amplitude = 1 and period = 360°/3 = 120° 5 3 


A sketch of y = sin3A is shown in Fig. 23.17. A sketch of y = 2sin 3A is shown in Fig. 22.20. 
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y=4cos 2x 


=2 sins 
y=2singA 


Figure 22.20 


Lagging and leading angles 


(i) 


(ii) 


(iii) 


(iv) 


A sine or cosine curve may not always start at 
0°. To show this a periodic function is repre- 
sented by y = sin(A +a) or y=cos(A+a) 
where @ is a phase displacement compared 
with y = sinA or y=cosA. 


By drawing up a table of values, a graph of 
y = sin(A — 60°) may be plotted as shown 
in Fig. 22.21. If y = sinA is assumed to 
start at O° then y = sin(A — 60°) starts 60° 
later (i.e. has a zero value 60° later). Thus 
y = sin(A — 60°) is said to lag y = sinA 
by 60° 

By drawing up a table of values, a graph of 
y = cos(A + 45°) may be plotted as shown 
in Fig. 22.22. If y = cosA is assumed to start 
at 0° then y = cos(A + 45°) starts 45° earlier 
(i.e. has a maximum value 45° earlier). Thus 
y = cos(A + 45°) is said to lead y = cosA 
by 45° 

Generally, a graph of y = sin(A — @) lags 
y = sinA by angle a, and a graph of 
y = sin(A + @) leads y = sinA by angle a. 


fo) 


0 90° 180? 270° 360° A 


Figure 22.22 


(v) A cosine curve is the same shape as a sine 
curve but starts 90° earlier, i.e. leads by 90°. 


Hence 


cosA = sin(A + 90°) 


Problem 8. 


A=0° to A = 360° 


Amplitude = 5 and period = 360°/1 = 360°. 


5sin(A + 30°) leads 5sinA by 30° (i.e. starts 30° 


earlier). 


A sketch of y = Ssin(A + 30°) is shown in 


Fig. 22.23. 


Problem 9. Sketch y = 7sin(2A — 27/3) in 


the range 0 < A < 360° 


Amplitude = 7 and period = 27/2 = z radians. 


Sketch y = 5 sin(A + 30°) from 
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Figure 22.23 


In general, y = sin(pt — a) lags y = sinpt by a/p, 
hence 7 sin(2A — 7/3) lags 7 sin2A by (7/3)/2, ie. 
z/6 rad or 30° 


A sketch of y = 7sin(2A — 7/3) is shown in 


Fig. 22.24. 
y 5 
n/6 y=7sin 2A 
y= 7sin (2A - 1/3) 
: Fs ~ r 
/ 
/ / 
f / 
0) 90° 180° 270° 360° A° 
m/2 nu: 3/2 2 
\ \ 
-7 ~ Ne 


Figure 22.24 


Problem 10. Sketch y = 2cos(wt — 377/10) 


over one cycle 


Amplitude = 2 and period = 27/w rad. 
2 cos(wt — 37/10) lags 2 cos wt by 377/10 seconds. 


A sketch of y = 2cos(wt — 37/10) is shown in 
Fig. 22.25. 


Now try the following exercise 


Exercise 85 Further problems on sine and 


cosine curves 


In Problems | to 7 state the amplitude and 


period of the waveform and sketch the curve 
between 0° and 360°. 


1. y=cos3A [1, 120°] 


37/10 rads 


y=2cos at 


y=2cos (wt 37/1 


i yi ban = (2, 144°] 
3. y=3sin4 (3, 90°] 
6 
4. y= 3cos 5 [3, 720°] 
5 en T 960° 
r = — sin — = 
a a 2’ 
6. y = 6sin(t — 45°) (6, 360°] 
7. y= 4cos(26 + 30°) [4, 180°] 


22.5 Sinusoidal form A sin(a@t + @) 


In Fig. 22.26, let OR represent a vector that is 
free to rotate anticlockwise about O at a veloc- 
ity of w rad/s. A rotating vector is called a pha- 
sor. After a time ¢ seconds OR will have turned 
through an angle wf radians (shown as angle TOR 
in Fig. 22.26). If ST is constructed perpendicular to 
OR, then sinwt = ST/OT, i.e. ST = OT sinat. 


Figure 22.26 


If all such vertical components are projected on 
to a graph of y against wt, a sine wave results of 
amplitude OR (as shown in Section 22.3). 
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If phasor OR makes one revolution (i.e. 27 
radians) in T seconds, then the angular velocity, 
@ = 2r/T rad/s, 


from which, T = 2x/o seconds 


T is known as the periodic time. 
The number of complete cycles occurring per 
second is called the frequency, f 


number of cycles 


Frequency = 
second 
1 o) 
=—=— Hz 
T 20 
@ 
1.e. = — Hz 
oe f 2x 


Hence angular velocity, 


Amplitude is the name given to the maximum 
or peak value of a sine wave, as explained in 
Section 22.4. The amplitude of the sine wave shown 
in Fig. 22.26 has an amplitude of 1. 

A sine or cosine wave may not always start at 
0°. To show this a periodic function is represented 
by y = sin(@t + a) or y = cos(@t +a), where a 
is a phase displacement compared with y = sinA 
or y = cosA. A graph of y = sin(wt — a) lags 
y = sinwt by angle a, and a graph of y = sin(wt + 
a) leads y = sinat by angle a. 

The angle wt is measured in radians 


: rad : 
| le. (0) (t s)=at radians 
S 


hence angle aw should also be in radians. 
The relationship between degrees and radians is: 


360° = 27 radians or| 180° = 7 radians 


180 
Hence | rad = —— = 57.30° and, for example, 
14 


7° =71 x —— = 1.239 rad 
180 


Summarising, given a general sinusoidal function 
y = Asin(ot + @), then: 


Gj) A = amplitude 
(ii) @ = angular velocity = 27 f rad/s 


2 
(iii) ee periodic time T seconds 
a) 
: 2) 
(iv) — = frequency, f hertz 
20 
(v) a = angle of lead or lag (compared with 
y = Asinat) 


Problem 11. An alternating current is given 


by i = 30sin(100zt + 0.27) amperes. Find 


the amplitude, periodic time, frequency and 
phase angle (in degrees and minutes) 


i= 30 sin(100zt+-0.27)A, hence amplitude = 30 A. 


Angular velocity w = 100z, hence 


20 20 1 


iodic ti T= = — = — 
periodic time, 7 l00m = 50 
= 0.02 s or 20 ms 
1 1 
F =—=——=50H 
requency, if 7002 0 Hz 


1 ° 
Phase angle, a = 0.27 rad = (0.27 x =) 
1 


= 15.47° or 15°28’ leading 
i= 30sin(100zt) 


Problem 12. An oscillating mechanism has 
a maximum displacement of 2.5 m and a 
frequency of 60 Hz. At time ¢ = 0 the 


displacement is 90 cm. Express the 
displacement in the general form 
Asin(a@t + a) 


Amplitude = maximum displacement = 2.5 m 
Angular velocity, @ = 27 f = 27(60) = 120z7 rad/s 
Hence displacement = 2.5 sin(120zt + a) m 


When t = 0, displacement = 90 cm = 0.90 m 


Hence, 0.90 = 2.5sin(0+ a) 
i.e. sina = lh = 0.36 
a5 
Hence a = sin7! 0.36 = 21.10° 


= 21°6' = 0.368 rad 


Thus, displacement = 2.5 sin(120zt + 0.368) m 
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(a) 


(b) 


(c) 


(d) 


Problem 13. The instantaneous value of 
voltage in an a.c. circuit at any time f seconds 
is given by v = 340 sin(50zt —0.541) volts. 
Determine the: 


(a) 


amplitude, periodic time, frequency and 
phase angle (in degrees) 


(b) 
(c) 
(d) 


value of the voltage when ¢ = 0 
value of the voltage when ¢ = 10 ms 


time when the voltage first reaches 
200 V, and 


time when the voltage is a maximum 


(e) 


Sketch one cycle of the waveform 


Amplitude = 340 V 


Angular velocity, w = 50z 
odie t T 20 20 1 
riodic tim =— = — = — 
De ees 50x 25 


= 0.04 s or 40 ms 


Hence 


1 
Frequency f = ao 


180 
Phase angle = 0.541 rad = | 0.541 x — 
Ms 


= 31° lagging v = 340 sin(50zr) 


When ¢t = 0, 
v = 340sin(0 — 0.541) 
= 340 sin(—31°) = —175.1 V 


When ¢t = 10 ms, 
. 10 
then v = 340sin | 5027 —~ — 0.541 
103 


= 340 sin(1.0298) 
= 340 sin 59° = 291.4 volts 


When v= 200 volts, 
then 200 = 340 sin(S50zt — 0.541) 


200 
34g = sin(S0mt — 0.541) 


200 
Hi 50zt — 0.541) = sin~' — 
ence (50z ) = sin 340 


= 36.03° or 0.6288 rad 


50t = 0.6288 + 0.541 


= 1.1698 
Hence when v = 200 V, 
1.1 
time, ¢ = pee = 7.447 ms 
507 


(e) When the voltage is a maximum, v = 340 V 
340 = 340 sin(SO0zt — 0.541) 
1 = sin(50zt — 0.541) 
50xt — 0.541 = sin7! 1 = 90° or 1.5708 rad 
502t = 1.5708 + 0.541 = 2.1118 
2.1118 
502 


A sketch of v = 340 sin(S0zt — 0.541) volts is 
shown in Fig. 22.27. 


Hence 


Hence time, t = = 13.44 ms 


Voltage v 


v= 340 sin (50nt— 0.541) 


v= 340 sin 50nt 


Figure 22.27 


Now try the following exercise 


Exercise 86 Further problems on the 
sinusoidal form A sin(a@t + a) 


In Problems 1 to 3 find the amplitude, peri- 
odic time, frequency and phase angle (stating 
whether it is leading or lagging sin wt) of the 
alternating quantities given. 


1. i= 40sin(SOnt + 0.29) mA 


i 0.04 s, 25 Hz, 0.29 rad 
(or 16°37’) leading 40 sin St 


2. y= 75sin(40t — 0.54) cm 
75cm, 0.1578, 6.37 Hz, 0.54 rad 
(or 30°56’) lagging 75 sin 40r 
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3. 


v = 300 sin(200zt — 0.412) V 


300 V, 0.01s, 100 Hz, 0.412 rad 
(or 23°36’) lagging 300 sin 200zt 


A sinusoidal voltage has a maximum 
value of 120 V and a frequency of 50 Hz. 
At time t = 0, the voltage is (a) zero, and 
(b) 50 V. 

Express the instantaneous voltage v in the 
form v = Asin(@t + a). 


(a) v = 120 sin 100zt volts 
(b) v = 120 sin(100zt + 0.43) volts 


An alternating current has a periodic time 
of 25 ms and a maximum value of 20 A. 
When time t = O, current i = —10 
amperes. Express the current i in the form 
i=Asin(wt +a). 


[i = 20sin (80x = =) amperes | 


An oscillating mechanism has a maximum 
displacement of 3.2 m and a frequency of 
50 Hz. At time t = 0 the displacement is 
150 cm. Express the displacement in the 
general form A sin(@t + @). 


[3.2 sin(1l0O0zt + 0.488) m] 


The current in an a.c. circuit at any time 
t seconds is given by: 


i = 5sin(100zt — 0.432) amperes 


Determine (a) the amplitude, periodic 
time, frequency and phase angle (in 
degrees) (b) the value of current at t = 0, 
(c) the value of current at ¢ = 8 ms, 
(d) the time when the current is first a 
maximum, (e) the time when the current 
first reaches 3A. 


Sketch one cycle of the waveform 
showing relevant points. 


(a) 5A, 20ms, 50 Hz, 
24°45’ lagging 

(b) —2.093 A 

(c) 4.363A 

(d) 6.375 ms 


(e) 3.423 ms 


22.6 Waveform harmonics 


Let an instantaneous voltage v be represented by 
v = Vmsin27 ft volts. This is a waveform which 
varies sinusoidally with time t, has a frequency f/f, 
and a maximum value V,,. Alternating voltages are 
usually assumed to have wave-shapes which are 
sinusoidal where only one frequency is present. If 
the waveform is not sinusoidal it is called a com- 
plex wave, and, whatever its shape, it may be split 
up mathematically into components called the fun- 
damental and a number of harmonics. This process 
is called harmonic analysis. The fundamental (or 
first harmonic) is sinusoidal and has the supply fre- 
quency, f; the other harmonics are also sine waves 
having frequencies which are integer multiples of 
jf. Thus, if the supply frequency is 50 Hz, then 
the third harmonic frequency is 150 Hz, the fifth 
250 Hz, and so on. 

A complex waveform comprising the sum of 
the fundamental and a third harmonic of about 
half the amplitude of the fundamental is shown 
in Fig. 22.28(a), both waveforms being initially in 
phase with each other. If further odd harmonic 
waveforms of the appropriate amplitudes are added, 


Complex 
waveform 


Complex 
waveform 
Fundamental y \- Fundamental 
: Ay 
pve Third A ay 
a 
0 


# \ harmonic 
fp apiv\\2 


a “4 


harmonic 


(a) (b) 


Complex Complex 
waveform waveform 
Fundamental 
\ Fundamental 
econd 
ss a -. Second eee 
Vs 2 ,~ 
i \/ Y harmonic aA 
\ 
\ 


Complex 


Complex 
waveform waveform 
ms Fundamental Fundamental 
Vv an y-- Second ey ar 
2 ; 
‘ Felis t J 
Ora t OR 
Pg ¥. ra ‘4 
Bw 
Third \ ie 
harmonic 


(e) 


Figure 22.28 
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a good approximation to a square wave results. In 
Fig. 22.28(b), the third harmonic is shown having 
an initial phase displacement from the fundamental. 
The positive and negative half cycles of each of 
the complex waveforms shown in Figs. 22.28(a) and 
(b) are identical in shape, and this is a feature of 
waveforms containing the fundamental and only odd 
harmonics. 

A complex waveform comprising the sum of 
the fundamental and a second harmonic of about 
half the amplitude of the fundamental is shown 
in Fig. 22.28(c), each waveform being initially in 
phase with each other. If further even harmonics of 
appropriate amplitudes are added a good approxi- 
mation to a triangular wave results. In Fig. 22.28(c), 
the negative cycle, if reversed, appears as a mirror 
image of the positive cycle about point A. In 


Fig. 22.28(d) the second harmonic is shown with 
an initial phase displacement from the fundamen- 
tal and the positive and negative half cycles are 
dissimilar. 

A complex waveform comprising the sum of 
the fundamental, a second harmonic and a third 
harmonic is shown in Fig. 22.28(e), each waveform 
being initially ‘in-phase’. The negative half cycle, if 
reversed, appears as a mirror image of the positive 
cycle about point B. In Fig. 22.28(f), a complex 
waveform comprising the sum of the fundamental, 
a second harmonic and a third harmonic are shown 
with initial phase displacement. The positive and 
negative half cycles are seen to be dissimilar. 

The features mentioned relative to Figs. 22.28(a) 
to (f) make it possible to recognise the harmonics 
present in a complex waveform. 
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Cartesian and polar co-ordinates 


23.1 Introduction 


There are two ways in which the position of a point 
in a plane can be represented. These are 


(a) by Cartesian co-ordinates, i.c. (x, y), and 


(b) by polar co-ordinates, i.e. (7, 0), where r is a 
‘radius’ from a fixed point and @ is an angle 
from a fixed point. 


23.2 Changing from Cartesian into 
polar co-ordinates 


In Fig. 23.1, if lengths x and y are known, then 
the length of r can be obtained from Pythagoras’ 
theorem (see Chapter 21) since OPQ is a right- 
angled triangle. 


Hence r= + y’) 


from which, 


Figure 23.1 
From trigonometric ratios (see Chapter 21), 


tand = 
x 


r= /x?+ y2 and6 = tan"! ~ are the two formulae 
x 


we need to change from Cartesian to polar co- 
ordinates. The angle 0, which may be expressed in 


degrees or radians, must always be measured from 
the positive x-axis, i.e. measured from the line OQ 
in Fig. 23.1. It is suggested that when changing from 
Cartesian to polar co-ordinates a diagram should 
always be sketched. 


Problem 1. 


Change the Cartesian 
co-ordinates (3, 4) into polar co-ordinates. 


A diagram representing the point (3, 4) is shown in 
Fig. 23.2. 


Figure 23.2 


From Pythagoras’ theorem, r = /3? + 42 = 5 (note 
that -—5 has no meaning in this’ con- 
text). By trigonometric ratios, @ = tan”! : 
53.13° or 0.927 rad [note that : 


53.13° = 53.13 x (7/180) rad = 0.927 rad.] 


Hence (3,4) in Cartesian co-ordinates corre- 
sponds to (5, 53.13°) or (5, 0.927 rad) in polar 
co-ordinates. 


Problem 2. Express in polar co-ordinates 


the position (—4, 3) 


A diagram representing the point using the Cartesian 
co-ordinates (—4, 3) is shown in Fig. 23.3. 


From Pythagoras’ theorem, r = /4? + 37 = 5 


By trigonometric ratios, a = tan~! $ = 36.87° or 
0.644 rad. 
Hence 6 = 180° — 36.87° = 143.13° 


or 6 = 7 — 0.644 = 2.498 rad. 
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U 
( 
Figure 23.3 
P 


Hence the position of point P in polar co-ordinate —_; 23.5 
form is (5, 143.13°) or (5, 2.498 rad). igure 23. 


Problem 3. Express (—5, —12) in polar Hence 6 = 360° — 68.20° = 291.80" 


co-ordinates. or 6 = 2m — 1.190 = 5.093 rad 
A sketch showing the position (—5, —12) is shown Thus (2, —5) in Cartesian co-ordinates corre- 
in Fig. 23.4, sponds to (5.385, 291.80°) or (5.385, 5.093 rad) 
p= VS 1D = 13 in polar co-ordinates. 


and a = tan! Ls = 67.38° or 1.176 rad. Now try the following exercise 


Hence 6 = 180° + 67.38° = 247.38 Exercise 87 Further problems on chang- 
or 6=27+4+1.176 = 4.318 rad. ing from Cartesian into polar 
co-ordinates 


In Problems | to 8, express the given Carte- 
sian co-ordinates as polar co-ordinates, correct 
to 2 decimal places, in both degrees and in 
radians. 


1. (3,5) 
[(5.83, 59.04° or (5.83, 1.03 rad)] 


2. (6.18, 2.35) 
[(6.61, 20.82° or (6.61, 0.36 rad)] 


I 
1 
j 
I 
i 
1 
| 
i 
! 
P 


Figure 23.4 ~ 4-24) 


[(4.47, 116.57° or (4.47, 2.03 rad)] 


Thus (—5, —12) in Cartesian co-ordinates corre- (—5.4, 3.7) 
sponds to (13, 247.38°) or (13, 4.318 rad) in polar . ees 
co-ordinates. [(6.55, 145.58° or (6.55, 2.54 rad)] 


~ 7, =3} 
Problem 4. Express (2, —5) in polar [(7.62, 203.20° or (7.62, 3.55 rad)] 
co-ordinates. 
. (74, =36) 


A sketch showing the position (2, —5) is shown in [(4.33, 236.31") or (4.33, 4.12 rad)} 
Fig. 23.5. . (5, —3) 


r= 1/24 52 = ./20 = 5,385 [(5.83, 329.04°) or (5.83, 5.74 rad)] 
correct to 3 decimal places . (9.6, —12.4) 


[(15.68, 307.75°) or (15.68, 5.37 rad)] 


5 
a = tan! a= 68.20° or 1.190 rad 
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23.3 Changing from polar into 
Cartesian co-ordinates 


From the right-angled triangle OPQ in Fig. 23.6. 


x : y 
cos? = — and sind = —, 
r r 


from trigonometric ratios 


ya 


Dd 
x =: 
pu----—\ 
=< 
x ¥ 


Figure 23.6 


If length r and angle 6 are known then x = rcos@ 
and y = rsin@ are the two formulae we need to 
change from polar to Cartesian co-ordinates. 


Problem 5. 
co-ordinates. 


Change (4, 32°) into Cartesian 


A sketch showing the position (4, 32°) is shown in 
Fig. 23.7. 
Now x=rcosé = 4cos32° = 3.39 


and = y=rsin@=4sin32° = 2.12 


Figure 23.7 


Hence (4, 32°) in polar co-ordinates corresponds 
to (3.39, 2.12) in Cartesian co-ordinates. 


Problem 6. Express (6, 137°) in Cartesian 


co-ordinates. 


A sketch showing the position (6, 137°) is shown in 
Fig. 23.8. 


x =rcos@ = 6cos 137° = —4.388 
which corresponds to length OA in Fig. 23.8. 
y=rsind = 6sin 137° = 4.092 


which corresponds to length AB in Fig. 23.8. 


! 
1 
t 
! 
1 
1 
n 
A 


Figure 23.8 


Thus (6, 137°) in polar co-ordinates corresponds 
to (—4.388, 4.092) in Cartesian co-ordinates. 


(Note that when changing from polar to Cartesian 
co-ordinates it is not quite so essential to draw 
a sketch. Use of x = rcos@ and y = rsin@é 
automatically produces the correct signs.) 


Problem 7. Express (4.5, 5.16 rad) in 


Cartesian co-ordinates. 


A sketch showing the position (4.5, 5.16 rad) is 
shown in Fig. 23.9. 


x = rcosé = 4.5cos 5.16 = 1.948 


which corresponds to length OA in Fig. 23.9. 


0=5.16 rad 


Figure 23.9 
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y=rsin@ = 4.5sin5.16 = —4.057 


which corresponds to length AB in Fig. 23.9. 


Thus (1.948, —4.057) in Cartesian co-ordinates 
corresponds to (4.5, 5.16 rad) in polar co- 
ordinates. 


23.4 Use of R — P and P —R 
functions on calculators 


Another name for Cartesian co-ordinates is rectan- 
gular co-ordinates. Many scientific notation calcu- 
lators possess R > P and P — R functions. The R 
is the first letter of the word rectangular and the P is 
the first letter of the word polar. Check the operation 
manual for your particular calculator to determine 
how to use these two functions. They make changing 
from Cartesian to polar co-ordinates, and vice-versa, 
so much quicker and easier. 


Now try the following exercise 


Exercise 88 Further problems on chang- 


ing polar into Cartesian co- 
ordinates 


In Problems | to 8, express the given polar 
co-ordinates as Cartesian co-ordinates, correct 
to 3 decimal places. 


1. 
2. 
3. 
4. 
>: 
6. 
he 
8. 


(5, 75°) 

(4.4, 1.12 rad) 
(7, 140°) 
(3.6, 2.5 rad) 
(10.8, 210°) 
(4, 4 rad) 
(1.5, 300°) 

(6, 5.5 rad) 


[(1.294, 4.830)] 
[(1.917, 3.960)] 
[(—5,362, 4.500)] 
[(—2.884, 2.154)] 
[(—9.353, —5.400)] 
[(—2.615, —3.207)] 
[(0.750, —1.299)] 
[(4.252, —4.233)] 
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distance to the building. Calculate also 
the angle of elevation at a point B, 20 m 
closer to the building than point A. (5) 


5. Evaluate, each correct to 4 significant 
Assignment 6 figures: (a) sin231.78° (b) cos 151°16' 
37 
(c) tan — (3) 
This assignment covers the material in : 
Chapters 21 to 23. The marks for each 6. Sketch the polleyyine curves labelling 
question are shown in brackets at the relevant Ions (a) uo 4cos(0 + 45°) 
end of each question. (b) y = 5 sin(2t — 60°) (6) 
7. Solve the following equations in the 
Fig. A6.1 shows a plan view of a kite ranee Oat 360° (a) sin"'(—0.4161) = x 
design. Calculate the lengths of the (b) cot” (2.4198) = 6 (6) 
dimensions shown as a andiby (4) 8. The current in an alternating current cir- 
In Fig. A6.1, evaluate (a) angle 0 cuit at any time t seconds is given by: 
(b) angle a (5) i = 120sin(100zt + 0.274) amperes. 
Determine the area of the plan view of Poco 
a kite shown in Fig. A6.1. (4) (a) the amplitude, periodic time, fre- 
quency and phase angle (with ref- 
erence to 120 sin 100zt) 
(b) the value of current when t = 0 
(c) the value of current when t = 6 ms 
(d) the time when the current first 
reaches 80 A 
Sketch one cycle of the oscillation. (17) 
9. Change the following Cartesian co- 
i en ordinates into polar co-ordinates, correct 
beaks aN to 2 decimal places, in both degrees and 
If the angle of elevation of the top of a Re 28) (6) 
25 m perpendicular building from point ip ae ae 
A is measured as 27°, determine the 10. Change the following polar co-ordinates 


into Cartesian co-ordinates, correct to 3 
decimal places: (a) (6.5, 132°) 
(b) (3, 3 rad) (4) 
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24 


Triangles and some practical 


applications 


24.1 Sine and cosine rules 


To ‘solve a triangle’ means ‘to find the values of 
unknown sides and angles’. If a triangle is right- 
angled, trigonometric ratios and the theorem of 
Pythagoras may be used for its solution, as shown 
in Chapter 21. However, for a non-right-angled tri- 
angle, trigonometric ratios and Pythagoras’ theorem 
cannot be used. Instead, two rules, called the sine 
rule and the cosine rule, are used. 


Sine rule 


With reference to triangle ABC of Fig. 24.1, the sine 
rule states: 


a b c 


snd sinB sinC 


A 
G b 
B a Cc 
Figure 24.1 


The rule may be used only when: 

(i) 1 side and any 2 angles are initially given, or 

(ii) 2 sides and an angle (not the included angle) 
are initially given. 


Cosine rule 


With reference to triangle ABC of Fig. 24.1, the 
cosine rule states: 


a* = b* +c? — 2becosA 


or b* =a? +c? — 2ac cosB 


or c? =a* +b? — 2abcosC 


The rule may be used only when: 


(i) 2 sides and the included angle are initially 
given, or 


(ii) 3 sides are initially given. 


24.2 Area of any triangle 


The area of any triangle such as ABC of Fig. 24.1 
is given by: 


i x base x perpendicular height, or 


hab sinC or hac sinB or tbe sin A, or 


Js(s —a)(s —b)(s —c), 


at+b+c 
2 


where s = 


24.3. Worked problems on the solution 


of triangles and their areas 


Problem 1. Ina triangle XYZ, ZX =51°, 
ZY = 67° and YZ = 15.2 cm. Solve the 


triangle and find its area 


The triangle XYZ is shown in Fig. 24.2. Since 
the angles in a triangle add up to 180°, then 
zZ = 180° — 51° — 67° = 62°. 


Applying the sine rule: 


52. Z 
sin51°_-sin67°_—s sin 62° 
15.2 


Using = and transposing gives: 


sin 51° 


sin 67° 
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Y x=15.2cm Z 
Figure 24.2 
15.2 sin 67° 
y= So = 18.00 cm = XZ 
sin 51° 
i 15.2 Zz ry a. 
sin — an ransposin es: 
mS sin51?  sin62° Peter 
15.2 sin 62° 
sg LOSING 819.97 Ga XY 
sin 51° 


Area of triangle XYZ = ixy sinZ 
= 4(15.2)(18.00) sin 62° = 120.8 cm? 
(or area = $xzsin Y = 4(15.2)(17.27) sin 67° 
= 120.8 cm’) 


It is always worth checking with triangle problems 
that the longest side is opposite the largest angle, and 
vice-versa. In this problem, Y is the largest angle and 
XZ is the longest of the three sides. 


Problem 2. Solve the triangle ABC given 


B= 78°51’, AC = 22.31 mm and AB = 
17.92 mm. Find also its area 


Triangle ABC is shown in Fig. 24.3. 


Figure 24.3 


Applying the sine rule: 


22.31 17.92 
sin78°51’ sinc 
faqs, wee Pe ange 
22.31 


Hence C = sin! 0.7881 = 52°0' or 128°0' (see 
Chapters 21 and 22). 


Since B = 78°51’, C cannot be 128°0’, since 
128°0' + 78°51’ is greater than 180°. 


Thus only C = 52°0! is valid. 


Angle A = 180° — 78°51/ — 52°0/ = 49°9' 
Applying the sine rule: 
a 22.31 
sin49°9’ sin 78°51’ 
from which, = ene, = 17.20 mm 
sin 78°51’ 


Hence A = 49°9’,C = 52°0/ and BC = 17.20 mm. 
Area of triangle ABC = Sac sin B 
= 4(17.20)(17.92) sin 78°51’ = 151.2 mm? 


Problem 3. Solve the triangle POR and find 
its area given that OR = 36.5 mm, 


PR = 29.6 mm and ZO = 36° 


Triangle POR is shown in Fig. 24.4. 
P 
q=29.6 mm 


a) 
Q p=36.5mm A 


Figure 24.4 


Applying the sine rule: 


29.6 36.5 
sin36° = sinP 
from which, sinP= as = 0.7248 
Hence P=sin | 0.7248 = 46°27' or 133°33’ 
When P=46°27' and O=36° 
then R = 180° — 46°27’ — 36° = 97°33’ 
When P= 133°33' and QO=36° 


then R = 180° — 133°33’ — 36° = 10°27’ 


Thus, in this problem, there are two separate sets 
of results and both are feasible solutions. Such a 
situation is called the ambiguous case. 


Case 1. P = 46°27’, O = 36°, R = 
p = 36.5 mm and q = 29.6 mm 


97°33’, 
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From the sine rule: 


r _ 29.6 
sin 97°33’ sin 36° 
from which, 2 POO SS 40 Oren 
sin 36° 
Area = $pqsinR = 5(36.5)(29.6) sin 97°33’ 
= 535.5 mm? 
Case 2. P = 133°33’, O = 36°, R = 10°27, 
p = 36.5 mm and q = 29.6 mm 
From the sine rule: 
r _ 29.6 
sin 10°27’ sin 36° 
29.6 sin 10°27’ 
hen which; ee re 
sin 36° 
Area = 4 pq sin R = 4(36.5)(29.6) sin 10°27’ 
= 97.98 mm? 


Triangle POR for case 2 is shown in Fig. 24.5. 


133°33’ 
Pf 


9.134mm 29.6mm 
S om al 


36° 10°27’ 


Figure 24.5 


Now try the following exercise 


on the 


Exercise 89 Further problems 
solution of triangles and their 
areas 


In Problems | and 2, use the sine rule to solve 
the triangles ABC and find their areas. 
1. A=29°, B= 68°, b= 27 mm. 
[© = 83°,a = 14.1 mm, c = 28.9 ms | 
area = 189 mm? 
2. B=71°26', C = 56°32’, b= 8.60 cm. 
is = 52°2’,c = 7.568 cm, 
a = 7.152 cm, area = 25.65 cm? 


In Problems 3 and 4, use the sine rule to solve 
the triangles DEF and find their areas. 


3. d=17cm, f = 22 cm, F = 26° 


i = 19°48’, E = 134°12’, 
e = 36.0 cm, area = 134 cm?” 
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4. d=32.6mm, e = 25.4mm, D = 104°22’ 
ia = 49°0', F = 26°38’, 
f = 15.08 mm, area = 185.6 mm? 


In Problems 5 and 6, use the sine rule to solve 
the triangles JKL and find their areas. 


5. j = 3.85 cm, k = 3.23 cm, K = 36° 


J = 44°29’, L = 99°31’, 1 = 5.420 cm, 
area = 6.132 cm* OR 

J = 135°31', L = 8°29’, 

1 = 0.810 cm, area = 0.916 cm? 


6. k=46 mm, / = 36 mm, L = 35° 


K =47°8', J = 97°52’, 

j = 62.2 mm, area = 820.2 mm* OR 
K = 132°52’, J = 12°8’, 

j = 13.19 mm, area = 174.0 mm? 


24.4 Further worked problems on the 
solution of triangles and their 
areas 


Problem 4. Solve triangle DEF and find its 


area given that EF = 35.0 mm, DE = 
25.0 mm and ZE = 64° 


Triangle DEF is shown in Fig. 24.6. 


D 


f= 25. e 
mm (~ 
Lh 


E d=35.0mm F 
Figure 24.6 


Applying the cosine rule: 
e? =d’ + f? —2df cosE 
ie.e” = (35.0)" + (25.0)* — [2(35.0)(25.0) cos 64°] 
= 1225 + 625 — 767.1 = 1083 
from which, e = 1083 = 32.91 mm 


Applying the sine rule: 


32.91 25.0 
sin64° sin F 
: . 25.0 sin 64° 
from which, sin F = ————— = 0.6828 


32.91 
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Thus LF = sin“' 0.6828 
= 43°4 or 136°56' 
F = 136°56 is not possible in this case since 


136°56' + 64° is greater than 180°. Thus only 
F = 43°4’ is valid. 


LD = 180° — 64° — 43°4 = 72°56’ 
Area of triangle DEF = zd fsinE 
= $(35.0)(25.0) sin 64° = 393.2 mm? 


Problem 5. A triangle ABC has sides 
a=9.0 cm, b= 7.5 cm and c = 6.5 cm. 


Determine its three angles and its area 


Triangle ABC is shown in Fig. 24.7. It is usual first 
to calculate the largest angle to determine whether 
the triangle is acute or obtuse. In this case the largest 
angle is A (i.e. opposite the longest side). 


A 


c=6.5cm b=7.5cm 


B a=9.0cm C 


Figure 24.7 


Applying the cosine rule: 
a’ = b’ +c” — 2becosA 
from which, 
2bccosA = b* +c? — a’ 
Pa? —¢@ 


and cosA = 
2be 
7.57 + 6.52 — 9.02 
= —___——_ = 0.1795 
2(7.5)(6.5) 


Hence A = cos! 0.1795 = 79.66° (or 280.33°, 
which is obviously impossible). The triangle is thus 
acute angled since cosA is positive. (If cosA had 
been negative, angle A would be obtuse, i.e. lie 
between 90° and 180°). 


Applying the sine rule: 


90 75 
sin79.66°  sinB 
7.5 sin 79.66° 


= 0.8198 
9.0 


from which, sin B = 
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B = sin! 0.8198 = 55.06° 
and C = 180° — 79.66° — 55.06° = 45.28° 


Area = 4/s(s — a)(s — b)(s — c), where 


a+b+c 90+7.5+6.5 
s=— =? Som 


Hence 


Hence 


area = \/11.5(11.5—9.0)(11.5—7.5)(11.5 — 6.5) 
= \/11.5(2.5)(4.0)(5.0) = 23.98 cm? 


Alternatively, 
area = SabsinC = $(9.0)(7.5) sin 45.28 
= 23.98 cm? 
Problem 6. Solve triangle XYZ, shown in 


Fig. 24.8, and find its area given that 
Y = 128°, XY =7.2 cm and YZ = 4.5 cm 


x 


y 
z=7.2cm 
ys 


Z 
x=4.5cm 


Figure 24.8 


Applying the cosine rule: 
y =x +2? —2xzcosY 
= 4.57 +. 7.2? — [2(4.5)(7.2) cos 128°] 
= 20.25 + 51.84 — [—39.89] 
= 20.25 + 51.84 + 39.89 = 112.0 
y= V112.0 = 10.58 cm 
Applying the sine rule: 


10.58 7.2 
sin128°_ sinZ 
from which, sinZ = ane = 0.5363 
10.58 


Hence Z = sin! 0.5363 = 32.43° (or 147.57° 
which, here, is impossible). 


X = 180° — 128° — 32.43° = 19.57° 
Area = 3xzsin Y = 4(4.5)(7.2) sin 128° 
= 12.77 cm’ 
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Now try the following exercise 


Exercise 90 Further problems on_ the 
solution of triangles and their 
areas 


In Problems 1 and 2, use the cosine and sine 
rules to solve the triangles PQR and find their 
areas. 


1. g=12cm,r=16cm, P= 54° 


p = 13.2 cm, Q = 47.35°, 
R= 78.65°, area = 77.7 cm? 


2. q=3.25 m,r=4.42 m, P = 105° 
p = 6.127 m, O = 30.82°, 


R = 44.18°, area = 6.938 m? 


In Problems 3 and 4, use the cosine and sine 
rules to solve the triangles XYZ and find their 
areas. 


3. x=10.0 cm, y = 8.0 cm, z= 7.0 cm. 
[* = 83.33°, Y = 52.62°,Z = ak | 
area = 27.8 cm? 
4. x=21 mm, y= 34 mm, z= 42 mm. 


[7 = 29.77°, Y = 53.52°,Z = fee | 
area = 355 mm? 


24.5 Practical situations involving 
trigonometry 


There are a number of practical situations where 
the use of trigonometry is needed to find unknown 
sides and angles of triangles. This is demonstrated 
in the following worked problems. 


Problem 7. A room 8.0 m wide has a span 
roof which slopes at 33° on one side and 40° 


on the other. Find the length of the roof 
slopes, correct to the nearest centimetre 


A section of the roof is shown in Fig. 24.9. 


B 


A ae 


8.0m 


Figure 24.9 
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Angle at ridge, B = 180° — 33° — 40° = 107° 
From the sine rule: 
8.0 a 
sin 107° ~ sin 33° 
from which, ee ee 
sin 107° 
Also from the sine rule: 
8.0 Cc 
sin 107° ~ sin 40° 
from which, _ On Sa 
sin 107° 


Hence the roof slopes are 4.56 m and 5.38 m, 
correct to the nearest centimetre. 


Problem 8. A man leaves a point walking 


at 6.5 km/h in a direction E 20° N (i.e. a 
bearing of 70°). A cyclist leaves the same 
point at the same time in a direction E 40° S 


(i.e. a bearing of 130°) travelling at a 
constant speed. Find the average speed of the 
cyclist if the walker and cyclist are 80 km 
apart after 5 hours 


After 5 hours the walker has travelled 5 x 6.5 = 
32.5 km (shown as AB in Fig. 24.10). If AC is 
the distance the cyclist travels in 5 hours then 
BC = 80 km. 


Figure 24.10 


Applying the sine rule: 


80 32.5 
sin60°_sinC 
from which, sinC = = = 0.3518 


Hence C = sin '0.3518 = 20.60° (or 159.40”, 
which is impossible in this case). 
B = 180° — 60° — 20.60° = 99.40°. 
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Applying the sine rule again: 


80 ob 
sin60° sin 99.40° 

from which, ei SS cea SV 
sin 60° 


Since the cyclist travels 91.14 km in 5 hours then 


dist 1.14 
istance _ “ =18.23 km/h 


average speed = — 
time 


Problem 9. Two voltage phasors are shown 
in Fig. 24.11. If V; = 40 V and V2 = 100 V 
determine the value of their resultant (i.e. 
length OA) and the angle the resultant makes 
with V; 


Figure 24.11 


Angle OBA = 180° — 45° = 135° 
Applying the cosine rule: 
OA? = Vi + V3 — 2V1V2c0s OBA 

= 407 + 1007 — {2(40)(100) cos 135°} 
= 1600 + 10000 — {—5657} 
= 1600 + 10000 + 5657 = 17257 

The resultant 

OA = V17257 = 131.4 V 
Applying the sine rule: 


1314 100 
sin135° sin AOB 
from which, sinAOB = —S = 0.5381 


Hence angle AOB = sin! 0.5381 = 32.55° (or 
147.45°, which is impossible in this case). 


Hence the resultant voltage is 131.4 volts at 
32.55° to Vy 


Problem 10. In Fig. 24.12, PR represents 
the inclined jib of a crane and is 10.0 m 


long. PQ is 4.0 m long. Determine the 
inclination of the jib to the vertical and the 
length of tie OR 


Figure 24.12 


Applying the sine rule: 


PR _ PQ 
sin120°_ sinR 
POsi 5 
from which, sinR = ofc 
PR 
(4.0) sin 120° 
= ————_ = 0.3464 
10.0 


Hence ZR = sin ' 0.3464 = 20.27° (or 159.73°, 
which is impossible in this case). 


ZP = 180° — 120° — 20.27° = 39.73°, which is the 
inclination of the jib to the vertical. 


Applying the sine rule: 


10.0 OR 
sin 120° sin 39.73° 
10.0 sin 39.73° 
from which, length of tie, QR = ———-—-— 
sin 120° 
= 7.38 m 


Now try the following exercise 


Exercise 91. Further problems on_prac- 
tical situations involving tri- 
gonometry 


1. A ship P sails at a steady speed of 
45 km/h in a direction of W 32° N (i.e. a 
bearing of 302°) from a port. At the same 
time another ship Q leaves the port at a 
steady speed of 35 km/h in a direction N 
15° E (ve. a bearing of 015°). Determine 
their distance apart after 4 hours. 


[193 km] 
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Two sides of a triangular plot of land 
are 52.0 m and 34.0 m, respectively. If 
the area of the plot is 620 m?* find 
(a) the length of fencing required to 
enclose the plot and (b) the angles of the 
triangular plot. 


[(a) 122.6 m (b) 94.82°, 40.65°, 44.53°] 


A jib crane is shown in Fig. 24.13. If the 
tie rod PR is 8.0 long and PQ is 4.5 m 
long determine (a) the length of jib RQ 
and (b) the angle between the jib and the 
tie rod. [(a) 11.4 m_  (b) 17.55°] 


Figure 24.13 


A building site is in the form of a 
quadrilateral as shown in Fig. 24.14, and 
its area is 1510 m*. Determine the length 
of the perimeter of the site. 


[163.4 m] 


28.5 m 


\w) 
34.6 m 
52.4m > 


Figure 24.14 


Determine the length of members BF and 
EB in the roof truss shown in Fig. 24.15. 


[BF = 3.9 m, EB=4.0 m] 


E 
4m 4m 
2.5m y . 
rape ” 


A 5m B 5m C 


Figure 24.15 
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6. A laboratory 9.0 m wide has a span roof 
that slopes at 36° on one side and 44° 
on the other. Determine the lengths of the 
roof slopes. [6.35 m, 5.37 m] 


7. PQ and QR are the phasors representing 
the alternating currents in two branches 
of a circuit. Phasor PQ is 20.0 A and is 
horizontal. Phasor QR (which is joined to 
the end of PQ to form triangle PQR) is 
14.0 A and is at an angle of 35° to the 
horizontal. Determine the resultant phasor 
PR and the angle it makes with phasor PQ 


[32.48 A, 14.32°] 


24.6 Further practical situations 
involving trigonometry 


Problem 11. A vertical aerial stands on 
horizontal ground. A surveyor positioned due 
east of the aerial measures the elevation of 
the top as 48°. He moves due south 30.0 m 
and measures the elevation as 44°. Determine 
the height of the aerial 


In Fig. 24.16, DC represents the aerial, A is the ini- 
tial position of the surveyor and B his final position. 


From triangle ACD, tan48° = AC’ from which 
_ DC 
~~ tan 48° 


Figure 24.16 


DC 


Similarly, from triangle BCD, BC = ——— 
tan 44° 
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For triangle ABC, using Pythagoras’ theorem: 


BC? = AB? + AC? 


DC \? ‘ pe \? 
(——) es a (“) 


) = 30.07 


: 1 1 
tan? 44° tan? 48° 
DC? (1.072323 — 0.810727) = 30.07 


> 30.07 


— ——__ = 3440.4 
0.261596 ~ 


Hence, height of aerial, DC = /3340.4 


(a) 


= 58.65 m. 


Problem 12. A crank mechanism of a petrol 
engine is shown in Fig. 24.17. Arm OA is 
10.0 cm long and rotates clockwise about 0. 
The connecting rod AB is 30.0 cm long and 
end B is constrained to move horizontally 


A 
30.0 as, 
C\ 


B 


Figure 24.17 


(a) For the position shown in Fig. 24.17 
determine the angle between the 
connecting rod AB and the horizontal 
and the length of OB. 


How far does B move when angle AOB 
changes from 50° to 120°? 


Applying the sine rule: 


AB AO 
sin50°—sinB 
from which, sinB= aa 
AB 
10.0 sin 50° 
= ———— _ = 0.2553 
30.0 


Hence B = sin! 0.2553 = 14.78° (or 165.22°, 
which is impossible in this case). 


Hence the connecting rod AB makes an 
angle of 14.78° with the horizontal. 


Angle OAB = 180° — 50° — 14.78° = 115.22° 


Applying the sine rule: 


30.0 OB 
sin50°. sin 115.22° 
.Osin 115.22° 
from which, bp 
sin 50° 
= 35.43 cm 


(b) Figure 24.18 shows the initial and final posi- 
tions of the crank mechanism. In triangle 


OA’B', applying the sine rule: 


30.0 ‘10.0 
sin 120° sin A’B’O 
10.0 sin 120° 
fi hich, sin A’B'O = ———_—_— 
rom wnic sin 30.0 
= 0.2887 


Figure 24.18 


Hence A’B’O = sin! 0.2887 = 16.78° (or 
163.22° which is impossible in this case). 


Angle OA'B’ = 180° — 120° — 16.78° = 43.22° 


Applying the sine rule: 


30.0 _ OB’ 
sin 120° sin 43.22° 
.0 sin 43.22° 
from which, OB’ = a Os : 
sin 120° 
= 23.72 cm 
Since OB = 35.43 cm and OB’ = 23.72 cm 
then 
BB' = 35.43 — 23.72 = 11.71 cm 


Hence B moves 11.71 cm when angle AOB 
changes from 50° to 120° 


Problem 13. 
form of a quadrilateral ABCD as shown in 
Fig. 24.19. Determine its area 


The area of a field is in the 
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Figure 24.20 


5. A surveyor, standing W 25° S of a tower 

measures the angle of elevation of the top 
Figure 24.19 of the tower as 46°30’. From a position 
E 23° S from the tower the elevation of 
the top is 37°15’. Determine the height of 
the tower if the distance between the two 
observations is 75 m. [36.2 m] 


A diagonal drawn from B to D divides the quadri- 
lateral into two triangles. 


Area of qpedniniers ene? 6. Calculate, correct to 3 significant figures, 
= area of triangle ABD + area of triangle BCD the co-ordinates x and y to locate the hole 
= $(39.8)(21.4) sin 114° + 4(42.5)(62.3) sin 56° cenmiciat Fy Showal at Eley aten 


= 69.3 mm, y = 142 mm 
= 389.04 + 1097.5 = 1487 m2 Me : 


Now try the following exercise 


Exercise 92. Further problems on_ prac- 
tical situations involving tri- 
gonometry 


1. Three forces acting on a fixed point are 
represented by the sides of a triangle of 
dimensions 7.2 cm, 9.6 cm and 11.0 cm. 
Determine the angles between the lines of 


action and the three forces. Figure 24.21 
[80.42°, 59.38°, 40.20°] 
2. A vertical aerial AB, 9.60 m high, stands 7. An idler gear, 30 mm in diameter, has 


to be fitted between a 70 mm diameter 
driving gear and a 90 mm diameter driven 
gear as shown in Fig. 24.22. Determine 
the value of angle 6 between the centre 
lines. [130°] 


on ground which is inclined 12° to the 
horizontal. A stay connects the top of the 
aerial A to a point C on the ground 10.0 m 
downhill from B, the foot of the aerial. 
Determine (a) the length of the stay, and 
(b) the angle the stay makes with the 
ground. [(a) 15.23 m_ (b) 38.07°] 


3. A reciprocating engine mechanism is 
shown in Fig. 24.20. The crank AB is | fo >" 
12.0 cm long and the connecting rod BC 
is 32.0 cm long. For the position shown 
determine the length of AC and the angle 99.78mm 9g 
between the crank and the connecting rod. 


[40.25 cm, 126.05°] 


4. From Fig. 22.20, determine how far C 
moves, correct to the nearest millimetre 
when angle CAB changes from 40° to 
160°, B moving in an anticlockwise Figure 24,22 
direction. [19.8 cm] 
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Trigonometric identities and equations 


25.1 Trigonometric identities 


A trigonometric identity is a relationship that is 
true for all values of the unknown variable. 


sin 0 cos 0 1 
tan@ = , cotdé= —, secO= 
cos @ ng osé 
1 1 
cosec 0 = —— and cot@ = —— 
sin 6 tan 0 


are examples of trigonometric identities from 
Chapter 21. 

Applying Pythagoras’ theorem to the right-angled 
triangle shown in Fig. 25.1 gives: 


CLP He (1) 


ES 
a ~ 


a 


Figure 25.1 


Dividing each term of equation (1) by c? gives: 
Con ee 


foe C2 C2 


(cos 6)* + (sin@) = 1 
cos” 6 + sin? 6 = 1 (2) 


Dividing each term of equation (1) by a? gives: 
ae Yr << 


Hence 


b\? c\2 
i.e. 1+ (2) = (<) 
a a 
Hence 1+ tan’ 6= sec’6 (3) 


Dividing each term of equation (1) by b? gives: 


2 
a b C2. 


i (S41) 
cot? 6+ 1= cosec? 6 (4) 


Equations (2), (3) and (4) are three further examples 
of trigonometric identities. 


Hence 


25.2 Worked problems on 
trigonometric identities 


Problem 1. 


Prove the identity 
sin? @cot @ sec @ = sind 


With trigonometric identities it is necessary to start 
with the left-hand side (LHS) and attempt to make it 
equal to the right-hand side (RHS) or vice-versa. It 
is often useful to change all of the trigonometric 
ratios into sines and cosines where possible. Thus 


LHS = sin? 6 cot @ sec 0 


2 cos 0 1 
= sin’ 0 - 
sind cosé 


= sin@ (by cancelling) = RHS 


Problem 2. Prove that: 
tan x + secx 


LHS = 
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sinx + 1 


COS X 


~ ( 1 ) | (= 
1+ 
cosx cos x 


sinx + 1 
COs x 


( d ) t+ sina 
cos x 


COS X 


sinx + 1 
cosx 1+ sinx 


II 


ee) 


= | (by cancelling) = RHS 


Problem 3. 


Prove that: 


14 cos 0 
LHS — 1+ cot =. Se 
1+ tané sin 0 
1+ 
cos 0 


1+cotO _ 
1+tano 


cotd 


6 


sin@ + cos@ 


sin 8 


~ cos@+ sind 


cos 0 


_ sin@ + cos@ cos 0 
_ sin@ cos@ + sind 


cos 0 
= — =coté = RHS 
sind 


Problem 4. Show that: 


cos? 6 — sin? @ = 1 — 2sin?6 


From equation (2), cos? 6+ sin? 6 = 1, from which, 


cos? @ = 1 — sin?6 


Hence, LHS = cos*6— sin?6 


= (1 — sin’ 6) — sin’ 0 


= 1-—sin’ 6 —sin’6 


= 1—2sin? 6 = RHS 


Problem 5. 
1 —sinx 


Prove that: 


= secx — tanx 


1+ sinx 


1 — sinx 
LHS = (i ——— 
1+ sinx 
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_ (1 — sinx)(1 — sin x) 
~ Ve (1+ sinx)(1 — sinx) 


(1 — sinx)” 
(1 — sin? x) 


Since cos? x + sin’ x = 1 then 1 — sin? x = cos? x 


in y)2 2 aN 
LHS = (i — sin x) = (1 — sinx) 
(1—sin?x) \Y  cos?x 


_ l-sinx 1 


COS X 


sin x 


COS X COS X 


= secx — tanx = RHS 
Now try the following exercise 
Exercise 93 Further problems on trigono- 


metric identities 


Prove the following trigonometric identities: 


sinx cotx = cosx 
1 


V1 — cos @ 


= cosec 0 


2cos?A — 1 =cos?A — sin® A 
cosx — cos? x : 
—————— = sinx cos x 
sinx 


(1 + cot)? + (1 — cot 6)? = 2 cosec? 8 


sin” x(sec x + cosec x) 
=1+tanx 


cos x tan x 


25.3 Trigonometric equations 


Equations which contain trigonometric ratios are 
called trigonometric equations. There are usu- 
ally an infinite number of solutions to such equa- 
tions; however, solutions are often restricted to those 
between 0° and 360°. A knowledge of angles of any 
magnitude is essential in the solution of trigonomet- 
ric equations and calculators cannot be relied upon 
to give all the solutions (as shown in Chapter 22). 
Figure 25.2 shows a summary for angles of any 
magnitude. 
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180° 
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90° 


Sine 
(and cosecant) 
positive 


All positive 


360° 


Tangent Cosine 
(and cotangent) (and secant) 
positive positive 


270° 


Figure 25.2 


Equations of the type a sin*?A +b sinA +c = 0 


(i) 


(ii) 


(iii) 


(iv) 


When a = 0, bsinA +c = 0, hence 
1 c 


sinA = 5 and A = sin™ 


There are two values of A between 0° and 
360° that satisfy such an equation, provided 


-l< ; < 1 (see Problems 6 to 8). 


When b = 0, asin? A + c = 0, hence 
ne) Cc Cc 
sin’ A = ——, sinA = ,/—— and 
a a 
c 
Aj=sn!,/== 
a 


If either a or c is a negative number, then the 
value within the square root sign is positive. 
Since when a square root is taken there is a 
positive and negative answer there are four 
values of A between 0° and 360° which 
satisfy such an equation, provided 


-l< is < 1 (see Problems 9 and 10). 
a 


When a, b and ¢ are all non-zero: 

asin’A + bsinA +c = 0 is a quadratic 
equation in which the unknown is sinA. The 
solution of a quadratic equation is obtained 
either by factorising (if possible) or by using 
the quadratic formula: 


—b + Vb? — 4ac 
2a 


sinA = 


(see Problems 11 and 12). 


Often the trigonometric identities 
cos? A + sin?A = 1, 1 + tan? A = sec? A and 
cot?A + 1 = cosec?A need to be used to 


reduce equations to one of the above forms 
(see Problems 13 to 15). 


25.4 Worked problems (i) on 
trigonometric equations 


Problem 6. Solve the trigonometric 


equation: 5 sin@ + 3 = 0 for values of 6 from 
0° to 360° 


5sin@ + 3 = 0, from which 
sind = —3/5 = —0.6000 


y=sind 


216,87° 323.13° 


Figure 25.3 


Hence 6 = sin !(—0.6000). Sine is negative in 
the third and fourth quadrants (see Fig. 25.3). The 
acute angle sin '(0.6000) = 36.87° (shown as a@ in 
Fig. 25.3(b)). 

Hence 6 = 180° + 36.87°, i.e. 216.87° or 
6 = 360° — 36.87°, i.e. 323.13° 


Problem 7. Solve: 1.5 tanx — 1.8 = O for 


0° < x < 360° 


1.5tanx — 1.8 = 0, from which 


t a 1.2000 
anx = — = 1. 
1.5 


Hence x = tan7! 1.2000 


Tangent is positive in the first and third quadrants 
(see Fig. 25.4). 


The acute angle tan~! 1.2000 = 50.19°. 
Hence, x = 50.19° or 180° + 50.19° = 230.19° 
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3. 4(2.32 —5.4cotr) =0 
[t = 66.75° or 246.75°] 


25.5 Worked problems (ii) on 
trigonometric equations 


Problem 9. Solve: 2 — 4cos* A = 0 for 


values of A in the range 0° < A < 360° 


2 
Figure 25.4 2 —4cos? A = 0, from which cos? A = i= 0.5000 


Hence cosA = V0.5000 = +0.7071 and 
Problem 8. Solve: 4sect = 5 for values of A =cos~! (40.7071) 


t between 0° and 360° ene sean 
Cosine is positive in quadrants one and four and neg- 


ative in quadrants two and three. Thus in this case 
4sect = 5, from which sect = 3 = 1.2500 there are four solutions, one in each quadrant (see 
Hence ¢ = sec—! 1.2500 Fig. 25.6). The acute angle cos”! 0.7071 = 45°. 


Hence A = 45°, 135°, 225° or 315° 


Problem 10. Solve: 5 cot” y = 1.3 for 


0° < y < 360° 


Figure 25.5 


Secant (= 1/cosine) is positive in the first and 5 cot” y = 1.3, from which, cot” y = 2(1.3) = 2.6 
fourth quadrants (see Fig. 25.5). The acute angle 
sec’! 1.2500 = 36.87°. Hence 


t = 36.87° or 360° — 36.87° = 323.13° 


Now try the following exercise 


Exercise 94 Further problems on trigono- 
metric equations 


Solve the following equations for angles 
between 0° and 360° 


1. 4—7sind=0 
[9 = 34.85° or 145.15°] 


2. 3cosecA+5.5=0 
[A = 213.05° or 326.95°] Figure 25.6 
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Hence cot y = J/2.6 = +1.6125, and 

y = cot! (+1.6125). There are four solutions, one 
in each quadrant. The acute angle 

cot~! 1.6125 = 31.81°. 


Hence y = 31.81°,148.19°, 211.81° or 328.19° 


Now try the following exercise 


Exercise 95 Further problems on trigono- 
metric equations 


Solve the following equations for angles 
between 0° and 360° 


1. Ssin?y =3 


Bs = 50.77°, 129.23°, 
230.77° or 309.23° 
2. 5+3cosec* D = 8 
[D = 90° or 270°] 
3. 2cot?0=5 
[6 = 32.32°, 147.68°, 
212.32° or 327.68°] 


25.6 Worked problems (iii) on 
trigonometric equations 


Problem 11. Solve the equation: 


8sin? 0+ 2sind—1= 0, for all values of 0 
between 0° and 360° 


Factorising 8 sin’ 6 + 2 sin@ — 1 = 0 gives 

(4siné — 1)(2sind+ 1)=0 

Hence 4 sin@ — 1 = 0, from which, 

sin? = 7 = 0.2500, or 2sin@ + 1 = 0, from which, 
sind = —5 = —0.5000 


(Instead of factorising, the quadratic formula can, 


of course, be used). 9 = sin’!0.250 = 14.48° 
or 165.52°, since sine is positive in the first and 


second quadrants, or 0 = sin’ '(—0.5000) = 210° or 
330°, since sine is negative in the third and fourth 
quadrants. Hence 


6 = 14.48", 165.52°, 210° or 330° 


Problem 12. Solve: 


6 cos? 6+ 5cos6 — 6 = 0 for values of 0 
from 0° to 360° 


JNTUWORLD 


Factorising 6 cos” 6 + 5cos 6 — 6 = 0 gives 
(3 cos@ — 2)(2cos8 + 3) = 0. 


Hence 3 cos@ — 2 = 0, from which, 

cos§ = 5 = 0.6667, or 2cos@+3 = 0, from which, 
cos 0 = —3 = —1.5000 

The minimum value of a cosine is —1, hence the lat- 


ter expression has no solution and is thus neglected. 
Hence 


6 = cos! 0.6667 = 48.18° or 311.82° 


since cosine is positive in the first and fourth quad- 
rants. 


Now try the following exercise 
Exercise 96 Further problems on trigono- 
metric equations 


Solve the following equations for angles 
between 0° and 360° 


1. 15sin?A+sinA—2=0 
E = 19.47°, yaa 


203.58° or 336.42° 


8 tan? 6+ 2tand = 15 
[5 = 51.33°, | 
231.33° or 303.68° 


2 cosec? t — 5cosect = 12 
[t = 14.48°, 165.52°, 221.82° or 318.187] 


25.7 Worked problems (iv) on 


trigonometric equations 


Problem 13. Solve: 5cos?¢+3sint—-3=0 


for values of t from 0° to 360° 


Since cos? ¢ + sin? t = 1, cos?¢ = 1 — sin? t. 


Substituting for cost in 5 cos*t + 3sint —3 = 0 
gives 
5(1 — sin? 1) +3sint—3=0 
5 —5sin’t + 3sint—3 =0 
—Ssin’t+3sint+2=0 


5sin?t —3sint -2=0 
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Factorising gives (5 sint + 2)(sint — 1) = 0. Hence 
5 sint+2 = 0, from which, sint = —2 = —0.4000, 
or sint — 1 = 0, from which, sint = 1. 

t = sin'(—0.4000) = 203.58° or 336.42°, since 
sine is negative in the third and fourth quadrants, or 
t = sin! 1 = 90°. Hence 


t = 90°, 203.58° or 336.42° 


as shown in Fig. 25.7. 


y=sint 


203.58° 336.42° 


Figure 25.7 


Problem 14. Solve: 18sec? A — 3 tanA = 21 


for values of A between 0° and 360° 


1+ tan?A = sec? A. Substituting for sec? A in 
18 sec? A — 3tanA = 21 gives 


18(1 + tan? A) — 3tanA = 21 


ie. 18+ 18tan?A —3tanA —21=0 
18 tan? A — 3tanA —3 =0 


Factorising gives (6tanA — 3)3tanA+1)=0 
Hence 6tanA — 3 = 0, from which, 

tanA = 2 = 0.5000 or 3 tanA + 1 = 0, from which, 
tanA = —} = —0.3333. Thus A = tan™! (0.5000) = 
26.57° or 206.57°, since tangent is positive in the 
first and third quadrants, or A = tan~!(—0.3333) = 
161.57° or 341.57°, since tangent is negative in the 
second and fourth quadrants. Hence 


A = 26.57°, 161.57°, 206.57° or 341.57° 


Problem 15. Solve: 3 cosec?@ —5 = 4cot@ 


in the range 0 < 6 < 360° 


cot?@ + 1 = cosec” 6. Substituting for cosec* 6 in 
3 cosec* 6 — 5 = 4coté gives: 
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3(cot” 6+ 1)—5 = 4coté 
3cot?@+3—5=4cotd 
3 cot? @— 4cot@ -2=0 


Since the left-hand side does not factorise the 
quadratic formula is used. 


~(-4) + JEP = 4D 


Thus, cot?= 
2(3) 
_ 4+ /16+ 24 _ 4+ /40 
7 6 6 
10.3246 2.3246 
— G or — —— 


Hence cot@ = 1.7208 or —0.3874, 

6 = cot! 1.7208 = 30.17° or 210.17°, since cotan- 
gent is positive in the first and third quadrants, or 
6 = cot~!(—0.3874) = 111.18° or 291.18°, since 
cotangent is negative in the second and fourth quad- 
rants. 


Hence, 6 = 30.17°, 111.18", 210.17° or 291.18° 


Now try the following exercise 
Exercise 97 Further problems on trigono- 


metric equations 


Solve the following equations for angles 
between 0° and 360° 
1. 12sin’?6—6=cos@ 
5 = 48.18°, 138.58°, 
221.42° or 311.82° 
16secx —2 = 14tan?x 
[x = 52.93° or 307.07°] 
4cot? A — 6cosecA +6 =0 
[A = 90°] 
Ssect + 2tan?t = 3 
[t = 107.83° or 252.17°] 


2.9cos*a—7sina+1=0 
[a = 27.83° of 152.177] 


3 cosec* B = 8 — 7cot B 


B = 60.17°, 161.02°, 
240.17° or 341.02° 
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Compound angles 


26.1 Compound angle formulae 


An electric current i may be expressed as 
i = 5sin(wt — 0.33) amperes. Similarly, the dis- 
placement x of a body from a fixed point can be 
expressed as x = 10sin(2t + 0.67) metres. The 
angles (wt — 0.33) and (2t + 0.67) are called com- 
pound angles because they are the sum or difference 
of two angles. 

The compound angle formulae for sines and 
cosines of the sum and difference of two angles A 
and B are: 


sin(A + B) = sinAcosB+cosAsinB 
sin(A — B) = sinAcos B — cosA sinB 
cos(A + B) = cosAcosB — sinAsinB 
cos(A — B) = cosAcosB+ sinA sinB 


(Note, sin(A+ B) is not equal to (sinA+ sin B), and 
sO on.) 

The formulae stated above may be used to derive 
two further compound angle formulae: 


tanA + tanB 
tan(A + B) = ——————— 

1 —tanAtanB 

tanA — tanB 
tan(A — B) = 


1+tanAtanB 


The compound-angle formulae are true for all values 
of A and B, and by substituting values of A and B 
into the formulae they may be shown to be true. 


Problem 1. Expand and simplify the 
following expressions: 


(b) —cos(90° + B) 
(c) sin(A — B) — sin(A + B) 


(a) sin(w +a) 


(a) sin(w7+a)=sinacosa+cosz sina (from 
the formula for sin(A + B)) 


= (0)(cos a) + (—1) sina 


= —sina 


(b) —cos(90° + B) 
= —[cos 90° cos B — sin 90° sin B] 
= —[(0)(cos B) — (1) sin 8] = sin B 


(c) sin(A — B) —sin(A + B) 
= [sinAcos B — cosA sin B] 
— [sinAcosB+cosA sin B] 


= —2cosAsinB 


Problem 2. Prove that: 


cos(y — 7) + sin (y+ =) =0 


cos(y — 7) = cos ycosm + sin ysinz 


= (cos y)(—1) + (sin y)(0) 


= — cosy 
sin ( + =) = sin ycos a + cos ysin 2 
ee 5) = in y 5) ySi 5 

= (sin y)(0) + (cos y)(1) = cos y 
Hence cos(y — a) + sin (y+ =) 


= (—cos y)+ (cosy) =90 


Problem 3. Show that 


tan (x+ =) tan (x- a 


tan x + tan - 
tan (x42) =—— 4 
a 1 — tanx tan — 
4 
(from the formula for) tan(A + B) 


_ tanx+ 1 _ 1+ tanx 
~ 1=— (tanz)(1) 4 1 = tanx /* 


: TU 
since tan— = 1 
4 
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ua 
a (x _ 2) - Ha eg - (= *) 
4 1 + tanxtan J I+ tanx 


XN XN 
Hence, tan (x + =) tan (« — =) 


4 
1+ tanx tanx — | 
= (, a) (; 7 
tanx — 1 —(1 — tanx) 
~ T—tanx l—tanx 


Problem 4. If sinP = 0.8142 and 
cos QO = 0.4432 evaluate, correct to 3 deci- 
mal places: (a) sin(P — Q), (b) cos(P + Q) 


and (c) tan(P + Q), using the compound 
angle formulae 


Since sin P = 0.8142 then 
P =sin7! 0.8142 = 54.51° 


Thus cos P = cos 54.51° = 0.5806 and 
tan P = tan54.51° = 1.4025 


Since cos 0 = 0.4432, O = cos~! 0.4432 = 63.69° 


Thus sin Q = sin 63.69° = 0.8964 and 
tan Q = tan 63.69° = 2.0225 


(a) sin(P — Q) 
= sinPcosQ —cosPsinQ 
= (0.8142)(0.4432) — (0.5806) (0.8964) 
= 0.3609 — 0.5204 = —0.160 

(b) cos(P+ Q) 
= cosP cos Q — sinP sinQ 
= (0.5806)(0.4432) — (0.8142)(0.8964) 
= 0.2573 — 0.7298 = —0.473 


(c) tan(P+ Q) 
tan P + tanQ = (1.4025) + (2.0225) 


3.4250 
= —— = —1.865 
—1.8366 " 


Problem 5. 
4 sin(x — 20°) = 5cos~x for values of x 
between 0° and 90° 


Solve the equation: 


1—tanPtanQ 1 — (1.4025)(2.0225) 
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4 sin(x — 20°) = 4[sin x cos 20° — cos x sin 20°], 
from the formula for sin(A — B) 
= 4[sin x(0.9397) — cos x(0.3420)] 
= 3.7588 sinx — 1.3680cos x 


Since 4 sin(x — 20°) = 5cosx then 
3.7588 sinx — 1.3680 cosx = 5cosx 


Rearranging gives: 


3.7588 sinx = 5cosx + 1.3680 cos x 


= 6.3680 cos x 
sud sin x _ 6.3680 — 1.6942 
cosx 3.7588 


le. tanx = 1.6942, and 
x = tan! 1.6942 = 59.449° or 59°27’ 


[Check: LHS = 4 sin(59.449° — 20°) 
= 4sin39.449° = 2.542 
RHS = 5cosx = 5cos59.449° = 2.542] 


Now try the following exercise 


Exercise 98 Further problems on com- 
pound angle formulae 


1. Reduce the following to the sine of one 
angle: 
(a) sin 37° cos 21° + cos 37° sin 21° 
(b) sin 7tcos 3t — cos 7t sin 3t 
[(a) sin58° (b) sin 4¢] 


2. Reduce the following to the cosine of one 
angle: 


(a) cos71° cos 33° — sin71° sin 33° 


(b) cos cos — + sin = sin ~ 
Ca aaa ae) 


(a) cos 104° = —cos ) 


XN 
b as 
(b) cos 0 
3. Show that: 
(a) sin(x +2) + sin (x+ =) _ 
3 3) 


/3 cos x 


(b) —sin (= _ 6) = cos 
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4. Prove that: 
i gates) ealon 
i —)-—si —-—]J= 
4 4 
/2(sin @ + cos 6) 
cos(270° + 6) 
(b): ——. —— = 
cos(360° — @) 
5. Given cosA = 0.42 and sinB = 0.73 


evaluate (a) sin(A — B), (b) cos(A — B), 
(c) tan(A+B), correct to 4 decimal places. 


[(a) 0.3136 (b) 0.9495 (c) —2.4687] 


tan 0 


In Problems 6 and 7, solve the equations for 
values of 8 between 0° and 360° 


6. 3sin(@+ 30°) = 7cosé 

[64.72° or 244.72°] 
7. 4sin(@ — 40°) = 2siné 

[67.52° or 247.52°] 


26.2 Conversion of a sin at + b cos ot 


into R sin(a@t + a) 


i) Rsin(@t-+ a) represents a sine wave of maxi- 
mum value R, periodic time 277/w, frequency 
w/2n and leading Rsinwt by angle a. (See 
Chapter 22). 

Gi) Rsin(@t + a) may be expanded using the 
compound-angle formula for sin(A+B), where 
A = ot and B =a. Hence 


Rsin(wt + a) 
= R[sinwt cosa + cos wt sina] 
= Rsinwtcosa+ Rcos wt sina 


= (Rcosq@) sinwt + (R sina) cos wt 


(iii) Ifa=Rcosa and b= Rsina, where a and b 
are constants, then R sin(@t +a) = asinwt + 
bcos wt, i.e. a sine and cosine function of the 
same frequency when added produce a sine 
wave of the same frequency (which is further 
demonstrated in Chapter 33). 


‘ . a 7 
(iv) Since a = Rcosa, then cosa = —, and since 


b 
b= Rsina, then sina = R 


If the values of a and b are known then the values of 
Rand a may be calculated. The relationship between 
constants a, b, R and w are shown in Fig. 26.1. 


Figure 26.1 


From Fig. 26.1, by Pythagoras’ theorem: 


R= Va2+b2 


and from trigonometric ratios: 


b 
oa = tan7! — 
a 


Problem 6. Find an expression for 
3 sin wt + 4cos wt in the form R sin(wt + a) 


and sketch graphs of 3 sinwt, 4cos wt and 
Rsin(wt + a) on the same axes 


Let 3 sinwt + 4cos wt = Rsin(wt + a) 


then 3sinat+4cosat 
= R[sin wt cosa + cos wt sina] 


= (Rcosq) sinwt + (R sina) cos wt 


Equating coefficients of sin wt gives: 
; 3 
3 = Rcosa, from which, cosa = = 
Equating coefficients of cos wt gives: 
. 4 
4= Rsina, from which, sina = R 


There is only one quadrant where both sina and 
cosa@ are positive, and this is the first, as shown in 
Fig. 26.2. From Fig. 26.2, by Pythagoras’ theorem: 


R=V244=5 
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Figure 26.2 


From trigonometric ratios: 


4 
a = tan! a= 53.13° or 0.927 radians 
Hence, 3sin wf + 4cos wt = S5sin(ot + 0.927) 
A sketch of 3 sinwt, 4cos wt and 5 sin(wt + 0.927) 
is shown in Fig. 26.3. 


y =4cos at 


y=S8sinot . 
Ng sin (wt + 0.9271 


ot (rad) 


Figure 26.3 


Two periodic functions of the same frequency may 
be combined by 


(a) plotting the functions graphically and combin- 
ing ordinates at intervals, or 


(b) by resolution of phasors by drawing or calcu- 
lation. 


Problem 6, together with Problems 7 and 8 follow- 
ing, demonstrate a third method of combining wave- 
forms. 


Problem 7. Express: 4.6 sin wt — 7.3 cos wt 


in the form R sin(wt + a) 
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Let 4.6sin@t —7.3coswt = Rsin(wt + a) 
then 4.6sin wt — 7.3 cos wt 

= R[sin wt cosa + cos wt sing] 

= (Rcosa@) sinwt + (R sina) cos wt 


Equating coefficients of sin wt gives: 
. 4.6 
4.6 = Rcosa, from which, cosa = — 


Equating coefficients of cos wt gives: 


—7.3 
—7.3 =Rsina, from which sina = >; 


There is only one quadrant where cosine is positive 
and sine is negative, i.e. the fourth quadrant, as 
shown in Fig. 26.4. By Pythagoras’ theorem: 


R= V4.6? + (—7.3)" = 8.628 


By trigonometric ratios: 
_{-73 
a = tan —— 
4.6 
= —57.78° or — 1.008 radians. 


Hence, 


4.6sin ot — 7.3 cos at = 8.628 sin(wt — 1.008) 


Problem 8. 


Express: 
—2.7 sin wt — 4.1 cos at in the form 
Rsin(wt + a) 


Let —2.7sinat — 4.1 coswt = Rsin(wt + a) 
= R{sin wt cosa + cos wt sing] 


= (Rcosq@) sinwt + (Rsina) cos wt 


Figure 26.4 
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Equating coefficients gives: 


—2.7 
—2.7 = Rcosa, from which, cosa = a 
: ; j —4.1 
and —4.1 =Rsina, from which, sina = zz 


There is only one quadrant in which both cosine and 
sine are negative, i.e. the third quadrant, as shown 
in Fig. 26.5. From Fig. 26.5, 


R= JV(-2.7¥ + (4.1 = 4.909 


4.1 
and 6= tan! —— = 56.63° 
2.7 


Hence a = 180° + 56.63° = 236.63° or 4.130 


radians. Thus, 
—2.7sin ot — 4.1 cos ot = 4.909 sin(et + 4.130). 


An angle of 236.63° is the same as —123.37° or 
—2.153 radians. 

Hence —2.7sinwt — 4.1cos@t may be expressed 
also as 4.909 sin(@t — 2.153), which is preferred 
since it is the principal value (i.c. —7 < a < z). 


Problem 9. Express: 3 sin@ + 5cos6@ in the 
form R sin(6 + a), and hence solve the 


equation 3 sind + 5cos6 = 4, for values of 6 
between 0° and 360° 


Let 3sin6+5cosé = Rsin(6 + a) 


= R[sin9 cosa + cos@ sina] 


= (Rcosa)sin@ + (Rsina)cosé 


180° 


270° 


Figure 26.5 


Equating coefficients gives: 
: 3 
3 = Rcosa, from which, cosa = R 
; . . 5 
and 5=Rsina, from which, sina = R 


Since both sing and cos q@ are positive, R lies in the 
first quadrant, as shown in Fig. 26.6. 


From Fig. 26.6, R = V3? + 57 = 5.831 and 

a= tan’ 2 = 59.03" 

3sind + 5cos@ = 5.831 sin(@ + 59.03°) 
3sin6d+5cosd6=4 

Thus 5.831 sin(@ + 59.03°) = 4, 


Hence 


However 


4 
fi hich (6+ 59.03°) = sin“! { —— 
rom whic (O+ ) = sin (=) 


Le. 6+ 59.03° = 43.32° or 136.68° 


6 = 43.32°-59.03° = —15.71° or 
0 = 136.68°—-59.03° = 77.65° 


Hence 


Since —15.71° is the same as —15.71° + 360°, 
i.e. 344.29°, then the solutions are 6 = 77.65° or 
344.29°, which may be checked by substituting into 
the original equation. 


Problem 10. Solve the equation: 


3.5cosA — 5.8sinA = 6.5 for 0° < A < 360° 


Let 3.5cosA —5.8sinA = Rsin(A +a) 


= R[sinA cosa + cosA sina] 


= (Rcosa)sinA + (Rsina)cosA 


Figure 26.6 
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Equating coefficients gives: 3.5 = Rsina, from 


which, sina = — 
R 


—5.8 
and —5.8 = Rcosa, from which, cosa = zz 


There is only one quadrant in which both sine is 
positive and cosine is negative, i.e. the second, as 
shown in Fig. 26.7. 


270° 


Figure 26.7 


From Fig. 26.7, R = \/3.52 + (—5.8)* = 6.774 and 


3.5 
6 =tan! i 31.12° 


Hence a = 180°—31.12° = 148.88° 


Thus 3.5cosA —5.8sinA 
= 6.774 sin(A + 148.88°) = 6.5 


6.5 
sin(A + 148.88°) = ——.,, from which, 


pee 6.774" 
6.5 
(A + 148.88°) = sin”! aA 
= 73.65° or 106.35° 
Thus, A = 73.65°-148.88° = —75.23° 
= (—75.23° + 360°) = 284.77° 
or A = 106.35°-148.88° = —42.53° 
= (—42.53° + 360°) = 317.47° 
The solutions are thus A = 284.77° or 317.47°, 


which may be checked in the original equation. 


Now try the following exercise 


Exercise 99 Further problems on the con- 


version of asinat + b cos at 
into R sin(@t + a) 


In Problems | to 4, change the functions into 
the form R sin(@t + a) 


1. 


5 sin wt + 8 cos wt 

[9.434 sin(wt + 1.012)] 
4 sin wt — 3 cos wt [5 sin(wt — 0.644)] 
—7Tsinawt + 4cos wt 

[8.062 sin(wt + 2.622)] 
—3 sin wt — 6cos wt 

[6.708 sin(wt — 2.034)] 


Solve the following equations for values 
of 6 between 0° and 360°: 


(a) 2sind +4cosé = 3 
(b) 12sin6 — 9cos6 =7 


iS 74.43° or 338.70° 


(b) 64.68° or 189.05° 


Solve the following equations for 
0° <A < 360°: 


(a) 3cosA + 2sinA = 2.8 
(b) 12cosA —4sinA = 11 


Be 72.73° or 354.63° 
(b) 11.15° or 311.98° 


The third harmonic of a wave motion is 
given by 4.3 cos 30 — 6.9 sin 30. 


Express this in the form R sin(3@ + a) 
[8.13 sin(30 + 2.584)] 


The displacement x metres of a mass from 
a fixed point about which it is oscillating 
is given by x = 2.4sina@t + 3.2 cos af, 
where ¢ is the time in seconds. Express x 
in the form R sin(wt + @). 


[x = 4.0 sin(wt + 0.927)] 


Two voltages, v) = Scos@t and v2. = 
—8sin@t are inputs to an analogue 
circuit. Determine an expression for the 
output voltage if this is given by (v; +2). 


[9.434 sin(wt + 2.583)] 
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26.3 Double angles 


(i) If, in the compound-angle formula for 
sin(A + B), we let B = A then 
sin2A = 2sinA cosA. 
Also, for example, sin4A = 2 sin 2A cos 2A 
and sin 8A = 2sin4A cos 4A, and so on. 


(ii) If, in the compound-angle formula for 
cos(A + B), we let B=A then 
cos 2A = cos?A — sin? A 
Since cos? A + sin? A = 1, then 
cos? A = 1—sin’ A, and sin’ A = 1—cos2A, 
and two further formula for cos2A can be 
produced. 
Thus cos 2A = cos? A — sin? A 
= (1 —sin? A) — sin’ A 
i.e. cos2A = 1 — 2sin?A 
and cos 2A = cos?A — sin? A 
= cos* A — (1 — cos” A) 
i.e. cos2A = 2cos?A —1 
Also, for example, 
cos 4A = cos? 2A—sin* 2A or 1—2 sin? 2A or 
2. cos? 2A—1 and cos 6A = cos? 3A — sin? 3A 
or 1 — 2sin? 3A or 2cos? 3A — | and so on. 


(iii) If, in the compound-angle formula for 
tan(A + B), we let B = A then 


2tanA 
tan2A = — 7 
1—tan“A 
2 tan 2A 
Also, for example, tan4A = ———_~— 
1 — tan* 2A 
2tan 2A 
and tan5A = ee and so on. 
1 —tan?2A 


2 


Problem 11. /3 sin 36 is the third harmonic 
of a waveform. Express the third harmonic in 


terms of the first harmonic sin @, when J3 = 1 


When 7/3 = 1, 
73 sin 30 = sin 30 = sin(20 + @) 
= sin 20cos6@ + cos 20 sin 0, 
from the sin(A + B) formula 
= (2sin@cos 0) cos 6 + (1 — 2 sin’ 6) sind, 
from the double angle expansions 


= 2sin@cos* 6 + sin@ — 2 sin? 6 


= 2sin@(1 — sin’ 6) + sind — 2 sin? 6, 
(since cos? @ = | — sin’ @) 
= 2sin6 — 2sin’ 6 + sin — 2sin° 0 
ie. sin3@=3sin0— 4sin° 6 


1 — cos 20 


Problem 12. Prove that: —————— = tan 
sin 20 


1—cos26__ 1— (1 —2sin’6) 
sin20 
2 sin’ 0 


~ 2sin@cos@ cos@ 


LHS = : 
2 sin @ cos@ 


sin@ 


= tanéd = RHS 


Problem 13. Prove that: 


cot 2x + cosec 2x = cotx 


LHS = cot 2x + cosec 2x 
_ COs 2x 1 cos 2x + 1 


sin 2x 


sin 2x sin 2x 


_ (Qcos*x—1)+1  2cos?x 


sin 2x sin 2x 


2 cos? x cos x 
—— =cotx = RHS 
sin x 


2 sinx COSX 


Now try the following exercise 


Exercise 100 Further problems on double 
angles 


1. The power p in an electrical circuit is 


given by p = ils Determine the power 


in terms of V, R and cos 2t when 


y2 
v= Veost. Pa + cos 20) 


2. Prove the following identities: 


cos 2¢ 5 
a) 1l— = tan- 
(a) ee g 
1 2t 
b a ai = 2cot*t 
sin’ t 
(tan 2x)(1 + tan x) 2 
(¢) —————_——_ = —— 
tan x 1 —tanx 


(d) 2 cosec 26 cos 20 = cot@ — tan@ 
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3. If the third harmonic of a waveform is 
given by V3 cos 30, express the third har- 
monic in terms of the first harmonic cos 6, 
when V3 = 1. 


[cos 36 = 4cos? 6 — 3cos 6] 


26.4 Changing products of sines and 
cosines into sums or differences 


Gi) sin(A+B)+ sin(A — B) = 2sinAcosB (from 
the formulae in Section 26.1), i.e. 
1 
sinA cosB = zisin(A +B)+sin(A — B)] 
(1) 
(ii) sin(A + B) — sin(A — B) = 2cosAsinB, Le. 
1 
cosA sinB = zisin(4 +B) —sin(A — B)] 


(2) 

(iii) cos(A + B) + cos(A — B) = 2cosAcosB, Le. 
1 

cosA cosB = zlcos(a +B)+cos(A — B)] 


(3) 


2 sinA sin B, i.e. 


(iv) cos(A+B)—cos(A —B) = 


sinA sin B = —Fleos¢a + B)— cos(A— B)] 
(4) 


Problem 14. Express: sin 4x cos 3x as a sum 
or difference of sines and cosines 


From equation (1), 


1 
sin 4x cos 3x = alsin (4x + 3x) + sin(4x — 3x)] 


1 
= 3 sin 7x + sinx) 


Problem 15. Express: 2 cos 56 sin 20 as a 
sum or difference of sines or cosines 


From equation (2), 
2cos 56 sin 20 
1 
=2 {sisin (50 + 20) — sin (50 — zo} 


= sin 70 — sin30 
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Problem 16. Express: 3 cos 4¢ cost as a sum 
or difference of sines or cosines 


From equation (3), 


1 
Scos4rcost = 3{ =foos (4t + t) + cos ar— oi} 


3 
=5 (cos 5t + cos 3¢) 


Thus, if the integral [ 3 cos 4tcostdt was required, 
then 


3 
[scosarcosrdr = | 5(c0s51-+ cos 31) a1 


oa 


_ 3 | sin 5t 
a. 


sin 3¢ | 


Problem 17. In an alternating current 
circuit, voltage v = 5 sinwt and current 
i = 10sin(wt — 2/6). Find an expression for 


the instantaneous power p at time ¢ given 
that p = vi, expressing the answer as a sum 
or difference of sines and cosines 


p= vi = (Ssin@t)[10 sin(wt — 7/6)] 
= 50 sin wt sin(@t — 2/6). 
From equation (4), 


50 sin wt sin(wt — 1/6) 


= (50) —Fleos(or + ot — 1/6) 


— cos[wt — (wt — 1/6)]} 
= —25 {cos(2wt — 1/6) — cos 1/6} 
i.e. instantaneous power, 


p = 25[cos 1/6 — cos(2wt — 1/6)] 


Now try the following exercise 


Exercise 101 


Further problems on chang- 
ing products of sines and 
cosines into sums or differ- 
ences 


In Problems | to 5, express as sums or differ- 
ences: 
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1 
1. sin 7tcos 2t E (sin 9t + sin 51) 


1 
2. cos 8x sin 2x 50in 10x — sin 6x) 


3. 2sin7t sin 3t [cos 4t — cos 10f] 


4cos 34 cos @ [2(cos 40 + cos 26)] 
5. 3 sin = cos 7 E (sin 5 +sin2)| 
6. Determine f 2sin3tcostdt 
cos4t cos 2t 
- rr el | 
wf? 20 
7. Evaluate fy ‘~ 4cos 5x cos 2x dx - x 


8. Solve the equation: 2 sin2¢sin@ = cos¢ 
in the range ¢ = 0 to ¢ = 180° 


[30°, 90° or 150°] 


26.5 Changing sums or differences of 
sines and cosines into products 


In the compound-angle formula let (A+B) = X and 


(A—B)=Y 
Solving the simultaneous equations gives 


X+Y X—Y 
A = —— and B = ——— 
2 2. 


Thus sin(A + B) + sin(A — B) = 2sinAcosB 


becomes 
Y X—Y 
cos 
2 


; i . (X+ 
sin X +sinY = 2sin 


(5) 
Similarly, 
‘ F X+Y\ , (X—-Y 
sin X — sin Y= 2 cos sin 5) 
(6) 
X+Y xX —Y 
cos X + cos Y= 2 cos = cos 
2 2 
(7) 
._ (X+Y\ , (X-Y 
cos X — cos Y= —2sin sin 5 
(8) 


Problem 18. Express: sin5@ + sin36 as a 


product 
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From equation (5), 
56+ 30 56 — 30 
sin5@ + sin3@ = 2 sin ( 5 ) cos ( ) 


2 
= 2 sin 40 cos 6 


Problem 19. Express: sin 7x — sinx as a 


product 


From equation (6), 


Tx +x 
sin 7x — sinx = 2cos ( - 


= 2cos 4x sin 3x 


Problem 20. Express: cos 2t — cos 5f as a 


product 


From equation (8), 


2t + 5t 2t — St 
£0821 — cos Sr = —2sin ( - ) sin ( 5 ) 


; ( 5 ) 
= —2sin =ftsin | —x=t 
2 2 
7 3 
= 2sin —t sin —t 
sin 5 sin 5 


: ; 3 ee. 
since sin | —~t) = —sin=t 
2 2 


Problem 21. Show that 
cos 6x + cos 2x 


= cot4x 


sin 6x + sin 2x 


From equation (7), cos 6x + cos 2x = 2. cos 4x cos 2x 


From equation (5), sin6x + sin2x = 2 sin 4x cos 2x 


cos 6x + cos 2x 2 cos 4x cos 2x 
Hence - - = - 
sin 6x + sin 2x 2 sin 4x cos 2x 
cos 4x 
— = cot 4x 
sin 4x 


Now try the following exercise 


Exercise 102 


Further problems on chang- 
ing sums or differences of 
sines and cosines into prod- 
ucts 


In Problems | to 5, express as products: 
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1. sin3x+sinx 
1 
2. 5 (sin 96 — sin 70) 


3. cos5t+cos3t 


1 
4. eo 5t — cost) 


[2 sin 2x cos x] 
[cos 84 sin 6] 


[2 cos 4t¢ cos ft] 


1 
- Z sin 3¢ sin 2| 
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5 bieoa” deig 
" 2 3 4 


6. Sh that:(a) sin 4x — sin 2x 
' ow that:(a) ———————_ 
cos 4x + cos 2x 


(b) 5 {sin(ox —a)—sin(x + a)} 
= cos 3x sin(2x — @) 
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Assignment 7 


This assignment covers the material in 
Chapters 24 to 26. 


The marks for each question are shown 
in brackets at the end of each question. 


A triangular plot of land ABC is shown 
in Fig. A7.1. Solve the triangle and deter- 
mine its area. (10) 


b 


15.0m 


Figure A7.1 


Figure A7.2 shows a roof truss POR with 
rafter PO = 3 m. Calculate the length of 
(a) the roof rise PP’, (b) rafter PR, and 
(c) the roof span OR. 


Find also (d) the cross-sectional area of 
the roof truss. (11) 


224 ENGINEERING MATHEMATICS 


3m 
Zo} a [eS 
ral R 


Figure A7.2 


Prove the following identities: 


1 — cos* 0 
(a) cea = tang 
(b) cos (+ + 6) = sing (6) 


Solve the following trigonometric equa- 
tions in the range 0° < x < 360°: 

(a) 4cosx+1=0 (b) 3.25 cosecx=5.25 
(c) 5 sin*’x+3sinx =4 (13) 


Solve the equation 
5 sin(@ — 21/6) = 8cos@ 
for values 0 < 6 < 27 (8) 


Express 5.3 cost — 7.2 sint in the form 
Rsin(t + a). Hence solve the equation 
5.3 cost — 7.2 sint = 4.5 in the range 
O<t<27n (12) 
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Multiple choice questions on 


chapters 17—26 


All questions have only one correct answer (answers on page 526). 


1. In the right-angled triangle ABC shown in 
Figure M2.1, sine A is given by: 


(a)b/a_ (b) c/b_—s (ce) b/e~— (dd a/b 


Cc a B 


Figure M2.1 


2. In the right-angled triangle ABC shown in 
Figure M2.1, cosine C is given by: 


(a) a/b (b) c/b (c) a/c (d) b/a 


3. In the right-angled triangle shown in Figure 
M2.1, tangent A is given by: 


(a) b/c (b) a/c (c) a/b (d) c/a 
4. = radians is equivalent to: 


(a) 135° (b) 270° — (c) 45° (d) 67.5° 


5. In the triangular template ABC shown in 
Figure M2.2, the length AC is: 


(a) 6.17 cm (b) 11.17 cm 

(c) 9.22 cm (d) 12.40 cm 
6. (—4, 3) in polar co-ordinates is: 

(a) (5, 2.498 rad) (b) (7, 36.87°) 

(c) (5, 36.87°) (d) (5, 323.13°) 


A 


42° 
al c 
8.30 cm 


Figure M2.2 


Correct to 3 decimal places, sin(—2.6 rad) is: 
(a) 0.516 (b) —0.045 (c) —0.516 (d) 0.045 


For the right-angled triangle PQR shown in 
Figure M2.3, angle R is equal to: 


(a) 41.41° (b) 48.59° (c) 36.87° (d) 53.13° 


3cm 


Q 4cm R 


Figure M2.3 


A hollow shaft has an outside diameter of 
6.0 cm and an inside diameter of 4.0 cm. The 
cross-sectional area of the shaft is: 
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10. 


11. 


12; 


13. 


14. 


15. 
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(a) 6283 mm? 
(c) 1571 mm? 


(b) 1257 mm? 
(d) 628 mm? 


12 
If cos A = 3’ then sin A is equal to: 


5 13 5 12 

pee b) — es d) — 
(a) B (b) D (c) D (d) 5 
The area of triangle XYZ in Figure M2.4 is: 
(a) 24.22 cm? (b) 19.35 cm? 


(c) 38.72 cm? (d) 32.16 cm? 


Zz 5.4cm Y 


Figure M2.4 18. 


The value, correct to 3 decimal places, of 
—3 
cos (+) is: 
4 
(a) 0.999 (b) 0.707 (c) —0.999 (d) —0.707 


The speed of a car at | second intervals is 
given in the following table: 


Time ¢#(s) 0 1 2 3 4 5 6 


Speed 20. 


vam/s) O 2.5 5.0 9.0 15.0 22.0 30.0 


The distance travelled in 6 s (i.e. the area under 
the v/t graph) using the trapezoidal rule is: 
(a) 83.5 m (b) 68m _ (c) 68.5 m (d) 204m 


A triangle has sides a = 9.0 cm, b = 8.0 cm 
and c = 6.0 cm. Angle A is equal to: 


(a) 82.42° (b) 56.49° (c) 78.58° (d) 79.87° 


22. 


An arc of a circle of length 5.0 cm subtends 
an angle of 2 radians. The circumference of 
the circle is: 


21. 


(a) 2.5 cm (b) 10.0 cm 
(c) 5.0 cm (d) 15.7 cm 


In the right-angled triangle ABC shown in 
Figure M2.5, secant C is given by: 


a a b b 
(a) b (b) — (c) — (d) — 
c c a 

A 

b 
c 
a 
Cc a B 
Figure M2.5 


In the right-angled triangle ABC shown in 
Figure M2.5, cotangent C is given by: 
a b c a 
= b) — be d) — 
(a) 5 (b) - (c) 5 (d) 7 
In the right-angled triangle ABC shown in 
Figure M2.5, cosecant A is given by: 
c b a b 
(a) -— io) i) = (d) - 
a a b Cc 
The mean value of a sine wave over half a 
cycle is: 


(a) 0.318 x maximum value 
(b) 0.707 x maximum value 
(c) the peak value 

(d) 0.637 x maximum value 


Tan 60° is equivalent to: 


A 


3 1 
(a) CL 2); (d) V3 


1 
V3 
An alternating current is given by: 
i= 15sin(100zt — 0.25) amperes. When time 
t = 5 ms, the current i has a value of: 


(a) 0.35 A (b) 14.53 A 
(c) ISA (d) 0.41 A 


The area of the path shown shaded in 
Figure M2.6 is: 


(a) 300 m? (b) 234 m? (c) 124 m? (d) 66 m” 
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23. 


24. 


25. 


26. 


2; 


20m 


Y 


2m 
y/)<— 


2m 


a ee Li Y, Y 


Figure M2.6 


Correct to 4 significant figures, the value of 
sec 161° is: 


(a) —1.058 (b) 0.3256 
(c) 3.072 (d) —0.9455 


Which of the following trigonometrical iden- 
tities is true ? 


1 1 
(a) cosec 90 = —— (b) cot 6 = —— 
cos 0 sin é 

ind 1 
(c) iano tan6é (d) sec@ = —— 
cos 0 sin@ 


The displacement x metres of a mass from a 
fixed point about which it is oscillating is given 
by x = 3cosat — 4sinwt, where tf is the time 
in seconds. x may be expressed as: 


(a) 5 sin(wt + 2.50) metres 
(b) 7 sin(@t — 36.87°) metres 
(c) 5 sin wt metres 

(d) — sin(@t — 2.50) metres 


The solutions of the equation 2tanx — 7 = 0 
for 0° < x < 360° are: 


(a) 105.95° and 254.05° 
(b) 74.05° and 254.05° 
(c) 74.05° and 285.95° 
(d) 254.05° and 285.95° 


A sinusoidal current is given by: 

i = Rsin(wt + a). Which of the following 
statements is incorrect ? 

(a) R is the average value of the current 


(b) frequency = 2 Hz 
20 
(c) w = angular velocity 


ee 20 
(d) periodic time = — s 
a) 


28. 


29. 


30. 


31 


32. 


33. 


34. 


35. 
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If the circumference of a circle is 100 mm, its 
area is: 

(a) 314.2 cm? 
(c) 31.83 mm? 


(b) 7.96 cm? 
(d) 78.54 cm? 


The trigonometric expression cos” 6 — sin’ @ is 
equivalent to: 


(a) 2sin? 6 — 1 (b) 1+ 2sin?6 
(c) 2sin?6+ 1 (d) 1 —2sin?6 


A vehicle has a mass of 2000 kg. A model of 
the vehicle is made to a scale of 1 to 100. If 
the vehicle and model are made of the same 
material, the mass of the model is: 


(a) 2 g (b) 20 kg (c) 200g (d) 208 


A vertical tower stands on level ground. At 
a point 100 m from the foot of the tower the 
angle of elevation of the top is 20°. The height 
of the tower is: 


(a) 274.7 m 
(c) 34.3 m 


(b) 36.4 m 
(d) 94.0 m 


(7, 141°) in Cartesian co-ordinates is: 


(a) (5.44, —4.41) (b) (—5.44, —4.41) 
(c) (5.44, 4.41) (d) (—5.44, 4.41) 


If tanA = 1.4276, secA is equal to: 
(a) 0.8190 (b) 0.5737 (c) 0.7005 (d) 1.743 


An indicator diagram for a steam engine is 
as shown in Figure M2.7. The base has been 
divided into 6 equally spaced intervals and 
the lengths of the 7 ordinates measured, with 
the results shown in centimetres. Using Simp- 
son’s rule the area of the indicator diagram is: 


(a) 32 cm? (b) 17.9 cm? 
(c) 16 cm? (d) 96 cm? 


; Z 


12.0 cm 


Figure M2.7 


The acute angle cot~!2.562 is equal to: 
(a) 67.03° (b) 21.32° (c) 22.97° (d) 68.68° 
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36. 


37. 


38. 


39. 


40. 


Al. 


42. 
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Correct to 4 significant figures, the value of 
cosec(— 125°) is: 


(a) —1.221 
(c) —0.8192 


(b) —1.743 
(d) —0.5736 


The equation of a circle is 
x? + y? — 2x +4y — 4 = 0. Which of the 
following statements is correct ? 


(a) The circle has centre (1, —2) and radius 4 
(b) The circle has centre (—1, 2) and radius 2 
(c) The circle has centre (—1, —2) and radius 4 
(d) The circle has centre (1, —2) and radius 3 


Cos 30° is equivalent to: 


2 V3 1 
(b)—= jc {d)— 

V3 2 V3 
The angles between 0° and 360° whose tangent 
is —1.7624 are: 


(a) 60.43° and 240.43° 

(b) 119.57° and 299.57° 
(c) 119.57° and 240.43° 
(d) 150.43° and 299.57° 


1 
(a) oY 


The surface area of a sphere of diameter 
40 mm is: 

(a) 201.06 cm? (b) 33.51 cm? 

(c) 268.08 cm? (d) 50.27 cm? 


In the triangular template DEF shown in 
Figure M2.8, angle F is equal to: 


(a) 43.5° _ (b) 28.6°—_ (c) 116.4° (d) 101.5° 
E 
30 mm 
35° 
D 36 mm F 
Figure M2.8 


The area of the triangular template DEF 
shown in Figure M2.8 is: 

(a) 529.2 mm? (b) 258.5 mm? 

(c) 483.7 mm? (d) 371.7 mm? 
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A water tank is in the shape of a rectangular 
prism having length 1.5 m, breadth 60 cm and 
height 300 mm. If 1 litre = 1000 cm’, the 
capacity of the tank is: 


(a) 27 1 (b) 2.71  (c) 27001 (d) 2701 
A pendulum of length 1.2 m swings through 
an angle of 12° in a single swing. The length 
of arc traced by the pendulum bob is: 


(a) 14.40 cm (b) 25.13 cm 
(c) 10.00 cm (d) 45.24 cm 
In the range 0° < 6 < 360° the solutions of 


the trigonometrical equation 
9 tan? 9 — 12tand + 4 = 0 are: 


(a) 33.69°, 146.31°, 213.69° and 326.31° 
(b) 33.69° and 213.69° 

(c) 146.31° and 213.69° 

(d) 146.69° and 326.31° 


A wheel on a car has a diameter of 800 mm. If 


the car travels 5 miles, the number of complete 
5 


revolutions the wheel makes (given 1 km = 3 
mile) is: 

(a) 1989 (6b) 1591 = (c) 3183. — (d) 10000 
A rectangular building is shown on a building 
plan having dimensions 20 mm by 10 mm. If 
the plan is drawn to a scale of 1 to 300, the 
true area of the building in m? is: 

(a) 60000 m? (b) 18 m? 

(c) 0.06 m? (d) 1800 m? 

An alternating voltage v is given by 

v = 100sin (100z + =) 
When v = 50 volts, the time ¢ is equal to: 

(a) 0.093 s (b) —0.908 ms 

(c) —0.833 ms (d) —0.162 s 

Using the theorem of Pappus, the position of 
the centroid of a semicircle of radius r lies on 


the axis of symmetry at a distance from the 
diameter of: 


volts. 


37 3r 4r 4a 
(a) i (b) Ae (c) 3x (d) 3p 
The acute angle cosec™!1.429 is equal to: 
(a) 55.02° (b) 45.59° 
(c) 44.41° (d) 34.98° 
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The area of triangle PQR is given by: 


(a) 5 prcosQ 


(b) V(s — p)(s — g)s — 1) 
pt+qtr 


h = 
where s 2 


1 1 
(c) 314 sin P (d) 5 pqsin Q 


The values of @ that are true for the equation 
5 sin@ + 2 = 0 in the range 0 = 0° to 
6 = 360° are: 


(a) 23.58° and 336.42° 
(b) 23.58° and 203.58° 
(c) 156.42° and 336.42° 
(d) 203.58° and 336.42° 


(—3, —7) in polar co-ordinates is: 

(a) (—7.62, —113.20°) (b) (7.62, 246.80°) 

(c) (7.62, 23.20°) (d) (7.62, 203.20°) 

In triangle ABC in Figure M2.9, length AC is: 


(a) 14.90 cm (b) 18.15 cm 
(c) 13.16 cm (d) 14.04 cm 
A 
14.0cm 
65° 
B 
10.0 cm Cc 

Figure M2.9 


The total surface area of a cylinder of length 
20 cm and diameter 6 cm is: 


(a) 56.55 cm? (b) 433.54 cm? 
(c) 980.18 cm2 (d) 226.19 cm? 


56. 


57. 


58. 


59. 


60. 
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The acute angle sec” '2.4178 is equal to: 
(a) 24.43° (b) 22.47° 
(c) 0.426 rad (d) 65.57° 


The solution of the equation 3 — 5cos”A = 0 
for values of A in the range 0° < A < 360° are: 


(a) 39.23° and 320.77° 

(b) 39.23°, 140.77°, 219.23° and 320.77° 
(c) 140.77° and 219.23° 

(d) 53.13°, 126.87°, 233.13° and 306.87° 


An alternating current i has the following val- 
ues at equal intervals of 2 ms: 


Time ¢ (ms) 0 20 40 £60 
Current (A) 0 46 74 108 


Time ¢ (ms) 8.0 10.0 12.0 
Current 7 (A) 85 3.7 O 


Charge q (in millicoulombs) is given by 

q= i idt. Using the trapezoidal rule, the 
approximate charge in the 12 ms period is: 
(a) 70 mC (b) 72.1 mC 

(c) 35 mC (d) 216.4 mC 


In triangle ABC in Figure M2.10, the length 
AC is: 


(a) 18.79 cm (b) 70.89 cm 
(c) 22.89 cm (d) 16.10 cm 
A 
9.0 cm 
100° 
B 15.0 cm 


Figure M2.10 


The total surface area of a solid hemisphere of 
diameter 6.0 cm is: 
(a) 56.55 cm? 
(c) 226.2 cm? 


(b) 339.3 cm? 
(d) 84.82 cm? 
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Part 4 Graphs 


21 


Straight line graphs 


27.1 Introduction to graphs 


A graph is a pictorial representation of informa- 
tion showing how one quantity varies with another 
related quantity. 

The most common method of showing a relation- 
ship between two sets of data is to use Cartesian 
or rectangular axes as shown in Fig. 27.1. 


Yi 
AL 
B(-4, 3) 
3 = 
Absci 
3 scissa__A(3, 2) 
Origin |. Ordinate 
! ! ! ! ! ! = 
-4 -3 -2 -10 2 3 4 x 
1b 
ccs, 2) | 
-3, -2 
3h 
4b 
Figure 27.1 


The points on a graph are called co-ordinates. 
Point A in Fig. 27.1 has the co-ordinates (3, 2), i.e. 
3 units in the x direction and 2 units in the y direc- 
tion. Similarly, point B has co-ordinates (—4, 3) and 
C has co-ordinates (—3, —2). The origin has co- 
ordinates (0, 0). 

The horizontal distance of a point from the verti- 
cal axis is called the abscissa and the vertical dis- 
tance from the horizontal axis is called the ordinate. 


27.2 The straight line graph 


Let a relationship between two variables x and y be 
y=3x+2 

When x = 0, y = 3(0) + 2 = 2. 

When x = 1, y=3(1) + 2=5. 

When x = 2, y = 3(2) + 2 = 8, and so on. 

Thus co-ordinates (0, 2), (1, 5) and (2, 8) have been 
produced from the equation by selecting arbitrary 
values of x, and are shown plotted in Fig. 27.2. 


When the points are joined together, a straight-line 
graph results. 


y 


Figure 27.2 


The gradient or slope of a straight line is the ratio 
of the change in the value of y to the change in the 
value of x between any two points on the line. If, 
as x increases, (—), y also increases (+), then the 
gradient is positive. 


In Fig. 27.3(a), 
h i CB 
the gradient of AC = para aden § =— 
change inx BA 


oe fel 

3-1 2 
If as x increases (—), y decreases (|), then the 
gradient is negative. 
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y=2x+1 


MwWROOAN®D & 


Figure 27.3 


In Fig. 27.3(b), 
: changeiny FE 
the gradient of DF = —————— = — 
change inx ED 


11-2 9 

—3-0 -3 

Figure 27.3(c) shows a straight line graph y = 3. 
Since the straight line is horizontal the gradient 
is zero. 

The value of y when x = 0 is called the y-axis 
intercept. In Fig. 27.3(a) the y-axis intercept is 1 
and in Fig. 27.3(b) is 2. 

If the equation of a graph is of the form 
y = mx +c, where mand c are constants, the graph 
will always be a straight line, m representing the 
gradient and c the y-axis intercept. Thus 
y = 5x+2 represents a straight line of gradient 5 and 
y-axis intercept 2. Similarly, y = —3x — 4 rep- 
resents a straight line of gradient —3 and y-axis 
intercept —4. 


Summary of general rules to be applied when drawing 
graphs 


(i) Give the graph a title clearly explaining what 
is being illustrated. 


(ii) Choose scales such that the graph occupies as 
much space as possible on the graph paper 
being used. 


(iii) Choose scales so that interpolation is made 
as easy as possible. Usually scales such as 
1 cm = 1 unit, or 1 cm = 2 units, or 1 cm = 
10 units are used. Awkward scales such as 
1 cm = 3 units or 1 cm = 7 units should not 
be used. 
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(iv) The scales need not start at zero, particularly 
when starting at zero produces an accumulation 
of points within a small area of the graph paper. 


(v) The co-ordinates, or points, should be clearly 
marked. This may be done either by a cross, 
or a dot and circle, or just by a dot (see 
Fig. 27.1). 


(vi) A statement should be made next to each axis 
explaining the numbers represented with their 
appropriate units. 


(vii) Sufficient numbers should be written next to 
each axis without cramping. 


Problem 1. Plot the graph y = 4x +3 in 
the range x = —3 to x = +4. From the 


graph, find (a) the value of y when x = 2.2, 
and (b) the value of x when y = —3 


Whenever an equation is given and a graph is 
required, a table giving corresponding values of 
the variable is necessary. The table is achieved as 
follows: 


When x=-3, y=4x+3=4(-3)+3 
=—-124+3=-9 
When x=-—2, y=4(—2)+3 
= —8+3=-—5, and so on. 


Such a table is shown below: 


The co-ordinates (—3, —9), (—2, —5), (—1, —1), and 
so on, are plotted and joined together to produce 
the straight line shown in Fig. 27.4. (Note that the 
scales used on the x and y axes do not have to be 
the same). From the graph: 


(a) when x = 2.2, y = 11.8, and 
(b) when y=—3,x = —1.5 


Problem 2. Plot the following graphs on 
the same axes between the range x = —4 to 
x = +4, and determine the gradient of each. 


(a) y=x (b) y=x+2 
(c) y=x+5 (d) y=x-3 
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Figure 27.4 


A table of co-ordinates is produced for each graph. 


(a) y=x 


The co-ordinates are plotted and joined for each 
graph. The results are shown in Fig. 27.5. Each of 
the straight lines produced are parallel to each other, 
i.e. the slope or gradient is the same for each. 

To find the gradient of any straight line, say, 
y = x—3 a horizontal and vertical component needs 
to be constructed. In Fig. 27.5, AB is constructed 
vertically at x = 4 and BC constructed horizontally 
at y= —3. 


: AB 1-—(-3) 
The gradient of AC = a 
BC 4—0 
4 
— 1 
4 


i.e. the gradient of the straight line y = x — 3 is 1. 
The actual positioning of AB and BC is unimportant 


STRAIGHT LINE GRAPHS = 233 


o Qo oanoor 


Figure 27.5 


for the gradient is also given by, for example, 
WE Vee) od 4 
EF 2-1 1 
The slope or gradient of each of the straight lines 
in Fig. 27.5 is thus 1 since they are all parallel to 
each other. 


Problem 3. Plot the following graphs on 


the same axes between the values x = —3 to 
x = +3 and determine the gradient and 


y-axis intercept of each. 
(a) y=3x (b) y=3x+7 
(c) y=—4x+4 (dq) y=—4x—-—5 


A table of co-ordinates is drawn up for each equation. 


(a) y= 3x 


(b) y=3x+7 
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(c) y=—4x4+4 


Each of the graphs is plotted as shown in Fig. 27.6, 
and each is a straight line. y = 3x and y = 3x +7 
are parallel to each other and thus have the same 
gradient. The gradient of AC is given by: 
CB 16-7 9 
BA 3-0 3 


=3 


Figure 27.6 


Hence the gradient of both y=3x and 
y = 3x +7 is 3. 

y = —4x+4 and y = —4x—5S are parallel to each 
other and thus have the same gradient. The gradient 
of DF is given by: 

FE -5-—(-17) 12 4 

ED 0-3 —3 
Hence the gradient of both y = —4x +4 and 
y = —4r — Sis —4. 

The y-axis intercept means the value of y where 
the straight line cuts the y-axis. From Fig. 27.6, 


y = 3x cuts the y-axis at y= 0 

y = 3x+7 cuts the y-axis at y= +7 

y = —4x+ 4 cuts the y-axis at y= +4 
and y=-W—4x—5 cuts the y-axis at y= —5 


Some general conclusions can be drawn from the 
graphs shown in Figs. 27.4, 27.5 and 27.6. 

When an equation is of the form y = mx +c, 
where m and c are constants, then 


(i) agraph of y against x produces a straight line, 


(ii) m represents the slope or gradient of the line, 
and 


(iii) c represents the y-axis intercept. 


Thus, given an equation such as y = 3x + 7, it may 
be deduced ‘on sight’ that its gradient is +3 and 
its y-axis intercept is +7, as shown in Fig. 27.6. 
Similarly, if y = —4x — 5, then the gradient is —4 
and the y-axis intercept is —5, as shown in Fig. 27.6. 

When plotting a graph of the form y = mx +c, 
only two co-ordinates need be determined. When 
the co-ordinates are plotted a straight line is drawn 
between the two points. Normally, three co-ordi- 
nates are determined, the third one acting as a check. 


Problem 4. The following equations 
represent straight lines. Determine, without 
plotting graphs, the gradient and y-axis 
intercept for each. 


(a) y=3 (b) 


y = 2x 


(c) y=5x-1 (d) 2x+3y=3 


(a) y = 3 (which is of the form y = Ox + 3) 
represents a horizontal straight line intercepting 
the y-axis at 3. Since the line is horizontal its 
gradient is zero. 


(b) y = 2x is of the form y = mx+c, 
where c is zero. Hence gradient = 2 and 
y-axis intercept = 0 (i.e. the origin). 


(c) y=5x— 1 is of the form y = mx +c. Hence 
gradient = 5 and y-axis intercept = —1 


(d) 2x+3y = 3 is not in the form y = mx+c 
as it stands. Transposing to make y the subject 
gives 3y = 3 — 2x, Le. 


3-—2x 3 2 


4 a. se 3 
: ure 
ie. y=—— 
3 


which is of the form y = mx +c 


2 
Hence gradient = 3 and y-axis 


intercept = +1 
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Problem 5. Without plotting graphs, 
determine the gradient and y-axis intercept 
values of the following equations: 


(a) y=7x-3 (b) 3y=-—6x+2 


(c) y—-2=4x+9 = 


x 
3 


(e) 2x+9y+1=0 


(a) y = 7x — 3 is of the form y = mx+c, 
hence gradient, m = 7 and y-axis intercept, 
c=-—3 


(b) Rearranging 3y = —6x + 2 gives 


a 6x 2 
pg eg 

2 

ie. ee 


which is of the form y = mx + c. Hence gra- 


dient m = —2 and y-axis intercept, c = 3 
4x + 9 gives 


(c) Rearranging y — 2 = 


y = 4x4 11, hence gradient = 4 and 
y-axis intercept = 11 
d) R . y x 1, 
(d) Rearranging qe gives 
3 x 1 3 3 
= (5 =) —o 5 


3 
Hence gradient = 3 and y-axis 


intercept — 2 
ag 


(e) Rearranging 2x + 9y + 1 = 0 gives 


9y = —2x-1, 

2 1 

ie y= —5* 5 
Hence gradient = -; and y-axis 


1 
intercept = —— 
‘s 9 


Problem 6. Determine the gradient of the 
straight line graph passing through the 


co-ordinates (a) (—2, 5) and (3, 4) 
(b) (—2, —3) and (—1, 3) 


STRAIGHT LINE GRAPHS 235 
A straight line graph passing through co-ordinates 
(x1, y1) and (x2, y2) has a gradient given by: 


y2—- Vi 
m= 
x2 — X41 


(see Fig. 27.7) 


Figure 27.7 


(a) A straight line passes through (—2, 5) and 
(3,4), hence x} = —2, y,) = 5, x. = 3 and 
y2 = 4, hence gradient 

_ #=5 1 

Mam | F— (2) 5 

(b) A straight line passes through (—2, —3) and 
(-—1, 3), hence x) = —2, y) = —3, x» = -1 
and y) = 3, hence gradient, 


y2— Yi 
we 


y- Vy 3 — (-3) 
m= = 
xX2—-x,;  —l1—(-2) 


343 6 


Problem 7. Plot the graph 3x ++ y+ 1=0 
and 2y — 5 = x on the same axes and find 
their point of intersection 


Rearranging 3x + y+ 1 =0 gives: y = —3x — 1 


Rearranging 2y —5 = x gives: 2y = x +5 and 
y= ax t25 


Since both equations are of the form y = mx +c 
both are straight lines. Knowing an equation is a 
straight line means that only two co-ordinates need 
to be plotted and a straight line drawn through them. 
A third co-ordinate is usually determined to act as 
a check. A table of values is produced for each 
equation as shown below. 
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Figure 27.8 


The graphs are plotted as shown in Fig. 27.8. 


The two straight lines are seen to intersect at 
(—1, 2). 


Now try the following exercise 


Exercise 103 Further problems on straight 
line graphs 


1. Corresponding values obtained experi- 
mentally for two quantities are: 


x} —-20 -05 0 10 25 3.0 5.0 
y|—13.0 —5.5 —3.0 2.0 9.5 12.0 22.0 


Use a horizontal scale for x of 1 cm = 
5 unit and a vertical scale for y of 
1 cm = 2 units and draw a graph of x 
against y. Label the graph and each of 
its axes. By interpolation, find from the 
graph the value of y when x is 3.5 


[14.5] 


2. The equation of a line is 4y = 2x+5. 
A table of corresponding values is pro- 
duced and is shown below. Complete the 
table and plot a graph of y against x. 
Find the gradient of the graph. 


x 1-4 -—3 —2 -1 0 123 4 
y —0.25 1.25 3:25 


Determine the gradient and intercept on 
the y-axis for each of the following 
equations: 

(a) y=4x—2 (b) y= —x 
()y=-3x-4 @y=4 


(a) 4, -2 (b) —1,0 
ES —3,=4 (0,4 | 
Find the gradient and intercept on the y- 
axis for each of the following equations: 
(a)2y—1=4x (b) 6x-—2y=5 


x 
()32y-D=5 


(a) 2 (b) 3 re (c) ne 
a) 2, = —2- ()—,= 
ie. - ae 24 2 
Determine the gradient and y-axis inter- 
cept for each of the following equations 
and sketch the graphs: 
(a)y=6x-3 (b) y=3x (CC) y=7 
(d) 2x + 3y+5=0 
(a) 6,3 (b) 3,0 

(c) 0,7 (d) : 2 
c ’ ek a 

3 3 
Determine the gradient of the straight 
line graphs passing through the co- 
ordinates: 
(a) (2, 7) and (—3, 4) 
(b) (—4, —1) and (—S, 3) 


(; 7) ( 3) 
Ol es ee 
4° 4 2°38 
3 5 
a 5 (b) -4 © - 12] 


State which of the following equations 
will produce graphs which are parallel 
to one another: 


(a) y-4=2x 


(b) 4x = —(y + 1) 


1 1 3 
er Ors) (d) PG ae” 


1 
(e) x= 57-9) 
[(a) and (c), (b) and (e)] 


Draw a graph of y — 3x +5 = 0 over 
a range of x = —3 to x = 4. Hence 
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determine (a) the value of y when 
x = 1.3 and (b) the value of x when 
y=—9.2 [(a) —1.1 (b) —-1.4] 


9. Draw on the same axes the graphs of 
y = 3x —5 and 3y+ 2x = 7. Find 
the co-ordinates of the point of inter- 
section. Check the result obtained by 
solving the two simultaneous equations 


algebraically. [(2, 1)] 
10. Plot the graphs y = 2x +3 and 
2y = 15 — 2x on the same axes and 


determine their point of intersection. 


ee) 


27.3 Practical problems involving 


straight line graphs 


When a set of co-ordinate values are given or are 
obtained experimentally and it is believed that they 
follow a law of the form y = mx +c, then if a 
straight line can be drawn reasonably close to most 
of the co-ordinate values when plotted, this verifies 
that a law of the form y = mx-+c exists. From 
the graph, constants m (i.e. gradient) and c (i.e. y- 
axis intercept) can be determined. This technique is 
called determination of law (see also Chapter 28). 


Problem 8. The temperature in degrees 
Celsius and the corresponding values in 
degrees Fahrenheit are shown in the table 
below. Construct rectangular axes, choose a 
suitable scale and plot a graph of degrees 
Celsius (on the horizontal axis) against 
degrees Fahrenheit (on the vertical scale). 


From the graph find (a) the temperature in 
degrees Fahrenheit at 55 °C, (b) the 
temperature in degrees Celsius at 167 °F, 
(c) the Fahrenheit temperature at 0°C, and 
(d) the Celsius temperature at 230°F 


The co-ordinates (10, 50), (20, 68), (40, 104), and so 
on are plotted as shown in Fig. 27.9. When the co- 
ordinates are joined, a straight line is produced. Since 
a straight line results there is a linear relationship 
between degrees Celsius and degrees Fahrenheit. 


STRAIGHT LINE GRAPHS = 237 


Degrees Fahrenheit (°F) 


0 20 40 


5560 7580 100 110120 x 


Degrees Celsius (°C) 
Figure 27.9 


(a) To find the Fahrenheit temperature at 55°C 
a vertical line AB is constructed from the 
horizontal axis to meet the straight line at 
B. The point where the horizontal line BD 
meets the vertical axis indicates the equivalent 
Fahrenheit temperature. 

Hence 55°C is equivalent to 131 °F 

This process of finding an equivalent value in 
between the given information in the above 
table is called interpolation. 

(b) To find the Celsius temperature at 167°F, a 
horizontal line EF is constructed as shown in 
Fig. 27.9. The point where the vertical line FG 
cuts the horizontal axis indicates the equivalent 
Celsius temperature. 

Hence 167 °F is equivalent to 75°C 

(c) If the graph is assumed to be linear even 
outside of the given data, then the graph may 
be extended at both ends (shown by broken 
line in Fig. 27.9). 

From Fig. 27.9, 0°C corresponds to 32°F 

(d) 230°F is seen to correspond to 110°C. 


The process of finding equivalent values out- 
side of the given range is called extrapolation. 


Problem 9. In an experiment on Charles’s 
law, the value of the volume of gas, V m3, 
was measured for various temperatures T °C. 
Results are shown below. 


V m?/ 25.0 25.8 26.6 27.4 28.2 29.0 


Plot a graph of volume (vertical) against 
temperature (horizontal) and from it find 
(a) the temperature when the volume is 
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28.6 m?, and (b) the volume when the (a) when the volume is 28.6 m°, the equivalent 
temperature is 67 °C temperature is 82.5°C, and 


(b) when the temperature is 67°C, the equivalent 
If a graph is plotted with both the scales starting volume is 26.1 m? 
at zero then the result is as shown in Fig. 27.10. 
All of the points lie in the top right-hand corner 
of the graph, making interpolation difficult. A more 
accurate graph is obtained if the temperature axis 
starts at 55°C and the volume axis starts at 24.5 m?. 
The axes corresponding to these values is shown by 
the broken lines in Fig. 27.10 and are called false 


axes, since the origin is not now at zero. A magnified Stress N/mm? | 4.9 8.7 15.0 
version of this relevant part of the graph is shown Strain 0.00007 0.00013 0.00021 
in Fig. 27.11. From the graph: 


Problem 10. In an experiment 
demonstrating Hooke’s law, the strain in an 
aluminium wire was measured for various 
stresses. The results were: 


Stress N/mm? | 18.4 24.2 27.3 
Strain 0.00027 0.00034 0.00039 


Plot a graph of stress (vertically) against 
strain (horizontally). Find: 


Volume (m%) 
a 


(a) Young’s Modulus of Elasticity for 
aluminium which is given by the 
gradient of the graph, 


the value of the strain at a stress of 


20 40 60 80 100x 20 N/mm72, and 
Temperature (°C) : 


the value of the stress when the strain is 
Figure 27.10 0.00020 


The co-ordinates (0.00007, 4.9), (0.00013, 8.7), and 
so on, are plotted as shown in Fig. 27.12. The graph 
produced is the best straight line which can be drawn 
corresponding to these points. (With experimental 
results it is unlikely that all the points will lie exactly 
on a straight line.) The graph, and each of its axes, 
are labelled. Since the straight line passes through 
the origin, then stress is directly proportional to 
strain for the given range of values. 


(a) The gradient of the straight line AC is given 
by 
AB _ I= 7 2 
BC 0.00040 — 0.00010 0.00030 
21 a 
~3x 10-4 10-4 
= 7x 10* = 70000 N/mm? 


55 60 6567 70 75 
Temperature (°C) 8 


Thus Young’s Modulus of Elasticity for alu- 
Figure 27.11 minium is 70 000 N/mm/?. 
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eR ee 


0 0.00005 0.00015 0.00025 0.00035 x 
Strain 0.000285 


Figure 27.12 
Since 1 m* = 10° mm”, 70 000 N/mm? 


is equivalent to 70000 x 10° N/m”, i.e. 
70 x 10° N/m? (or Pascals). 


From Fig. 27.12: 


(b) the value of the strain at a stress of 20 N/mm? 
is 0.000285, and 


(c) the value of the stress when the strain is 
0.00020 is 14 N/mm2. 


Problem 11. The following values of 


resistance R ohms and corresponding voltage 
V volts are obtained from a test on a 
filament lamp. 


R ohms 30 48.5 73 
V volts 16 29 52 


Choose suitable scales and plot a graph with 
R representing the vertical axis and V the 
horizontal axis. Determine (a) the gradient of 
the graph, (b) the R axis intercept value, 

(c) the equation of the graph, (d) the value of 
resistance when the voltage is 60 V, and 

(e) the value of the voltage when the 
resistance is 40 ohms. (f) If the graph were 
to continue in the same manner, what value 
of resistance would be obtained at 110 V? 


The co-ordinates (16, 30), (29, 48.5), and so on, are 
shown plotted in Fig. 27.13 where the best straight 
line is drawn through the points. 


Resistance R ohms 


0 2024 40 60 80 
Voltage V volts 


100110120 x 
Figure 27.13 


(a) The slope or gradient of the straight line AC is 

given by: 

AB 135-10 125 

— = —— = — = 1,25 

BC 100 — 0 100 
(Note that the vertical line AB and the horizon- 
tal line BC may be constructed anywhere along 
the length of the straight line. However, calcu- 
lations are made easier if the horizontal line 
BC is carefully chosen, in this case, 100). 


(b) The R-axis intercept is at R = 10 ohms (by 
extrapolation). 


(c) The equation of a straight line is y = mx +c, 
when y is plotted on the vertical axis and x on 
the horizontal axis. m represents the gradient 
and c the y-axis intercept. In this case, R 
corresponds to y, V corresponds to x, m = 1.25 
and c = 10. Hence the equation of the graph 
isR = (1.25 V +10) Q 


From Fig. 27.13, 


(d) when the voltage is 60 V, the resistance is 
85 Q 


(e) when the resistance is 40 ohms, the voltage is 
24 V, and 


(f) by extrapolation, when the voltage is 110 V, 
the resistance is 147 Q. 


Problem 12. Experimental tests to 
determine the breaking stress o of rolled 
copper at various temperatures f gave the 
following results. 
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Stress 0 N/cm? 8.46 8.04 7.78 
Temperature t°C 70 200 280 


Stress 0 N/cm? 7.37 7.08 6.63 
Temperature t°C | 410 500 640 


Show that the values obey the law 


o = at +b, where a and b are constants and 


determine approximate values for a and b. 


Use the law to determine the stress at 250°C 


and the temperature when the stress is 
7.54 N/cm?* 


Rearranging o = —0.0032t + 8.68 gives: 


0.00321 = 8.68 — o, 


_ 8.68—6 
~~ 0.0032 


Hence when the stress o = 7.54 N/cm”, temperature 


1.e. 


_ 8.68 — 7.54 
~ 0.0032 


= 356.3°C 


Now try the following exercise 


The co-ordinates (70, 8.46), (200, 8.04), and so 
on, are plotted as shown in Fig. 27.14. Since the 
graph is a straight line then the values obey the law 
o = at +b, and the gradient of the straight line is: 


Stress o N/cm? 


AB 8.36—6.76 1.60 | 
—500 


~ BC 100—600 


0 100 200 300 400 500 600 700 x 


Temperature t°C 


Figure 27.14 


Vertical axis intercept, b = 8.68 


Hence the law of the graph is: o = 0.0032 + 8.68 
When the temperature is 250°C, stress o is given by: 


o = —0.0032(250) + 8.68 
= 7.88 N/em? 


—0.0032 


Exercise 104 Further practical problems 
involving straight line 
graphs 


1. The resistance R ohms of a copper wind- 
ing is measured at various temperatures 
t°C and the results are as follows: 


Rohms 112 120 126 131 134 


t°C 20 36 48 58 64 


Plot a graph of R (vertically) against t 
(horizontally) and find from it (a) the 
temperature when the resistance is 
122 Q and (b) the resistance when the 
temperature is 52°C. 


[(a) 40°C. (b) 128 Q] 


2. The speed of a motor varies with arma- 
ture voltage as shown by the following 
experimental results: 


n 
(rev/min) 285 517 615 750 917 1050 


V volts 60 95 110 130 155 175 


Plot a graph of speed (horizontally) 
against voltage (vertically) and draw the 
best straight line through the points. Find 
from the graph: (a) the speed at a volt- 
age of 145 V, and (b) the voltage at a 
speed of 400 rev/min. 


[(a) 850 rev/min (b) 77.5 V] 


3. The following table gives the force F 
newtons which, when applied to a lift- 
ing machine, overcomes a corresponding 
load of L newtons. 
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Force F 
newtons 25 47 64 120 149 187 


Load L 
newtons 50 140 210 430 550 700 


Choose suitable scales and plot a graph 
of F (vertically) against L (horizontally). 
Draw the best straight line through the 
points. Determine from the graph 

(a) the gradient, (b) the F-axis intercept, 
(c) the equation of the graph, (d) the 
force applied when the load is 310 N, 
and (e) the load that a force of 160 N 
will overcome. (f) If the graph were to 
continue in the same manner, what value 
of force will be needed to overcome a 
800 N load? 


(a) 0.25 (b) 12 
(c) F=0.25L+12  (d) 89.5N 
(e) 592 N (f) 212 N 


The following table gives the results of 
tests carried out to determine the break- 
ing stress o of rolled copper at various 
temperatures, f: 


Stress 
o (N/cm?) 8.51 8.07 7.80 


Temperature 
tC) 75 220 310 


Stress 
o (N/cm’) 747 7.23 6.78 


Temperature 
t?C) 420 500 650 


Plot a graph of stress (vertically) against 
temperature (horizontally). Draw the 
best straight line through the plotted co- 
ordinates. Determine the slope of the 
graph and the vertical axis intercept. 


[—0.003, 8.73] 


The velocity v of a body after varying 
time intervals t was measured as follows: 


t (seconds) 2 5 8 11 15) 18 
v (m/s) 16.9 19.0 21.1 23.2 26.0 28.1 


Plot v vertically and t horizontally and 
draw a graph of velocity against time. 


STRAIGHT LINE GRAPHS 


Determine from the graph (a) the veloc- 
ity after 10 s, (b) the time at 20 m/s and 
(c) the equation of the graph. 


° 22.5 m/s (b) 6.43 ‘ 
(c) v=0.7t+ 15.5 
The mass m of a steel joint varies with 


length L as follows: 


mass, m (kg) 80 100 120 140 = 160 
length, ZL (m) 3.00 3.74 4.48 5.23 5.97 


Plot a graph of mass (vertically) against 
length (horizontally). Determine the 
equation of the graph. 


[m = 26.9L — 0.63] 


The crushing strength of mortar varies 
with the percentage of water used in its 
preparation, as shown below. 


Crushing 
strength, 
F (tonnes) 1.64 1.36 1.07 0.78 0.50 0.22 


% of water 
used, w% 6 9 12 15 18 21 


Plot a graph of F (vertically) against w 
(horizontally). 


(a) Interpolate and determine the crus- 
hing strength when 10% of water 
is used. 


(b) Assuming the graph continues in 
the same manner extrapolate and 
determine the percentage of water 
used when the crushing strength is 
0.15 tonnes. 


(c) What is the equation of the graph? 
(a) 1.26¢ (b) 21.68% 
(c) F = —0.09w + 2.21 


In an experiment demonstrating Hooke’s 
law, the strain in a copper wire was mea- 
sured for various stresses. The results 
were: 


Stress 
(pascals) 10.6 x 10° 18.2 x 10° 24.0 x 10° 


Strain 0.00011 0.00019 0.00025 
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Stress 
(pascals) 30.7 x 10° 39.4 x 106 


Strain 0.00032 0.00041 


Plot. a _ graph of _— stress (vertically) 
against strain (horizontally). Determine 
(a) Young’s Modulus of Elasticity for cop- 
per, which is given by the gradient of the 
graph, (b) the value of strain at a stress of 
21 x 10° Pa, (c) the value of stress when the 
strain is 0.00030 


(a) 96 x 10° Pa (b) 0.00022 
(c) 28.8 x 10° Pa 


9. An experiment with a set of pulley 
blocks gave the following results: 


Effort, E 
(newtons) 9.0 11.0 13.6 17.4 20.8 23.6 


Load, L 
(newtons) 15 25 38 57 74 88 


Plot a graph of effort (vertically) against 
load (horizontally) and determine (a) the 


gradient, (b) the vertical axis intercept, 
(c) the law of the graph, (d) the effort 
when the load is 30 N and (e) the load 


when the effort is 19 N. 
(a)3 (b)6 ()E=3L+6 
(d)12N (e)65N 


The variation of pressure p in a vessel 
with temperature T is believed to follow 
a law of the form p = aT + b, where 
a and b are constants. Verify this law 
for the results given below and deter- 
mine the approximate values of a and b. 
Hence determine the pressures at tem- 
peratures of 285 K and 310 K and the 
temperature at a pressure of 250 kPa. 


Pressure, 
p kPa 244 247 252 258 262 267 


Temperature, 
TK 273 277 282 289 294 300 


a=0.85, b=12, 254.3 kPa, 
275.5 kPa, 280 K 
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Reduction of non-linear laws to linear 


form 


28.1 Determination of law 


Frequently, the relationship between two variables, 
say x and y, is not a linear one, i.e. when x is plotted 
against y a curve results. In such cases the non- 
linear equation may be modified to the linear form, 
y = mx +c, so that the constants, and thus the 
law relating the variables can be determined. This 
technique is called ‘determination of law’. 

Some examples of the reduction of equations to 
linear form include: 


(i) y = ax? + b compares with Y = mX +c, 
where m = a, c= b and X = x’. 
Hence y is plotted vertically against x? hor- 


izontally to produce a straight line graph of 
gradient ‘a’ and y-axis intercept ‘b’ 


ae a 
(ii) y=—-+b 
x 


1 
y is plotted vertically against — horizontally 


to produce a straight line graph of gradient ‘a’ 
and y-axis intercept ‘b’ 
(iii) ~y = ax*+bx 
Dividing both sides by x gives ~ = ax +b. 
x 


Comparing with Y = mX +c shows that ud 

x 
is plotted vertically against x horizontally to 
produce a straight line graph of gradient ‘a’ 


y., : 
and — axis intercept ‘b 
x 


Problem 1. Experimental values of x and y, 
shown below, are believed to be related by 
the law y = ax* + b. By plotting a suitable 
graph verify this law and determine 


approximate values of a and b 


x |l 2 3 4 5 
y|98 15.2 24.22 36.5 53.0 


If y is plotted against x a curve results and it is 
not possible to determine the values of constants a 
and b from the curve. Comparing y = ax* + b with 
Y = mX +c shows that y is to be plotted vertically 
against x? horizontally. A table of values is drawn 
up as shown below. 


4 9 25 


15.2 24.2 36.5 53.0 


A graph of y against x” is shown in Fig. 28.1, with 
the best straight line drawn through the points. Since 
a straight line graph results, the law is verified. 


Figure 28.1 


From the graph, gradient 
AB 53-17 36 
“BC 25-5 20 
and the y-axis intercept, 
b=8.0 
Hence the law of the graph is: 
y = 1.8x? + 8.0 


1.8 
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Problem 2. Values of load Z newtons and 
distance d metres obtained experimentally 
are shown in the following table 


32.3 29.6 27.0 23.2 
distance, d m| 0.75 0.37 0.24 0.17 


18.3 12.8 100 64 
distance,d m}| 0.12 0.09 0.08 0.07 


Verify that load and distance are related by a 
law of the form L = 2 + b and determine 


approximate values of a and b. Hence 
calculate the load when the distance is 
0.20 m and the distance when the load is 
20 N. 


1 
Comparing L = “+ bie. L=a 7 + b with 
Y = mX +c shows that L is to be plotted vertically 


1 
against — horizontally. Another table of values is 


drawn up as shown below. 


32.3 29.6 27.0 23.2 183 128 100 64 
0.75 0.37 0.24 0.17 0.12 0.09 0.08 0.07 


1.33. 2.70 4.17 5.88 


8.33 11.11 12.50 14.29 


1 
A graph of L against 7 is shown in Fig. 28.2. A 


straight line can be drawn through the points, which 
verifies that load and distance are related by a law 


of the form L =< +b 


Gradient of straight line, 
AB 31-11 20 


= = — =-—2 
= 60 2210 10 
L-axis intercept, 
b =35 


Hence the law of the graph is 
L= = + 35 
d 
When the distance d = 0.20 m, load 


—2 
L=——— +35=25.0N 
0.20 = 


8 10 12 14 


Figure 28.2 


2 
Rearranging L = i. + 35 gives: 


; =35-L and d= — 
Hence when the load L = 20 N, distance 
= 2 = = = 0.13 m 
35—20 15 


Problem 3. The solubility s of potassium 
chlorate is shown by the following table: 


rc}10 20 30 40 50 60 80 100 
s 49 76 11.1 15.4 20.4 26.4 40.6 58.0 


The relationship between s and ¢ is thought 
to be of the form s = 3+ at + bt’. Plot a 
graph to test the supposition and use the 
graph to find approximate values of a and b. 
Hence calculate the solubility of potassium 
chlorate at 70°C 


Rearranging s = 3+ at+br* gives s—3 = at +bt? 
s—3 


= bt +a which is of 


-—3 
and ——~ = a + bt or 


s—3 


the form Y = mX + c, showing that is to be 


plotted vertically and ¢t horizontally. Another table 
of values is drawn up as shown below. 


10 20 30 40 50 60 80 = 100 
4.9 7.6 11.1 15.4 20.4 26.4 40.6 58.0 


0.19 0.23 0.27 0.31 0.35 0.39 0.47 0.55 
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s—3 


A graph of 


Fig. 28.3. 
A straight line fits the points, which shows that s 
and ¢ are related by 


against t is shown plotted in 


s=3+at+ br 


Figure 28.3 


Gradient of straight line, 
AB 0.39-—0.19 _ 0.20 


b= = = = 0.004 
BC 60 — 10 50 
Vertical axis intercept, 
a =0.15 


Hence the law of the graph is: 
s =3+0.15¢ + 0.0047? 


The solubility of potassium chlorate at 70°C is given 
by 


s =3+0.15(70) + 0.004(70)" 
= 3410.54 19.6 = 33.1 


Now try the following exercise 


Exercise 105 


Further problems on reduc- 
ing non-linear laws to linear 
form 


In Problems | to 5, x and y are two related 
variables and all other letters denote constants. 
For the stated laws to be verified it is neces- 
sary to plot graphs of the variables in a mod- 
ified form. State for each (a) what should be 
plotted on the vertical axis, (b) what should be 
plotted on the horizontal axis, (c) the gradient 
and (d) the vertical axis intercept. 


REDUCTION OF NON-LINEAR LAWS TO LINEAR FORM 


1. 


y=d+cx 

(a) y (b) x © ¢ @ d] 
y-a=b/x 

(a) y (b) Ve © b @) @ 


ee 
Dele ey 
x 
1 
G y %)- OF @ | 
y — cx = bx? 
[a= ox ©b We 
x 
a 
y=—+bx 
x 
y 1 
G = (b)> @©a ) a 
x x 
In an experiment the resistance of wire is 


measured for wires of different diameters 
with the following results: 


It is thought that R is related to d by 
the law R = (a/d*) + b, where a and 
b are constants. Verify this and find the 
approximate values for a and b. Deter- 
mine the cross-sectional area needed for 
a resistance reading of 0.50 ohms. 

[a = 1.5,b = 0.4, 11.78 mm] 


Corresponding experimental values of two 
quantities x and y are given below. 


15 30 45 60 7.5 9.0 


y}11.5 25.0 47.5 79.0 119.5 169.0 


By plotting a suitable graph verify that 
y and x are connected by a law of the 
form y = kx? +c, where k and c are 
constants. Determine the law of the graph 
and hence find the value of x when y is 
60.0 [y= 2x?+7, 5.15] 
Experimental results of the safe load L kN, 
applied to girders of varying spans, d m, 
are shown below: 


Span,dm |2.0 2.8 36 4.2 48 


Load, L kN|475 339 264 226 198 


It is believed that the relationship between 
load and span is L = c/d, where c is 
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a constant. Determine (a) the value of 
constant c and (b) the safe load for a span 
of 3.0 m. [(a) 950 (b) 317 KN] 


9. The following results give corresponding 
values of two quantities x and y which 
are believed to be related by a law of the 
form y = ax” + bx where a and b are 
constants. 


33.86 55.54 72.80 84.10 111.4 168.1 


34 52 65 7.3 9.1 124 


Verify the law and determine approximate 
values of a and b. 


Hence determine (1) the value of y when 
x is 8.0 and (ii) the value of x when y is 
146.5 


[a=04,b=86 (1) 944 (ii) 11.2] 


28.2 Determination of law involving 
logarithms 


Examples of reduction of equations to linear form 
involving logarithms include: 
@ y=ax" 
Taking logarithms to a base of 10 of both sides 
gives: 
lg y = lg(ax”) = lga+l1gx" 
ie. Igy=nlgx+lga 


by the laws of logarithms which compares 
with 


Y=mX+c 


and shows that lg y is plotted vertically against 
lgx horizontally to produce a straight line 
graph of gradient n and lg y-axis intercept lg a 


Gi) y=ab* 
Taking logarithms to a base of 10 of the both 
sides gives: 
Ig y = Ig(ab") 
ie. Igy=lga+lgb* 
ie. Igy=xlgb+lga 


by the laws of logarithms 
or Igy=(gb)x+lga 
which compares with 
Y=mX+c 
and shows that lg y is plotted vertically against 


x horizontally to produce a straight line graph 
of gradient lg b and lg y-axis intercept lg a 


(iii) y= ae™* 


Taking logarithms to a base of e of both sides 
gives: 


In y = In(ae”) 


ie. Iny=Ina+Ine™ 
te. Iny=Ina+bxIne 


te. Iny=bx+Ina 
(since Ine = 1), which compares with 
Y=mX+c 


and shows that In y is plotted vertically against 
x horizontally to produce a straight line graph 
of gradient b and In y-axis intercept Ina 


Problem 4. The current flowing in, and the 
power dissipated by, a resistor are measured 
experimentally for various values and the 
results are as shown below. 


Current, [ 
amperes 2.2 36 41 5.6 6.8 


Power, P 
watts 116 311 403 753 1110 


Show that the law relating current and power 
is of the form P = RI", where R and n are 
constants, and determine the law 


Taking logarithms to a base of 10 of both sides of 
P=RI" gives: 


Ig P = 1g(RI") =1gR+1g1" =lIgR+nl1gl 


by the laws of logarithms 


IgP=nlg/+l1gR, 
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which is of the form 
Y=mX-+c, 


showing that lg P is to be plotted vertically against 
IgI horizontally. 


A table of values for lg 7 and lg P is drawn up as 
shown below: 


2.2 3.6 4.1 5.6 6.8 
0.342 0.556 0.613 0.748 0.833 


116 311 403 753 
2.064 2.493 2.605 2.877 


1110 
3.045 


A graph of lg P against lg/ is shown in Fig. 28.4 
and since a straight line results the law P = RI” is 
verified. 


0.30 0.40 0.50 0.60 0.70 0.80 0.90 


Ig / 


Figure 28.4 


Gradient of straight line, 


AB 2.98—2.18 0.80 > 
ii- —_  : qQyOoyOQqyxTrC: = —_ = 
BC 0.8 — 0.4 0.4 
It is not possible to determine the vertical axis 
intercept on sight since the horizontal axis scale does 
not start at zero. Selecting any point from the graph, 


say point D, where lg / = 0.70 and lg P = 2.78, and 
substituting values into 


IgP=nlgI+lgR 


gives: 2.78 = (2)(0.70) + lgR 
from which lgR = 2.78 — 1.40 = 1.38 
Hence R = antilog 1.38(=10! 38) 


= 24.0 
Hence the law of the graph is P = 24.01? 


REDUCTION OF NON-LINEAR LAWS TO LINEAR FORM — 247 


Problem 5. The periodic time, T, of 
oscillation of a pendulum is believed to be 
related to its length, /, by a law of the form 
T =kl", where k and n are constants. Values 
of T were measured for various lengths of 
the pendulum and the results are as shown 
below. 


Periodic time, 
Ts 10 13 15 #18 2.0 2.3 


Length,/ m |0.25 0.42 0.56 0.81 1.0 1.32 
Show that the law is true and determine the 
approximate values of k and n. Hence find 
the periodic time when the length of the 
pendulum is 0.75 m 


From para (i), if T = k/” then 
IgT =nlgl+lgk 


and comparing with 
Y=mX+c 


shows that Ig7T is plotted vertically against lg/ 
horizontally. A table of values for lg 7 and lg/ is 
drawn up as shown below. 


18 2.0 2.3 
0.255 0.301 0.362 


0.81 1.0 1.32 


0.092 0 0.121 


A graph of lg7T against lg/ is shown in Fig. 28.5 
and the law T = kl” is true since a straight line 
results. 

From the graph, gradient of straight line, 


ABs 0.25-005 0.20 1 
BC —0.10—(—0.50) 0.40 2 
Vertical axis intercept, lg k = 0.30 Hence 
k = antilog 0.30(= 10°°°) = 2.0 
Hence the law of the graph is: 
T=2.007 or T=2.0V1 
When length / = 0.75 m then 
T = 2.00.75 = 1.73 s 


Problem 6. Quantities x and y are believed 
to be related by a law of the form y = ab’, 
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—0.60 -0.50-0.40 —-0.30-0.20-0.10 0 
Ig / 


0.10 0.20 


Figure 28.5 


where a and b are constants. Values of x and 
corresponding values of y are: 


0 0.6 12 18 24 3.0 
y|5.0 9.67 18.7 36.1 69.8 135.0 


Verify the law and determine the 
approximate values of a and b. Hence 
determine (a) the value of y when x is 2.1 
and (b) the value of x when y is 100 


From para (11), if y = ab* then 


Igy=(gb)x+lga 
and comparing with 
Y=mX+c 


shows that lg y is plotted vertically and x horizon- 
tally. 


Another table is drawn up as shown below. 


0 06 12 18 24 3.0 
5.0 9.67 18.7 36.1 69.8 135.0 
2.13 


Igy|0.70 0.99 1.27 1.56 1.84 


A graph of lg y against x is shown in Fig. 28.6 and 
since a straight line results, the law y = ab” is 
verified. 

Gradient of straight line, 


AB 2.13—1.17 0.96 
B= FG 40510 °° 30 


Figure 28.6 


Hence b = antilog 0.48 (= 10°48) = 3.0, correct to 
2 significant figures. 


Vertical axis intercept, 
lga = 0.70, from which 
a = antilog 0.70 (= 10°”) 
= 5.0, correct to 2 significant figures. 


Hence the law of the graph is y = 5.0(3.0)* 


(a) When x = 2.1, y = 5.0(3.0)*! = 50.2 


(b) When y = 100, 100 = 5.0(3.0)*, 
from which  100/5.0 = (3.0), 


ie. 20 = (3.0)* 
Taking logarithms of both sides gives 


Ig 20 = 1g(3.0)" = x1g¢3.0 
_ 1g20 _ 1.3010 


Hence x= — = 2.73 
Ig3.0 0.4771 


Problem 7. The current i mA flowing in a 
capacitor which is being discharged varies 
with time ¢ ms as shown below: 


imA|203 61.14 2249 6.13 2.49 0.615 
tms {100160 210 275 320 390 


Show that these results are related by a law 


t/T 


of the form i = Je’’’ , where J and T are 
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constants. Determine the approximate values 
of J and T 


Taking Napierian logarithms of both sides of 
i= TIe'/™ gives 


t 
Ini = Ine") = In] + Ine”? =InI + pine 


t 
Le. Meee (since Ine = 1) 


1 
Int={—=—)t+In/ 
or Ini (=) +1n 


which compares with y = mx +c, showing that 
Ini is plotted vertically against ¢ horizontally. (For 
methods of evaluating Napierian logarithms see 
Chapter 13.) Another table of values is drawn up 
as shown below 


160 210 275 320 390 
61.14 22.49 6.13 2.49 0.615 
4.11 3.11 1.81 0.91 —0.49 


5.31 


A graph of Ini against f is shown in Fig. 28.7 and 
since a straight line results the law i = Je‘/” is 
verified. 


5.0 


Eee eee D(200, 3.31) 


Ini 


Figure 28.7 


Gradient of straight line, 


1 AB 5.30— 1.30 4.0 
= = or = = —0.02 
100 — 300 


—200 — 


T BC 


Selecting any point on the graph, say point D, where 
t = 200 and Ini = 3.31, and substituting into 


1 
Int =|—)t+InJ 
nl (=) + In 


1 
ives: 3.31 = ——(200) + InJ 
gives 50° )+ In 
from which, In/J = 3.31 +4.0 = 7.31 
and I = antilog 7.31 (= e’*!) = 1495 


or 1500 correct to 3 significant figures. 


Hence the law of the graph is, i = 1500 e~‘/>° 


Now try the following exercise 


Exercise 106 Further problems on reduc- 
ing non-linear laws to linear 
form 


In Problems | to 3, x and y are two related 
variables and all other letters denote constants. 
For the stated laws to be verified it is nec- 
essary to plot graphs of the variables in a 
modified form. State for each (a) what should 
be plotted on the vertical axis, (b) what should 
be plotted on the horizontal axis, (c) the gra- 
dient and (d) the vertical axis intercept. 


1. y=ba* 
Ia)lg y (b)x ()lg a (d)lg d] 
2. y=k! 
[alg y (b)lg x (c)! (d)lg k] 
3 y ee nx 
‘ — =x. 
m 
[(a)In y (b)x (c)n (d) In m] 


4. The luminosity J of a lamp varies with 
the applied voltage V and the relationship 
between J and V is thought to be J = kV”. 
Experimental results obtained are: 


T candelas 1.92 4.32 9.72 
V volts 40 60 90 
15.87 23.52 30.72 


I candelas 
V volts 115 140 160 


Verify that the law is true and determine 
the law of the graph. Determine also the 
luminosity when 75 V is applied across 
the lamp. 


[I = 0.0012 V’, 6.75 candelas] 
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The head of pressure h and the flow 
velocity v are measured and are believed 
to be connected by the law v = ah’, 
where a and b are constants. The results 
are as shown below: 


h}10.6 13.4 17.2 246 29.3 
v| 9.77 11.0 12.44 14.88 16.24 


Verify that the law is true and determine 
values of a and b. [a = 3.0, b= 0.5] 


Experimental values of x and y are mea- 
sured as follows: 


xJ/04 09 1.2 2.3 3.8 
y|8.35 13.47 17.94 51.32 215.20 
The law relating x and y is believed to 
be of the form y = ab*, where a and b 
are constants. Determine the approximate 
values of a and b. Hence find the value of 
y when x is 2.0 and the value of x when 

y is 100. 
[a = 5.7, b = 2.6, 38.53, 3.0] 


The activity of a mixture of radioactive 
isotope is believed to vary according to 
the law R = Rot~°, where Ro and c are 
constants. Experimental results are shown 
below. 


R|9.72 2.65 1.15 0.47 0.32 0.23 
t |2 5 9 17 22 28 


Verify that the law is true and determine 
approximate values of Ro and c. 

[Ro = 26.0, c = 1.42] 
Determine the law of the form y = ae 
which relates the following values. 


x |—4.0 5.3. 98 174 32.0 40.0 


0.0306 0.285 0.841 5.21 173.2 1181 


Ly = 0.0897] 


The tension T in a belt passing round 
a pulley wheel and in contact with the 
pulley over an angle of @ radians is given 
by T = Toe’, where Ty and p are 
constants. Experimental results obtained 
are: 


T newtons}47.9 52.8 60.3 70.1 80.9 
@ radians 1.12 148 1.97 2.53 3.06 


Determine approximate values of To and 
wu. Hence find the tension when @ is 2.25 
radians and the value of 6 when the ten- 
sion is 50.0 newtons. 


b =354N,u= a | 
65.0 N, 1.28 radians] 
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Graphs with logarithmic scales 


29.1 Logarithmic scales 


Graph paper is available where the scale markings 
along the horizontal and vertical axes are propor- 
tional to the logarithms of the numbers. Such graph 
paper is called log-log graph paper. 

A logarithmic scale is shown in Fig. 29.1 where 
the distance between, say | and 2, is proportional 
to lg2 — Ig 1, ie. 0.3010 of the total distance from 
1 to 10. Similarly, the distance between 7 and 8 is 
proportional to lg 8 — lg 7, i.e. 0.05799 of the total 


1 2 3 4 5 6 7 8 910 


Figure 29.1 


100 


0.1 1.0 10 


Figure 29.2 


distance from 1 to 10. Thus the distance between 
markings progressively decreases as the numbers 
increase from | to 10. 

With log—log graph paper the scale markings are 
from 1| to 9, and this pattern can be repeated several 
times. The number of times the pattern of markings 
is repeated on an axis signifies the number of cycles. 
When the vertical axis has, say, 3 sets of values from 
1 to 9, and the horizontal axis has, say, 2 sets of 
values from | to 9, then this log—log graph paper is 
called ‘log3 cycle x 2 cycle’ (see Fig. 29.2). Many 
different arrangements are available ranging from 
‘log 1 cycle x 1 cycle’ through to ‘log 5 cycle x 
5 cycle’. 

To depict a set of values, say, from 0.4 to 161, 
on an axis of log—log graph paper, 4 cycles are 
required, from 0.1 to 1, 1 to 10, 10 to 100 and 100 
to 1000. 


29.2 Graphs of the form y = ax” 


Taking logarithms to a base of 10 of both sides of 
y = ax" gives: 


Ig y = Ig(ax") 

=lga+lgx” 

ie. Igy=nlgx+lga 
which compares with Y=mX+c 


Thus, by plotting lg y vertically against lg x horizon- 
tally, a straight line results, i.e. the equation y = ax” 
is reduced to linear form. With log—log graph paper 
available x and y may be plotted directly, without 
having first to determine their logarithms, as shown 
in Chapter 28. 


Problem 1. Experimental values of two 
related quantities x and y are shown below: 


x 0.41 0.63 0.92 1.36 2.17 3.95 


y 0.45 1.21 2.89 7.10 20.79 82.46 
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The law relating x and y is believed to be 
y= ax’, where a and b are constants. 

Verify that this law is true and determine the 
approximate values of a and b 


If y = ax? then lgy = blgx + 1ga, from above, 
which is of the form Y = mX +c, showing that 
to produce a straight line graph Igy is plotted 
vertically against lgx horizontally. x and y may 
be plotted directly on to log—log graph paper as 
shown in Fig. 29.2. The values of y range from 
0.45 to 82.46 and 3 cycles are needed (i.e. 0.1 
to 1, 1 to 10 and 10 to 100). The values of x 
range from 0.41 to 3.95 and 2 cycles are needed 
(i.e. 0.1 to 1 and 1 to 10). Hence ‘log 3 cycle x 
2 cycle’ is used as shown in Fig. 29.2 where the 
axes are marked and the points plotted. Since the 
points lie on a straight line the law y = ax? is 
verified. 


To evaluate constants a and Db: 


Method 1. Any two points on the straight line, say 
points A and C, are selected, and AB and BC are 
measured (say in centimetres). 


AB 11.5 unit 
Then, gradient, b = —- = ee =2.3 
BC 5 units 


Since lg y = blgx +1ga, when x = 1, lgx = 0 and 
lg y=lga. 


The straight line crosses the ordinate x = 1.0 at 
y =3.5. 


Hence lga = 1g3.5, ie.a = 3.5 


Method 2. Any two points on the straight line, say 
points A and C, are selected. A has coordinates 
(2, 17.25) and C has coordinates (0.5, 0.7). 


Since y= ax" then 17.25 = a(2)’ (1) 


and 0.7 = a(0.5)" (2) 


i.e. two simultaneous equations are produced and 
may be solved for a and b. 
Dividing equation (1) by equation (2) to eliminate 
a gives: 
1725: ( 2 ) 
O07 ~ (0.4) \05 


ie. 24.643 = (4)° 


Taking logarithms of both sides gives 
Ig 24.643 = bl¢g4, ie. 


et lg 24.643 
~ Ig4 
= 2.3, correct to 2 significant figures. 
Substituting b = 2.3 in equation (1) gives: 
17.25 =aQ)”, ie. 
17.25. 17,25 
— — ee 
(2)°3 4.925 


= 3.5, correct to 2 significant figures. 


Hence the law of the graph is: y = 3.5x7° 


Problem 2. The power dissipated by a 
resistor was measured for varying values of 
current flowing in the resistor and the results 
are as shown: 


Current, J 
amperes 14 4.7 68 9.1 

Power, P 
watts 


11.2 13.1 


49 552 1156 2070 3136 4290 


Prove that the law relating current and power 
is of the form P = RI", where R and n are 
constants, and determine the law. Hence 
calculate the power when the current is 12 
amperes and the current when the power is 
1000 watts 


Since P = RI” then lg P = nlgJ +1gR, which is 
of the form Y = mX +c, showing that to produce a 
straight line graph lg P is plotted vertically against 
IgZ horizontally. Power values range from 49 to 
4290, hence 3 cycles of log—log graph paper are 
needed (10 to 100, 100 to 1000 and 1000 to 10000). 
Current values range from 1.4 to 11.2, hence 2 
cycles of log—log graph paper are needed (1 to 10 
and 10 to 100). Thus ‘log 3 cycles x 2 cycles’ is 
used as shown in Fig. 29.3 (or, if not available, 
graph paper having a larger number of cycles per 
axis can be used). The co-ordinates are plotted and 
a straight line results which proves that the law 
relating current and power is of the form P = RI”. 
Gradient of straight line, 


_ AB 7 14 units a 
~ BC Tunits 
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10000 


p pascals 5.05 x 10° 1.82 x 107 


vm 3.5x 1073 1.4.x 1073 


Verify that the law is true and determine 
approximate values of c and n 


1000 Since p = cv", then lg p = nlgv+1gc, which is 
of the form Y = mX +c, showing that to produce a 
straight line graph lg p is plotted vertically against 


8 eR AEE ogg ge NL lgv horizontally. The co-ordinates are plotted on 
Fe ‘log 3 cycle x 2 cycle’ graph paper as shown in 
3 Fig. 29.4. With the data expressed in standard form, 
the axes are marked in standard form also. Since a 
‘aa tl straight line results the law p = cv" is verified. 
1x 108 
100 10 100 
Current, / amperes a 
1x 107 
Figure 29.3 
At point C, ] = 2 and P = 100. Substituting these 
values into P = RI" gives: 100 = R(2)*. Hence & nade 
R = 100/(2)? = 25 which may have been found 2 
from the intercept on the J = 1.0 axis in Fig. 29.3. = 
Hence the law of the graph is P = 25] e108 GE TT TT Tt 
When current J = 12, power 
P = 25(12)? = 3600 watts (which may be read 
from the graph). 
When power P = 1000, 1000 = 25/°. Be 
Hence P= 1000 = 40, 
25 
from which, 1 = V40 = 6.32 A a ope 11072 1107 
Volume, vms 
Problem 3. The pressure p and volume v . 
of a gas are believed to be related by a law Figure 29.4 
of the form p = cv", where c and n are 
constants. Experimental values of p and The straight line has a negative gradient and the 
corresponding values of v obtained in a value of the gradient is given by: 
laboratory are: 
AB 14 units 
p pascals 2.28 x 10° 8.04.x 10° 2.03 x 10° BC 10 units , 


vm 3.2x 10-2 13x10 67x 107 


hence n = —1.4 
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Selecting any point on the straight line, say point 
C, having co-ordinates (2.63 x 10~*, 3 x 10°), and 
substituting these values in p = cv” gives: 


3 x 10° = c(2.63 x 1077)~!4 


- 3 x 10° 3x 105 
ence ere 
“= 2.63 x 10-2)-4 ~ (0.0263)-!4 
_ 3x 10° 
~ 1.63 x 102 


= 1840, correct to 3 significant figures. 


Hence the law of the graph is: 


p = 1840v~ 1! or pu'!4 = 1840 


Now try the following exercise 


Exercise 107 Further problems on graphs 
of the form y = ax” 


1. Quantities x and y are believed to be 
related by a law of the form y = ax", 
where a and n are constants. Experimen- 
tal values of x and corresponding values 
of y are: 


x10.8 2.3 5.4 11.5 216 42.9 
y| 8 54 250 974 3028 10410 


Show that the law is true and determine 
the values of a and n. Hence determine 
the value of y when x is 7.5 and the value 
of x when y is 5000. 


[a = 12,n = 1.8, 451, 28.5] 


2. Show from the following results of volt- 
age V and admittance Y of an electrical 
circuit that the law connecting the quan- 
tities is of the form V = kY”, and deter- 
mine the values of k and n. 


Voltage, 


V volts 2.88 2.05 1.60 1.22 0.96 


Admittance, 
Y siemens 0.52 0.73 0.94 1.23 1.57 


[k= 1.5,n=—-1] 


3. Quantities x and y are believed to be 
related by a law of the form y = mn’. 
The values of x and corresponding values 
of y are: 


x} 0 05 10 15 20 25 3.0 
y|1.0 3.2 10 31.6 100 316 1000 


Verify the law and find the values of m 
[m= 1, n = 10] 


and n. 


29.3. Graphs of the form y = ab* 


Taking logarithms to a base of 10 of both sides of 
y = ab" gives: 


lg y = Ig(ab*) = lga+lgb* =lga+xlgb 
ie. Ig y= (gb)x+lga 


which compares with Y=mX+c 

Thus, by plotting lg y vertically against x horizon- 
tally a straight line results, i.e. the graph y = ab* 
is reduced to linear form. In this case, graph paper 
having a linear horizontal scale and a logarithmic 
vertical scale may be used. This type of graph paper 
is called log-linear graph paper, and is specified 
by the number of cycles on the logarithmic scale. 
For example, graph paper having 3 cycles on the 
logarithmic scale is called ‘log 3 cycle x _ linear’ 


graph paper. 


Problem 4. Experimental values of 
quantities x and y are believed to be related 
by a law of the form y = ab’, where a and b 
are constants. The values of x and 
corresponding values of y are: 


x] 07 14 21 29 3.7 43 
y| 184 45.1 111 308 858 1850 


Verify the law and determine the approximate 
values of a and b. Hence evaluate 

(i) the value of y when x is 2.5, and (11) the 
value of x when y is 1200 


Since y = ab* then lgy = (gb)x + Iga (from 
above), which is of the form Y = mX +c, showing 
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that to produce a straight line graph lg y is plot- 
ted vertically against x horizontally. Using log-linear 
graph paper, values of x are marked on the horizon- 
tal scale to cover the range 0.7 to 4.3. Values of y 
range from 18.4 to 1850 and 3 cycles are needed 
(i.e. 10 to 100, 100 to 1000 and 1000 to 10000). 
Thus ‘log 3 cycles x linear’ graph paper is used as 
shown in Fig. 29.5. A straight line is drawn through 
the co-ordinates, hence the law y = ab* is verified. 


10000 


1000 


100 B: 


0 05 10 145 20 25 30 35 40 45 
Figure 29.5 


Gradient of straight line, lgb = AB/BC. Direct 
measurement (say in centimetres) is not made with 
log-linear graph paper since the vertical scale is 
logarithmic and the horizontal scale is linear. Hence 


AB 1g1000—1g100 3-2 


BC 3.82—2.02 1.80 
1 
= — = 0.5556 
1.80 


Hence b = antilog 0.5556(= 10°°>°°) = 3.6, cor- 
rect to 2 significant figures. 


Point A has coordinates (3.82, 1000). 
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Substituting these values into y = ab” gives: 
1000 = a(3.6)**”, ie. 


1000 
a= — 
(3.6)3:82 


= 7.5, correct to 2 significant figures. 


Hence the law of the graph is: y = 7.5(3.6)*. 
(i) When x = 2.5, y = 7.5(3.6)?? = 184 
(ii) When y = 1200, 1200 = 7.5(3.6)*, hence 


1200 
3.6)’ = —— = 160 
oo) 75 
Taking logarithms gives: x lg 3.6 = lg 160 
_ Ig160 2.2041 
163.6 0.5563 


= 3.96 


Now try the following exercise 


Exercise 108 Further problem on graphs 
of the form y = ab* 


1. Experimental values of p and correspon- 
ding values of g are shown below. 


13.2 —27.9 —62.2 —383.2 —1581 —2931 
0.30 0.75 1.23 2.32 3.17 3.54 


Show that the law relating p and gq is 
p = ab‘, where a and b are constants. 
Determine (i) values of a and b, and state 
the law, (ii) the value of p when q is 2.0, 
and (iii) the value of g when p is —2000. 


(i)a=—-8, b=5.3, p= —8(5.3)? 
(ii) — 224.7 (iii) 3.31 


29.4 Graphs of the form y = ae 


Taking logarithms to a base of e of both sides of 
y = ae™ gives: 

Iny= In(ae™) = Ina+ Ine“ =Ina+kxIne 
ie. Iny=kx+Ina (since Ine = 1) 


which compares with Y = mX +c 
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Thus, by plotting In y vertically against x horizon- 
tally, a straight line results, ie. the equation y = ae 
is reduced to linear form. In this case, graph paper 
having a linear horizontal scale and a logarithmic 
vertical scale may be used. 


Problem 5. The data given below is 
believed to be related by a law of the form 

y = ae™, where a and b are constants. Verify 
that the law is true and determine 
approximate values of a and b. Also 


determine the value of y when x is 3.8 and 
the value of x when y is 85. 


—1.2 0.38 12 25 34 42 5.3 
9.3. 22.2 34.8 71.2 117 181 332 


Since y = ae then Iny = kx + In a (from 
above), which is of the form Y = mX +c, showing 
that to produce a straight line graph In y is plotted 
vertically against x horizontally. The value of y 
ranges from 9.3 to 332 hence ‘log 3 cycle x linear’ 
graph paper is used. The plotted co-ordinates are 
shown in Fig. 29.6 and since a straight line passes 


1000 


y 
y= ae 
100 in 
10 ee B 
) 
200 4 0 1 2 3 4 5 6 x 
Figure 29.6 
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through the points the law y = ae“ is verified. 
Gradient of straight line, 
AB In 100 — In 10 2.3026 


~ BC 3.12—(—1.08) 4.20 


= 0.55, correct to 2 significant figures. 


Since In y = kx + Ina, when x = 0, In y = Ina, Le. 
y=a. 

The vertical axis intercept value at x = 0 is 18, 
hence a = 18. 

The law of the graph is thus: y = 18e9>**. 
When x is 3.8, 

y = 18¢e953-8) = 18e? = 18(8.0849) = 146 


When y is 85, 85 = 18¢°>*, 


Hence, e®°>* = = = 4.7222 
and 0.55x = In4.7222 = 1.5523. 
1.552 
Hence x = aoe = 2.82 
0.55 


Problem 6. The voltage, v volts, across an 
inductor is believed to be related to time, t ms, 
by the law v = Ve'/", where V and T are 
constants. Experimental results obtained are: 


v volts} 883 347 90 55.5 18.6 5.2 
tms |104 21.6 37.8 43.6 56.7 72.0 


Show that the law relating voltage and time 
is as stated and determine the approximate 
values of V and T. Find also the value of 
voltage after 25 ms and the time when the 
voltage is 30.0 V 


1 
Since v = Ve’/T then Inv = =u +InV 


which is of the form Y = mX +c. 

Using ‘log3 cycle x linear’ graph paper, the points 
are plotted as shown in Fig. 29.7. 

Since the points are joined by a straight line the law 
v = Ve'/" is verified. 

Gradient of straight line, 


1 AB inl00—In10 — 2.3026 
—27.7 


T RC 25-642 — 
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t 
V = Ve: 
joo (36.5, 100) 
> 
o 
s 
$ 
10 B C 
1 
0 10 20 30 40 50 60 70 80 90 
Time, tms 
Figure 29.7 
—27.7 ee 
Hence T = = —12.0, correct to 3 signifi- 
2.3026 


cant figures. 

Since the straight line does not cross the vertical 
axis at f = O in Fig. 29.7, the value of V is 
determined by selecting any point, say A, having co- 
ordinates (36.5, 100) and substituting these values 
into v = Ve'/". Thus 


100 = Ve263/— 12.0 


100 


a = 2—36.5/12.0 


= 2090 volts, 
correct to 3 significant figures. 


Hence the law of the graph is: v = 2090e—‘/12- 


When time t = 25 ms, voltage v = 2090e~*>/!7.° 
= 260 V. 


When the voltage is 30.0 volts, 30.0 = 2090e-"/!2., 
hence 
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30.0 


g-t/12.0 and ef 2 = 209 
2090 0 


= 69.67 
0 


Taking Napierian logarithms gives: 


t 
— =1 .67 = 4.24 
120 n69.6 38 


from which, time t = (12.0)(4.2438) = 50.9 ms. 


Now try the following exercise 


Exercise 109 Further problems on reduc- 
ing exponential laws to lin- 
ear form 


Atmospheric pressure p is measured at 
varying altitudes h and the results are as 
shown below: 


Altitude, 

hm 500 
pressure, 

p cm | 73.39 68.42 61.60 53.56 43.41 


1500 3000 5000 8000 


Show that the quantities are related by 
the law p = ae“, where a and k are 
constants. Determine the values of a and 
k and state the law. Find also the atmo- 


spheric pressure at 10000 m. 
a=76, k=—7x 10-5" 
p = 7T6e~™!0°h, 37.74 cm 


At particular times, ¢ minutes, measure- 
ments are made of the temperature, 0° C, 
of a cooling liquid and the following 
results are obtained: 


Temperature 
a> Cc 


92.2 55.9 33.9 20.6 12.5 


t minutes| 10 20 30 40 50 


Prove that the quantities follow a law of 
the form 6 = O,e"", where 9 and k are 
constants, and determine the approximate 
value of 09 and k. 


[Oy = 152, k = —0.05] 
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Graphical solution of equations 


30.1 Graphical solution of 
simultaneous equations 


Linear simultaneous equations in two unknowns 
may be solved graphically by: 


(i) plotting the two straight lines on the same axes, 
and 


(ii) noting their point of intersection. 


The co-ordinates of the point of intersection give the 
required solution. 


Problem 1. Solve graphically the 
simultaneous equations: 


2x-y=4 
x+y=5 


Rearranging each equation into y = mx +c form 
gives: 
y=2r-4 () 
y=—-x+5 (2) 
Only three co-ordinates need be calculated for each 
graph since both are straight lines. 


x 0 1 2 
y=2x-4 —4 —2 0 


x 0 1 2 
y=—-x+5 5 4 3 


Each of the graphs is plotted as shown in Fig. 30.1. 
The point of intersection is at (3, 2) and since this is 
the only point which lies simultaneously on both lines 
thenx = 3, y = 2is the solution of the simultaneous 
equations. 


Problem 2. Solve graphically the equations: 
1.20x + y = 1.80 


x —5.0y = 8.50 


y =-x+5 


Figure 30.1 


Rearranging each equation into y = mx +c form 
gives: 


y = —1.20x + 1.80 (1) 
_ x 8.5 
**50 5.0 

ie. y=0.20x — 1.70 (2) 


Three co-ordinates are calculated for each equation 
as shown below: 


x 0 1 2 
y = —1.20x + 1.80 1.80 0.60 —0.60 
x 0) 1 2 
y = 0.20x — 1.70 —1.70 -1.50 —1.30 


The two lines are plotted as shown in Fig. 30.2. 
The point of intersection is (2.50, —1.20). Hence the 
solution of the simultaneous equation is x = 2.50, 

(It is sometimes useful initially to sketch the two 
straight lines to determine the region where the point 
of intersection is. Then, for greater accuracy, a graph 
having a smaller range of values can be drawn to 
‘magnify’ the point of intersection). 
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y =-1.20x + 1.80 


Figure 30.2 


Now try the following exercise 


Exercise 110 Further problems on _ the 
graphical solution of simul- 
taneous equations 


In Problems 1 to 5, solve the simultaneous 
equations graphically. 
1 x+ty=2 
3y—-2x=1 
y=5-x 
x-y=2 [x = 35, y= 15] 
3x+4y=5 
2x — Sy + 12=0 
1.4x — 7.06 = 3.2y 
2.1x — 6.7y = 12.87 
[x = 2.3, y= —-1.2] 


[x=—l, y=2] 


3x —-2y=0 
4x+y+11=0 [x = —2, y= -3] 


The friction force F Newton’s and load 
L Newton’s are connected by a law of 
the form F = aL + b, where a and b are 
constants. When F = 4 Newton’s, L = 6 
Newton’s and when F = 2.4 Newton’s, 
L = 2 Newton’s. Determine graphically 
the values of a and b. 


la = 0.4, b = 1.6] 
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30.2 Graphical solution of quadratic 
equations 


A general quadratic equation is of the form 
y= ax? + bx +c, where a, b and c are constants 
and a is not equal to zero. 

A graph of a quadratic equation always produces 
a shape called a parabola. The gradient of the curve 
between 0 and A and between B and C in Fig. 30.3 
is positive, whilst the gradient between A and B is 
negative. Points such as A and B are called turning 
points. At A the gradient is zero and, as x increases, 
the gradient of the curve changes from positive just 
before A to negative just after. Such a point is called 
a maximum value. At B the gradient is also zero, 
and, as x increases, the gradient of the curve changes 
from negative just before B to positive just after. 
Such a point is called a minimum value. 


| (\/ 
B 
0 x 
Figure 30.3 


Quadratic graphs 


(Gi) y =ax? 


Graphs of y = x”, y = 3x? and y = 4x? are 
shown in Fig. 30.4. 


Figure 30.4 


All have minimum values at the origin (0, 0). 
Graphs of y = —x”, y = —3x? and y = —}x? 
are shown in Fig. 30.5. 


All have maximum values at the origin (0, 0). 
When y = ax’, 
(a) curves are symmetrical about the y-axis, 


(b) the magnitude of ‘a’ affects the gradient 
of the curve, and 
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= ye 
Y=x°+6x+11/ 6 


Figure 30.5 


(c) the sign of ‘a’ determines whether it has (a) 


a maximum or minimum value. . 
i 5 Figure 30.7 
Gi) y =ax*+e 


Graphs of y = x°+3, y =x? —2, 1 aa? Quadratic equations of the form ax” + bx +c = 0 
and y = —2x? — 1 are shown in Fig. 30.6. may be solved graphically by: 


(i) plotting the graph y = ax? + bx +c, and 
(ii) noting the points of intersection on the x-axis 
(i.e. where y = 0). 


The x values of the points of intersection give the 
required solutions since at these points both y = 0 
and ax? + bx +c = 0. The number of solutions, 
or roots of a quadratic equation, depends on how 
many times the curve cuts the x-axis and there can 
be no real roots (as in Fig. 30.7(a)) or one root (as in 
Figs. 30.4 and 30.5) or two roots (as in Fig. 30.7(b)). 


Problem 3. Solve the quadratic equation 
4x? + 4x — 15 = 0 graphically given that the 


solutions lie in the range x = —3 tox = 2. 
Determine also the co-ordinates and nature 
of the turning point of the curve 


Figure 30.6 


Let y = 4x? + 4x — 15. A table of values is drawn 
up as shown below: 


When y = ax? +c: 


(a) curves are symmetrical about the y-axis, 


b) th ide-of “n? aff h di 4x? 36 «16 
(b) the magnitude of ‘a’ affects the gradient Ax -12 -8 —4 


of the curve, and —15 15 —15 —15 —15 


(c) the constant ‘c’ is the y-axis intercept. 9-7 ~15 15. —7 
(iii) y =ax*+bx +e 
Whenever ‘b’ has a value other than zero the A graph of y = 4x*+4x— 15 is shown in Fig. 30.8. 
curve is displaced to the right or left of the The only points where y = 4x? + 4x — 15 and 
y-axis. When b/a is positive, the curve is y =O are the points marked A and B. This occurs at 
displaced b/2a to the left of the y-axis, as x = —2.5 and x = 1.5 and these are the solutions 
shown in Fig. 30.7(a). When b/a is negative of the quadratic equation 4x + 4x — 15 = 0. (By 
the curve is displaced b/2a to the right of the — substituting x = —2.5 and x = 1.5 into the original 
y-axis, as shown in Fig. 30.7(b). equation the solutions may be checked). The curve 
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y=4x?+ 4x-15 


Figure 30.8 


has a turning point at (—0.5, —16) and the nature of 
the point is a minimum. 

An alternative graphical method of solving 

4x? + 4x — 15 = 0 is to rearrange the equation as 
4x? = —4x + 15 and then plot two separate 

graphs —in this case y = 4x7 and y= —4x + 15. 
Their points of intersection give the roots of equa- 
tion 4x? = —4x + 15, ie. 4x” + 4x — 15 = 0. This 
is shown in Fig. 30.9, where the roots are x = —2.5 
and x = 1.5 as before. 


y=4x? 


“32 -T 0 
-2.5 


Figure 30.9 


Problem 4. Solve graphically the quadratic 
equation —5x? + 9x + 7.2 = 0 given that the 


solutions lie between x = —1 and x =3. 
Determine also the co-ordinates of the 
turning point and state its nature 


Let y = —5x*+9x+7.2. A table of values is drawn 
up as shown below. A graph of y = —5x*+9x+7.2 
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y = —5x?+9x +7.2 


Figure 30.10 


is shown plotted in Fig. 30.10. The graph crosses the 
x-axis (i.e. where y = 0) atx = —0.6 and x = 2.4 
and these are the solutions of the quadratic equation 
—5x* + 9x + 7.2 = 0. The turning point is a 
maximum having co-ordinates (0.9, 11.25). 


—5x? —-5 -125 0 -5 
+9x -9 -45 0 9 
+7.2 72 72: “T2 T2 


—5x? —20 —31.25 —45 
+9x 18 22.5 27 
47.2 7.2 7.2 7.2 


y = —5x? + 9x + 7.2 5.2. -155 —10.8 


Problem 5. 


Plot a graph of: y = 2x? and 
hence solve the equations: (a) 2x” — 8 = 0 
and (b) 2x7 -x-—-3=0 


A graph of y = 2x? is shown in Fig. 30.11. 


(a) Rearranging 2x7 — 8 = 0 gives 2x7 = 8 
and the solution of this equation is obtained 
from the points of intersection of y = 2x? 
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Figure 30.11 


(b) 


and y = 8, ie. at co-ordinates (—2, 8) and 
(2, 8), shown as A and B, respectively, in 
Fig. 30.11. Hence the solutions of 2x” —8 = 0 
are x = —2 and x = +2 


Rearranging 2x” —x—3 = 0 gives 2x? = x+3 
and the solution of this equation is obtained 
from the points of intersection of y = 2x? 
and y= x +3, ie. at C and D in Fig. 30.11. 
Hence the solutions of 2x7 — x — 3 = 0 are 
x =-—landx =1.5 


Problem 6. Plot the graph of 

y = —2x* + 3x + 6 for values of x from 

x = —2 to x = 4. Use the graph to find the 
roots of the following equations: 


(a) — 2x7 + 3x+6=0 


(b) — 2x7 +3x +2=0 


(c) — 2x7 +3x+9=0 


(= 2 4245=0 


A table of values is drawn up as shown below. 


A graph of —2x? + 3x + 6 is shown in Fig. 30.12. 


(a) 


The parabola y = —2x” + 3x + 6 and the 
straight line y = 0 intersect at A and B, where 
x = —1.13 and x = 2.63 and these are the 
roots of the equation —2x? + 3x +6=0 


y=-2x?+3x+6 


Figure 30.12 


(b) 


(c) 


(d) 


Comparing 
y = —2x7 +3x+6 (1) 
with O=—2x?+3x+2 (2) 


shows that if 4 is added to both sides of equa- 
tion (2), the right-hand side of both equations 
will be the same. 

Hence 4 = —2x? + 3x + 6. The solution 
of this equation is found from the points of 
intersection of the line y = 4 and the parabola 
y = —2x* + 3x + 6, ie. points C and D in 
Fig. 30.12. Hence the roots of —2x7+3x+2=0 
arex = —0.5 and x = 2 


—2x* + 3x +9 =0 may be rearranged as 
—2x? + 3x +6 = —3, and the solution of this 
equation is obtained from the points of inter- 
section of the line y = —3 and the parabola 

y = —2x* + 3x + 6, ie. at points E and F in 
Fig. 30.12. Hence the roots of —2x7+3x+9=0 


arex = —1.5andx = 3 
Comparing 

y= —2x7 + 3x46 (3) 
with O=—2x*+x+4+5 (4) 


shows that if 2x + 1 is added to both sides 
of equation (4) the right-hand side of both 
equations will be the same. Hence equation (4) 
may be written as 2x +1 = —2x*+3x+6. 
The solution of this equation is found from the 
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points of intersection of the line y = 2x + 1 
and the parabola y = —2x*+3x+6, i.e. points 
G and H in Fig. 30.12. Hence the roots of 
—2x7+x+5 =O arex = —1.35 and x =1.85 


Now try the following exercise 


Exercise 111 Further problems on solving 
quadratic equations graphi- 
cally 


Sketch the following graphs and state the 
nature and co-ordinates of their turning 
points: 


(a) y = 4x? (b) y= 2x*-1 

()y=- 43 @My=-jr-1 
(a) Minimum (0, 0) 
(b) Minimum (0, —1) 
(c) Maximum (0, 3) 
(d) Maximum (0, —1) 


Solve graphically the quadratic equations in 
Problems 2 to 5 by plotting the curves between 
the given limits. Give answers correct to 1 
decimal place. 


4x7 -x-1=0; x=-ltox=1 
[—0.4 or 0.6] 

x? —3x=27; x=—Stox=8 
[—3.9 or 6.9] 

2x? —6x -9=0; x=-—2tox=5 
{[—1.1 or 4.1] 


2x(5x — 2) = 39.6; x=—2tox=3 


[—1.8 or 2.2] 


Solve the quadratic equation 

2x? + 7x +6 = 0 graphically, given that 
the solutions lie in the range x = —3 
to x = 1. Determine also the nature and 
co-ordinates of its turning point. 


x= —15 or — 2, 

Minimum at (—13, —i) 
Solve graphically the quadratic equation 
10x” —9x—11.2 = 0, given that the roots 
lie between x = —1 and x = 2. 


[x = —0.7 or 1.6] 
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8. Plot a graph of y = 3x? and hence 
solve the equations (a) 3x” — 8 = 0 and 
(b) 3x7 —2x -1=0 


[(a) + 1.63 (b) 1 or — 4] 


9. Plot the graphs y = 2x” and 
y = 3 — 4x on the same axes and 
find the co-ordinates of the points of 
intersection. Hence determine the roots 
of the equation 2x? + 4x — 3 = 0 


(—2.58, 13.31), (0.58, 0.67); 
x = —2.58 or 0.58 


10. Plot a graph of y = 10x? — 13x — 30 for 
values of x between x = —2 and x = 3. 
Solve the equation 10x? — 13x — 30 = 0 
and from the graph determine: (a) the 
value of y when x is 1.3, (b) the values 
of x when y is 10 and (c) the roots of 
the equation 10x” — 15x — 18 =0 


x = —1.2 or 2.5 (a) —30 = (b) 2.75 
and —1.45 


(c) 2.29 or —0.79 


30.3. Graphical solution of linear and 


quadratic equations 
simultaneously 


The solution of linear and quadratic equations 
simultaneously may be achieved graphically by: 
(i) plotting the straight line and parabola on the same 
axes, and (ii) noting the points of intersection. The 
co-ordinates of the points of intersection give the 
required solutions. 


Problem 7. Determine graphically the 
values of x and y which simultaneously 


satisfy the equations: y = 2x? — 3x — 4 and 
y=2-—4% 


y = 2x? — 3x —4 is a parabola and a table of values 
is drawn up as shown below: 
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y = 2 — 4x is a straight line and only three co- 
ordinates need be calculated: 


x/O 1 2 
y|2 —2 -6 


The two graphs are plotted in Fig. 30.13 and the 
points of intersection, shown as A and B, are at co- 
ordinates (—2, 10) and (15, —4). Hence the simul- 
taneous solutions occur when x = —2, y = 10 and 
when x = 1}, y=—-4. 


Figure 30.13 


(These solutions may be checked by substituting into 
each of the original equations). 


Now try the following exercise 


Exercise 112 Further problems on solving 
linear and quadratic equa- 
tions simultaneously 


Determine graphically the values of x 
and y which simultaneously satisfy the 
equations y = 2(x? — 2x — 4) and 
y+4= 3x. 


[x= 4, y= 8 and x = —3, y= —55] 


Plot the graph of y = 4x? — 8x — 21 
for values of x from —2 to +4. Use the 
graph to find the roots of the following 
equations: 

(a) 4x?—8x—21 = 0 (b) 4x7—-8x—-16 =0 
(c) 4x7 — 6x — 18 =0 


(a) x = —1.5 or 3.5 (b) x = —1.24 
or 3.24 (c) x = —1.5 or 3.0 


30.4 Graphical solution of cubic 
equations 


A cubic equation of the form ax? +bx*+cx+d = 0 
may be solved graphically by: (1) plotting the graph 
y = ax? + bx? + cx +d, and (ii) noting the points 
of intersection on the x-axis (i.e. where y = 0). 
The x-values of the points of intersection give the 
required solution since at these points both y = 0 
and ax? + bx* +.cx+d=0. 

The number of solutions, or roots of a cubic 
equation depends on how many times the curve cuts 
the x-axis and there can be one, two or three possible 
roots, as shown in Fig. 30.14. 


x y y 


(a) (b) (c) 


Figure 30.14 


Problem 8. Solve graphically the cubic 


equation 4x* — 8x? — 15x + 9 = 0 given that 


the roots lie between x = —2 and x = 3. 
Determine also the co-ordinates of the 
turning points and distinguish between them 


Let y = 4x3 — 8x* — 15x +9. A table of values is 
drawn up as shown below: 


4 32 108 
—8 -32 —72 
—30 —45 


—15 
9 9 


A graph of y = 4x3 — 8x? — 15x + 9 is shown in 
Fig. 30.15. 
The graph crosses the x-axis (where y = QO) 
atx = —1}, — 5 and x = 3 and these are the 
solutions to the cubic equation 
4x3 — 8x? — 15x +9=0. 

The turning points occur at (—0.6, 14.2), which 
is amaximum, and (2, —21), which is a minimum. 
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Figure 30.15 


Problem 9. Plot the graph of 

y = 2x3 — 7x? + 4x +4 for values of x 
between x = —1 and x = 3. Hence determine 
the roots of the equation: 


2x? — 7x7 +4x+4=0 


A table of values is drawn up as shown below. 


A graph of y = 2x? — 7x? + 4x + 4 is shown in 
Fig. 30.16. The graph crosses the x-axis at x = —0.5 
and touches the x-axis at x = 2. Hence the solutions 
of the equation 2x? —7x?+4x+4 = 0 arex = —0.5 


and x = 2 
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y = 2x3-7x°+4x+4 


Figure 30.16 


Now try the following exercise 


Exercise 113 Further problems on solving 


cubic equations 


Plot the graph y = 4x7 + 4x” — llx —6 
between x = —3 and x = 2 and use 
the graph to solve the cubic equation 
4x3 + 4x? — 11x -6=0 

[x = —2.0, —0.5 or 1.5] 


By plotting a graph of 
y = x9 — 2x? — 5x + 6 between x = —3 
and x = 4 solve the equation 
x? — 2x* — 5x + 6 = 0. Determine also 
the co-ordinates of the turning points and 
distinguish between them. 
x = —2, 1 or 3, Minimum at 
(2.12, —4.10), Maximum at 
(—0.79, 8.21) 


In Problems 3 to 6, solve graphically the cubic 
equations given, each correct to 2 significant 
figures. 


3. 
4. 


e—-1=0 


x — x? —5x4+2=0 
[x = —2.0, 0.38 or 2.6] 


x? — 2x? =2x-2 [x = 0.69 or 2.5] 
2x3 — x* — 9.08x + 8.28 =0 

[x = —2.3, 1.0 or 1.8] 
Show that the cubic equation 


8x°+36x?+54x+27 = 0 has only one real 
root and determine its value. [x = —1.5] 
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Functions and their curves 


31.1 Standard curves 


When a mathematical equation is known, co- 
ordinates may be calculated for a limited range 
of values, and the equation may be represented 
pictorially as a graph, within this range of calculated 
values. Sometimes it is useful to show all the 
characteristic features of an equation, and in this 
case a sketch depicting the equation can be drawn, 
in which all the important features are shown, but 
the accurate plotting of points is less important. This 
technique is called ‘curve sketching’ and can involve 
the use of differential calculus, with, for example, 
calculations involving turning points. 

If, say, y depends on, say, x, then y is said to be 
a function of x and the relationship is expressed as 
y = f(x); x is called the independent variable and 
y is the dependent variable. 

In engineering and science, corresponding values 
are obtained as a result of tests or experiments. 

Here is a brief resumé of standard curves, some 
of which have been met earlier in this text. 


(i) Straight line (see Chapter 27, page 231) 
The general equation of a straight line is 


d 
y=mx-tc, where m is the gradient (ic 2) 
x 


and c is the y-axis intercept. 
Two examples are shown in Fig. 31.1. 


(ii) Quadratic graphs (see Chapter 30, 
page 259) 
The general equation of a quadratic graph is 
y = ax’ + bx +c, and its shape is that of a Figure 31.1 
parabola. 
The simplest example of a quadratic graph, 
y =x’, is shown in Fig. 31.2. 


(iii) Cubic equations (see Chapter 30, page 264) 
The general equation of a cubic graph is 
y=axr+ bx? +cx+d. 

The simplest example of a cubic graph, 
y = x°, is shown in Fig. 31.3. 


(iv) Trigonometric functions (see Chapter 22, 
page 182) Figure 31.2 
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(v) 


(a) 


Figure 31.4 


Graphs of y = sin@, y = cos@ and y = tand 
are shown in Fig. 31.4 


Circle (see Chapter 18, page 143) 

The simplest equation of a circle is 

x? + y* = r’, with centre at the origin and 
radius r, as shown in Fig. 31.5. 


Figure 31.5 


(vi) 


(vii) 
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More generally, the equation of a circle, 
centre (a, b), radius r, is given by: 


@-aPt(y-by =r (1) 
Figure 31.6 shows a circle 


(x- 2° +(y-3 =4 


b=3 


Figure 31.6 

Ellipse 

The equation of an ellipse is: 
ey 
Po a RB = 1 


and the general shape is as shown in 
Fig. 31.7. 


Figure 31.7 


The length AB is called the major axis and 
CD the minor axis. In the above equation, 
‘a’ is the semi-major axis and ‘b’ is the semi- 
minor axis. 

(Note that if b = a, the equation becomes 


ey 
oa 
ie. x? + y? = a’, which is a circle of 
radius a). 
Hyperbola 


2 
The equation of a hyperbola is = = =1 


y 
7 be 
and the general shape is shown in Fig. 31.8. 
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The curve is seen to be symmetrical about 
both the x- and y-axes. The distance AB in 
Fig. 31.8 is given by 2a. 


y* 


Figure 31.8 


(viii) Rectangular hyperbola 


The equation of a rectangular hyperbola is Figure 31.9 


xy=cory= Z and the general shape is 
x 
shown in Fig. 31.9. 4 
(ix) Logarithmic function (see Chapter 12, 
page 93) 
y = Inx and y = lgx are both of the general volo x 
shape shown in Fig. 33.10. 
(x) Exponential functions (see Chapter 13, 
page 98) 
y = e* is of the general shape shown in 
Fig. 31.11. 


(xi) Polar curves 


The equation of a polar curve is of the form 
r = f(6). An example of a polar curve, 
r = asin9, is shown in Fig. 31.12. 


31.2 Simple transformations Figure 31.10 


From the graph of y = f(x) it is possible to 
deduce the graphs of other functions which are : 
transformations of y = f(x). For example, knowing y 
the graph of y = f(x), can help us draw the graphs 
of y = af(x), y = f@)t+a y = fata), 
y= fax), y= —f (x) and y = f(—x). 


@) y=af) 
For each point (x;, y,) on the graph of 1 
y = f(x) there exists a point (x;, ay) on > 
the graph of y = af(x). Thus the graph 
of y = af(x) can be obtained by stretch- 
ing y = f(x) parallel to the y-axis by a Figure 31.11 
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(ii) 


r=asing 


Figure 31.12 


scale factor ‘a’. Graphs of y = x + 1 and 
y = 3+ 1) are shown in Fig. 31.13(a) and 
graphs of y = sin@ and y = 2sin@ are shown 
in Fig. 31.13(b). 


Figure 31.13 


y =f(x) +a 

The graph of y = f(x) is translated by 
‘a’ units parallel to the y-axis to obtain 
y= f(x) +a. For example, if f(x) = x, 
y = f(x) +3 becomes y = x + 3, as shown 
in Fig. 31.14(a). Similarly, if f(@) = cos6, 
then y = f(0)+2 becomes y = cos@ + 2, 
as shown in Fig. 31.14(b). Also, if f(x) = x’, 
then y = f(x) +3 becomes y = x* +3, as 
shown in Fig. 31.14(c). 


(iii) 


Rec pcuaias 


y=cos 6 
1 
PN | —— 
0 a 1 3 2m Q 
2 2 


Figure 31.14 


y =f@ +a) 

The graph of y = f(x) is translated by ‘a’ 
units parallel to the x-axis to obtain 

y= fasta). If ‘a > 0 it moves y= f(x) 
in the negative direction on the x-axis (i.e. to 
the left), and if ‘a’ <0 it moves y = f(x) in 
the positive direction on the x-axis (i.e. to the 
right). For example, if f(x) = sinx, 


y=f x3 becomes y = sin x— 2) as 


shown in Fig. 31.15(a) and y = sin (« + =) 
is shown in Fig. 31.15(b). 


JNTUWORLD 


www.jntuworld.com 


270 


(iv) 


(b) 


Figure 31.15 


Figure 31.16 


Similarly graphs of y = x”, y = (x — 1)* and 

y = («+ 2) are shown in Fig. 31.16. 

y =f@) 

For each point (x;, y,) on the graph of 

y = f (), there exists a point (=. v1) on the 
a 

graph of y = f (ax). Thus the graph of 

y = f(ax) can be obtained by stretching 

y = f(x) parallel to the x-axis by a scale 


1 
factor —. 

a 1 
For example, if f(x) = (x — 1)’, and a = - 


x 2 
then f (ax) = (5 = 1) 
Both of these 
Fig. 31.17(a). 
Similarly, y = cosx and y = cos 2x are shown 
in Fig. 31.17(b). 


curves are shown in 


(v) 


(vi) 
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Figure 31.18 


y =f) 

The graph of y = —/f (x) is obtained by 
reflecting y = f(x) in the x-axis. For exam- 
ple, graphs of y = e* and y = —e* are shown 
in Fig. 31.18(a), and graphs of y = x? +2 and 
y = —(x* + 2) are shown in Fig. 31.18(b). 


y =f (-x) 

The graph of y = f(—x) is obtained by 
reflecting y = f(x) in the y-axis. For exam- 
ple, graphs of y = x° and y = (—x) = 


—x?> are shown in Fig. 31.19(a) and graphs 
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Figure 31.19 


of y = Inx and y = —Inx are shown in 
Fig. 31.19(b). 
(a) 
Problem 1. Sketch the following graphs, 
showing relevant points: 


(a)y=@-4P () y=x°-8 


(a) In Fig. 31.20 a graph of y = x” is shown by 
the broken line. The graph of y = (x — 4)? is 
of the form y = f(x«+a). Since a= —4, then (b) 
y = (x — 4)’ is translated 4 units to the right 
of y = x’, parallel to the x-axis. 
(See section (iii) above). 


Figure 31.20 


(b) In Fig. 31.21 a graph of y = x? is shown by 
the broken line. The graph of y = x* — 8 is of 


(a) y=5—@+2) 
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the form y = f(x) +a. Since a = —8, then 
y = x° — 8 is translated 8 units down from 
y = x°, parallel to the y-axis. 

(See section (ii) above) 


Figure 31.21 


Problem 2. Sketch the following graphs, 
showing relevant points: 


(b) y= 1+3sin2x 


Figure 31.22(a) shows a graph of y = x°. 


Figure 31.22(b) shows a graph of y = (x + 2)° 
(see f(x + a), section (iii) above). Fig- 
ure 31.22(c) shows a graph of y = —(x +2) 
(see —f(x), section (v) above). Fig- 
ure 31.22(d) shows the graph of 

y = 5—(x+ 2) (see f(x) +4, section (ii) 
above). 


Figure 31.23(a) shows a graph of y = sinx. 
Figure 33.23(b) shows a graph of y = sin2x 
(see f (ax), section (iv) above) 


an 


20+ y=x8 


20} 


(a) 


Figure 31.22 
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Ya 


20} 


y= (x+2) 


—4 2 0 2 x 


y=5-(x+2)8 


20+ 


—20/- 


(d) 


Figure 31.22 (continued) 


Figure 31.23(c) shows a graph of y = 3 sin 2x (see 
a f(x), section (i) above). Figure 31.23(d) shows a 
graph of y= 1+3sin2x (see f(x) +4, section (ii) 
above). 


y=sinx 


Ni 


(d) 


Figure 31.23 


Now try the following exercise 


Exercise 114 Further problems on simple 
transformations with curve 
sketching 


Sketch the following graphs, showing relevant 
points: 
(Answers on page 277, Fig. 31.33) 


1. y=3x-5 2. y=—3x+4 
3. y=x?+3 4. y=(x-3/ 

5. y=(*-4°%4+2 6 y=x-x? 

7. y=x42 8. y=1+2cos3x 
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: us 
9. y=3—2sin(x +2) 
10. y=2Inx 


31.3 Periodic functions 


A function f(x) is said to be periodic if 

f(x +T) = f() for all values of x, where T is 
some positive number. T is the interval between two 
successive repetitions and is called the period of the 
function f (x). For example, y = sinx is periodic in 
x with period 27 since 

sinx = sin(x + 27) = sin(x + 47), and so on. 
Similarly, y = cosx is a periodic function with 
period 27 since 

cosx = cos(x + 27) = cos(x + 47), and so on. In 
general, if y = sinwt or y = cost then the period 
of the waveform is 277/w. The function shown in 
Fig. 31.24 is also periodic of period 27 and is 
defined by: 


—l, when —7 <x<0 
f@)= 
1, whenO<x<az 
f(x) 
| 1 
-20 It 0 51a 2a x 
-1 


Figure 31.24 


31.4 Continuous and discontinuous 
functions 


If a graph of a function has no sudden jumps or 
breaks it is called a continuous function, examples 
being the graphs of sine and cosine functions. How- 
ever, other graphs make finite jumps at a point or 
points in the interval. The square wave shown in 
Fig. 31.24 has finite discontinuities as x = z, 27, 
3zr, and so on, and is therefore a discontinuous func- 
tion. y = tanx is another example of a discontinuous 
function. 
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31.5 Even and odd functions 


Even functions 


A function y = f(x) is said to be even if 

f(—x) = f() for all values of x. Graphs of even 
functions are always symmetrical about the y-axis 
(i.e. is a mirror image). Two examples of even 
functions are y = x? and y = cosx as shown in 
Fig. 31.25. 


(b) 


Figure 31.25 


Odd functions 


A function y = f(x) is said to be odd if 
f(—x) = —f (x) for all values of x. Graphs of odd 
functions are always symmetrical about the origin. 
Two examples of odd functions are y = x° and 
y = sinx as shown in Fig. 31.26. 

Many functions are neither even nor odd, two 
such examples being shown in Fig. 31.27. 


Problem 3. Sketch the following functions 
and state whether they are even or odd 
functions: 


(a) y=tanx 


b) f@= 


30 
2, when a <x <2 


and is periodic of period 27 
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y=sinx 


it | i | i 
-3n/2 -n\ -nl2 /|0 x/2 a x 
—1F 


(b) 


Figure 31.26 


y 
20+ le — Va 
10+ 
-10/-1 23 x 
(a) 
y 
0 x 


Figure 31.27 


(a) A graph of y = tanx is shown in Fig- 
ure 31.28(a) and is symmetrical about the 
origin and is thus an odd function (i.e. 
tan(—x) = — tanx). 

(b) A graph of f(x) is shown in Fig. 31.28(b) and 
is symmetrical about the f(x) axis hence the 
function is an even one, (f(—x) = f(%)). 


Problem 4. Sketch the following graphs 
and state whether the functions are even, odd 
or neither even nor odd: 


(a) y=Inx 


(b) f(x) =x in the range —z to z and is 
periodic of period 27 


(a) 


(b) 


y y=tanx 
10 0 a Qn xX 
(a) 
f(x) 
2 
| | | | 
-20 — 0 ca 2n xX 
2b 
(b) 
Figure 31.28 
y 
10 emia In x 
05+ 


Figure 31.29 


A graph of y = Inx is shown in Fig. 31.29(a) 
and the curve is neither symmetrical about the 
y-axis nor symmetrical about the origin and is 
thus neither even nor odd. 

A graph of y = x in the range —z to z 
is shown in Fig. 31.29(b) and is symmetrical 
about the origin and is thus an odd function. 
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Now try the following exercise 


Exercise 115 Further problems on even 
and odd functions 


In Problems | and 2 determine whether the 

given functions are even, odd or neither even 

nor odd. 

(d) sin? x 
(b) odd 
(d) even 


1. (a) x* (b) tan3x (cc) 2e* 


(a) even 
is neither 


cos 0 


2. (a) 50 (b)e +e (c) = (d) e&* 


be odd (b) even | 


(c) odd (d) neither 
3. State whether the following functions 
which are periodic of period 27 are even 
or odd: 
(a) f@= { 


6, when —27 <0 <0 


—0, when0<60<az 


x, when s <x 
(bo) f@)= 


a 
0, when — < 
vey 


[(a) even (b) odd] 


31.6 Inverse functions 


If y is a function of x, the graph of y against x can 
be used to find x when any value of y is given. Thus 
the graph also expresses that x is a function of y. 
Two such functions are called inverse functions. 

In general, given a function y = f (x), its inverse 
may be obtained by inter-changing the roles of x and 
y and then transposing for y. The inverse function 
is denoted by y= f~!(x). 

For example, if y = 2x+1, the inverse is obtained 


by 
: ‘ i y-l y 1 
(i) transposing for x, i.e. x = —— = S73 
and (ii) interchanging x and y, giving the inverse 
x 
a5 3 
1 


Thus if f(x) = 2x +1, then f-!(x) = 5 -5 
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A graph of f(x) = 2x + | and its inverse 
1 
f '@= = 5 is shown in Fig. 31.30 and f~!(x) 


is seen to be a reflection of f(x) in the line y = x. 


yr 


Figure 31.30 


Similarly, if y = x’, the inverse is obtained by 
(i) transposing for x, i.e. x = +,/y 
and (ii) interchanging x and y, giving the inverse 


Hence the inverse has two values for every value of 
x. Thus f(x) = x? does not have a single inverse. In 
such a case the domain of the original function may 
be restricted to y = x” for x > 0. Thus the inverse is 
then y = +./x. A graph of f (x) = x’ and its inverse 
f-'(x) = /x for x > 0 is shown in Fig. 31.31 and, 
again, f—!(x) is seen to be a reflection of f(x) in 
the line y = x. 


y* 


Figure 31.31 


It is noted from the latter example, that not 
all functions have a single inverse. An inverse, 
however, can be determined if the range is restricted. 
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Problem 5. Determine the inverse for each 
of the following functions: 


(b) f(*) =x7-4 (x>0) 


(a) f(@)=x-1 
() f@=xr41 


(a) If y= f(x), then y=x-1 
Transposing for x gives x = y+ 1 
Interchanging x and y gives y=x+1 
Hence if f(x) =x —1, thenf—!@~) =x +1 


(b) If y= f(x), then y=x?-4 (x>0) 
Transposing for x gives x = ./y+4 
Interchanging x and y gives y= /x+4 
Hence if f(x) = x* —4 (x > O) then 
fU@)=vx4+4ifx > —4 


(c) If y= f(x), then y=x?41 
Transposing for x gives x = ./y—I 
Interchanging x and y gives y = JVx-—l, 
which has two values. Hence there is no single 
inverse of f (x) = x? +1, since the domain of 
f(x) is not restricted. 


Inverse trigonometric functions 


If y = sinx, then x is the angle whose sine is y. 
Inverse trigonometrical functions are denoted either 
by prefixing the function with ‘arc’ or by using ~!. 
Hence transposing y = sinx for x gives x = arcsin y 
or sin! y. Interchanging x and y gives the inverse 
y = arcsinx or sin x. 

Similarly, y = arccosx, y = arctan x, 

y = arcsecx, y = arccosecx and y = arccotx are all 
inverse trigonometric functions. The angle is always 
expressed in radians. 

Inverse trigonometric functions are periodic so it 
is necessary to specify the smallest or principal value 
of the angle. For y = arcsinx, arctanx, arccosecx 
and arccotx, the principal value is in the range 


1 1 
ar ee For y = arccosx and arcsec.x the 


principal value is in the range 0 < y< 7. 
Graphs of the six inverse trigonometric functions 
are shown in Fig. 31.32. 


Problem 6. Determine the principal 
values of 


(a) arcsin 0.5 (b) arctan(—1) 


(c) arccos (-2) (d) arccosec(/2) 


| 
y=arccos x 
1 


+1x -1 


'y =aresec x 


bet tz 
—— 
L + = 


ae y| y 
37/2} |y=arccosec x a L 
"it | x 


| n/2t y=arccot x 
ee 
x 


Figure 31.32 


Using a calculator, 


(a) arcsind.5 = sin'0.5 = 30° = = rad or 
0.5236 rad 
(b) arctan(—1) = tan-!(—1) = —45° = 5 rad 


or —0.7854 rad 


5x 
= ra rad or 2.6180 rad 


(d) arccosec(V2) = arcsin (=) = sin (=) 


ge 7 rad or 0.7854 rad 


Problem 7. Evaluate (in radians), correct to 
3 decimal places: arcsin 0.30 + arccos 0.65 


arcsin 0.30 = 17.4576° = 0.3047 rad 
arccos 0.65 = 49.4584° = 0.8632 rad 


Hence arcsin 0.30 + arccos 0.65 
= 0.3047 + 0.8632 = 1.168, correct to 3 decimal 
places 
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Now try the following exercise 


Exercise 116 Further problems on inverse 
functions 


Determine the inverse of the functions given 


in Problems 1 to 4. 


Determine the principal value of the inverse 


f@=x+1 Lf@) =x-1] 
1 

f@)=5x-1 [stay = SoD) 

Lf@) = ¥e—T1 


1 =f 1 
f@)=-+2 E w= 
x x—2 


f@=xr?+1 


functions in problems 5 to 11. 


by 


arcsin(—1) -5 or — 1.5708 rad] 


Answers to Exercise 114 


13. 
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arccos 0.5 E or 1.0472 rad] 

arctan | E or 0.7854 rad| 

arccot 2 [0.4636 rad] 

arccosec 2.5 [0.4115 rad] 

arcsec 1.5 [0.8411 rad] 
1 1 

arcsin (=) EF or 0.7854 rad 


Evaluate x, correct to 3 decimal places: 


1 4 8 
x = arcsin — + arccos — — arctan — 
3 5 9 


[0.257] 


Evaluate y, correct to 4 significant figures: 


y = 3 arcsec J/2 — 4arccosec V2 
+ Sarccot2 


[1.533] 


Figure 31.33 Graphical solutions to Exercise 114, page 272. 
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15 


hy = (x-4)°+2 


y=1+2cos3x 


y=8-2sin(x+7) 


Figure 31.33 (continued) 
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x/25 42 60 84 98 114 


Assignment 8 
y}15.4 32.5 60.2 111.8 150.1 200.9 


This assignment covers the material in 


Chapters 27 to 31. The marks for each 


question are shown in brackets at the 
end of each question. 


(9) 


Determine the law of the form y = ae 


which relates the following values: 


Determine the gradient and intercept on 
the y-axis for the following equations: 
(a) y= —5x+2 (b)3x+2y+1=0 
(5) 
The equation of a line is 
2y = 4x+7. A table of correspond- 
ing values is produced and is as shown 
below. Complete the table and plot a 
graph of y against x. Determine the gra- 
dient of the graph. (6) 


Plot the graphs y = 3x+2 and aaey = 6 


on the same axes and determine the co- 
ordinates of their point of intersection. 


(7) 
The velocity v of a body over varying 
time intervals t was measured as follows: 


t seconds 2 5 7 

v min/s 15.5 17.3 18.5 
t seconds 10 14 17 
v min/s 20.3 22.7 24.5 


Plot a graph with velocity vertical and 
time horizontal. Determine from the 
graph (a) the gradient, (b) the vertical 
axis intercept, (c) the equation of the 
graph, (d) the velocity after 12.5 s, and 
(e) the time when the velocity is 18 m/s. 

(9) 
The following experimental values of x 
and y are believed to be related by the 
law y = ax’ +b, where a and b are 
constants. By plotting a suitable graph 
verify this law and find the approximate 
values of a and b. 


y | 0.0306 0.285 0.841 
x -4.0 aS 9.8 


y 5.21 173.2 1181 
x 17.4 32.0 40.0 


(9) 


7. State the minimum number of cycles on 
logarithmic graph paper needed to plot a 
set of values ranging from 0.073 to 490. 


(2) 


8. Plot a graph of y = 2x” from x = —3 to 
x = +3 and hence solve the equations: 


(a) 2x*-—8=0 (b) 2x*-—4x-6=0 


(9) 
9. Plot the graph of y = x7 + 4x? +x —6 
for values of x between x = —4 and 


x = 2. Hence determine the roots of the 
equation x* + 4x7 +x—6=0. (7) 


10. Sketch the following graphs, showing 
the relevant points: 


Gly = — 2)) (bh) y= 3 — cos2x 


1 << a 
wu SHS 5) 
= ae a 
(c) f%) = a 5) <x< 5 
1 S epes 
D 
(10) 
11. Determine the inverse of f(x) = 3x+ 1 
(3) 


12. Evaluate, correct to 3 decimal places: 


2 arctan 1.64 + arcsec 2.43 
—3 arccosec 3.85 (4) 
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Part 5 Vectors 


32 
Vectors 


32.1 Introduction 


Some physical quantities are entirely defined by a 
numerical value and are called scalar quantities or 
scalars. Examples of scalars include time, mass, 
temperature, energy and volume. Other physical 
quantities are defined by both a numerical value 
and a direction in space and these are called vector 
quantities or vectors. Examples of vectors include 
force, velocity, moment and displacement. 


32.2 Vector addition 


A vector may be represented by a straight line, 
the length of line being directly proportional to the 
magnitude of the quantity and the direction of the 
line being in the same direction as the line of action 
of the quantity. An arrow is used to denote the 
sense of the vector, that is, for a horizontal vector, 
say, whether it acts from left to right or vice-versa. 
The arrow is positioned at the end of the vector 
and this position is called the ‘nose’ of the vector. 
Figure 32.1 shows a velocity of 20 m/s at an angle 
of 45° to the horizontal and may be depicted by 
oa = 20 m/s at 45° to the horizontal. 


Figure 32.1 


To distinguish between vector and scalar quanti- 
ties, various ways are used. These include: 


i) bold print, 
(ii) two capital letters with an arrow above them 


‘ : Was 
to denote the sense of direction, e.g. AB, 
where A is the starting point and B the end 
point of the vector, 


(iii) a line over the top of letters, e.g. AB or @ 
(iv) letters with an arrow above, e.g. a, A 
(v) underlined letters, e.g. a 


(vi) xi+ jy, where i and j are axes at right-angles 
to each other; for example, 3i + 47 means 
3 units in the 7 direction and 4 units in the j 
direction, as shown in Fig. 32.2. 


Figure 32.2 


(vii) a column matrix Cae for example, the vec- 


tor OA shown in Fig. 32.2 could be repre- 
sented by i 


Thus, in Fig. 32.2, 


OA = 0A = 0A =31+ 4j = (3) 


JNTUWORLD 


www.jntuworld.com 


282 ENGINEERING MATHEMATICS 


The one adopted in this text is to denote vector 
quantities in bold print. Thus, oa represents a vector 
quantity, but oa is the magnitude of the vector oa. 
Also, positive angles are measured in an anticlock- 
wise direction from a horizontal, right facing line 
and negative angles in a clockwise direction from 
this line —as with graphical work. Thus 90° is a 
line vertically upwards and —90° is a line vertically 
downwards. 

The resultant of adding two vectors together, 
say Vj at an angle 0; and V2 at angle (—62), as 
shown in Fig. 32.3(a), can be obtained by drawing 
oa to represent V; and then drawing ar to repre- 
sent V2. The resultant of V; + V2 is given by or. 
This is shown in Fig. 32.3(b), the vector equation 
being oa + ar = or. This is called the ‘nose-to-tail’ 
method of vector addition. 


0. O Q 
V, vs 
(a) (b) (c) 
Figure 32.3 


Alternatively, by drawing lines parallel to V; and 
V2 from the noses of V2 and Vj, respectively, and 
letting the point of intersection of these parallel lines 
be R, gives OR as the magnitude and direction 
of the resultant of adding Vj and V2, as shown 
in Fig. 32.3(c). This is called the ‘parallelogram’ 
method of vector addition. 


Problem 1. A force of 4 N is inclined at an 
angle of 45° to a second force of 7 N, both 
forces acting at a point. Find the magnitude 
of the resultant of these two forces and the 


direction of the resultant with respect to the 
7 N force by both the ‘triangle’ and the 
‘parallelogram’ methods 


The forces are shown in Fig. 32.4(a). Although the 
7 N force is shown as a horizontal line, it could have 
been drawn in any direction. 

Using the ‘nose-to-tail’ method, a line 7 units long 
is drawn horizontally to give vector oa in Fig. 32.4(b). 
To the nose of this vector ar is drawn 4 units long at 
an angle of 45° to oa. The resultant of vector addition 
is or and by measurement is 10.2 units long and at 
an angle of 16° to the 7 N force. 

Figure 32.4(c) uses the ‘parallelogram’ method 
in which lines are drawn parallel to the 7 N and 4 N 
forces from the noses of the 4 N and 7 N forces, 


Scale in Newtons 
02 4 6 


45° 


Figure 32.4 


respectively. These intersect at R. Vector OR gives 
the magnitude and direction of the resultant of vector 
addition and as obtained by the ‘nose-to-tail’ method 
is 10.2 units long at an angle of 16° to the 7 N 
force. 


Problem 2. Use a graphical method to 
determine the magnitude and direction of the 
resultant of the three velocities shown in 


Figure 32.5 


Often it is easier to use the ‘nose-to-tail’ method 
when more than two vectors are being added. The 
order in which the vectors are added is immaterial. 
In this case the order taken is vj, then v2, then v3 but 
just the same result would have been obtained if the 
order had been, say, v;, v3 and finally v2. v; is drawn 
10 units long at an angle of 20° to the horizontal, 
shown by oa in Fig. 32.6. v2 is added to vw, by 
drawing a line 15 units long vertically upwards from 
a, shown as ab. Finally, v3 is added to wv + v2 by 
drawing a line 7 units long at an angle at 190° from 
b, shown as br. The resultant of vector addition is or 
and by measurement is 17.5 units long at an angle 
of 82° to the horizontal. 

Thus vy + v2 + v3 = 17.5 m/s at 82° 
horizontal. 


to the 
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0246 81012 
Scale in m/s 


Figure 32.6 


32.3. Resolution of vectors 


A vector can be resolved into two component parts 
such that the vector addition of the component parts 
is equal to the original vector. The two components 
usually taken are a horizontal component and a 
vertical component. For the vector shown as F in 
Fig. 32.7, the horizontal component is F cos@ and 
the vertical component is F sin 0. 


Fsin@ E 
0 


Fos 6 


Figure 32.7 


For the vectors F, and Fz shown in Fig. 32.8, the 
horizontal component of vector addition is: 


H = F, cos, + F2c08s 62 


Figure 32.8 
and the vertical component of vector addition is: 
V= Fy sin 0; + Fy sin 05 


Having obtained H and V, the magnitude of the 
resultant vector R is given by: VH? + V2 and its 


angle to the horizontal is given by tan—! A 


Problem 3. Resolve the acceleration vector 
of 17 m/s? at an angle of 120° to the 
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horizontal into a horizontal and a vertical 
component 


For a vector A at angle @ to the horizontal, the 
horizontal component is given by Acos@ and the 
vertical component by Asin@. Any convention of 
signs may be adopted, in this case horizontally 
from left to right is taken as positive and vertically 
upwards is taken as positive. 
Horizontal component H = 17 cos 120° = 
—8.50 m/s”, acting from left to right. 
Vertical component V = 17 sin 120° = 14.72 m/s?, 
acting vertically upwards. 

These component vectors are shown in Fig. 32.9. 


+H 


Figure 32.9 


Problem 4. Calculate the resultant force of 


the two forces given in Problem | 


With reference to Fig. 32.4(a): 
Horizontal component of force, 


H =7cos0° + 4cos 45° 
= 7+ 2.828 = 9.828 N 


Vertical component of force, 


V =7sin0O° + 4sin 45° 
= 0+ 2.828 = 2.828 N 


The magnitude of the resultant of vector addition 


= /H2 + V2 = V9.8282 + 2.8287 
= /104.59 = 10.23 N 


The direction of the resultant of vector addition 


2.82 
= tan! (=) = tan! (ss) = 16.05° 
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Thus, the resultant of the two forces is a single 
vector of 10.23 N at 16.05° to the 7 N vector. 


Problem 5. Calculate the resultant velocity 
of the three velocities given in Problem 2 


With reference to Fig. 32.5: 
Horizontal component of the velocity, 


H = 10cos20° + 15 cos 90° + 7 cos 190° 
= 9.397 + 0 + (—6.894) = 2.503 m/s 
Vertical component of the velocity, 
V = 10sin 20° + 15 sin 90° + 7 sin 190° 
= 3.420 + 15 + (-1.216) = 17.204m/s 


Magnitude of the resultant of vector addition 


= VH24 V2 = V2.5032 + 17.2047 
= /302.24 = 17.39 m/s 


Direction of the resultant of vector addition 


Al¥ _, (17.204 
= tan — |} =tan 
H 2.503 


= tan~! 6.8734 = 81.72° 


Thus, the resultant of the three velocities is a 
single vector of 17.39 m/s at 81.72° to the hor- 
izontal. 


Now try the following exercise 


Exercise 117 Further problems on vector 
addition and resolution 


1. Forces of 23 N and 41 N act at a point 
and are inclined at 90° to each other. Find, 
by drawing, the resultant force and its 
direction relative to the 41 N force. 


[47 N at 29°] 


2. Forces A, B and C are coplanar and act 
at a point. Force A is 12 kN at 90°, B 
is 5 kN at 180° and C is 13 kN at 293°. 
Determine graphically the resultant force. 


[Zero] 


3. Calculate the magnitude and direction of 
velocities of 3 m/s at 18° and 7 m/s at 
115° when acting simultaneously on a 
point. [7.27 m/s at 90.8°] 


4. Three forces of 2 N, 3 N and 4 N act as 
shown in Fig. 32.10. Calculate the magni- 
tude of the resultant force and its direction 
relative to the 2 N force. 


[6.24 N at 76.10°] 


4N 


Figure 32.10 


5. A load of 5.89 N is lifted by two strings, 
making angles of 20° and 35° with 
the vertical. Calculate the tensions in the 
strings. [For a system such as this, the 
vectors representing the forces form a 
closed triangle when the system is in equi- 
librium]. [2.46 N, 4.12 N] 


6. The acceleration of a body is due to 
four component, coplanar accelerations. 
These are 2 m/s” due north, 3 m/s? due 
east, 4 m/s? to the south-west and 5 m/s” 
to the south-east. Calculate the resultant 
acceleration and its direction. 


[5.7 m/s? at 310°] 


7. A current phasor i; is 5 A and horizontal. 
A second phasor iz is 8 A and is at 50° 
to the horizontal. Determine the resultant 
of the two phasors, i; + i2, and the angle 
the resultant makes with current i. 


[11.85 A at 31.14°] 


32.4 Vector subtraction 


In Fig. 32.11, a force vector F is represented by oa. 
The vector (—oa) can be obtained by drawing a 
vector from o in the opposite sense to ea but having 
the same magnitude, shown as ob in Fig. 32.11, ie. 
ob = (—oa). 

For two vectors acting at a point, as shown 
in Fig. 32.12(a), the resultant of vector addi- 
tion is os = oa + 0b. Fig. 32.12(b) shows vectors 
ob +(—oa), that is, ob —oa and the vec- 
tor equation is ob —oa =od. Comparing od 
in Fig. 32.12(b) with the broken line ab in 
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Figure 32.12 


Fig. 32.12(a) shows that the second diagonal of the 
‘parallelogram’ method of vector addition gives the 
magnitude and direction of vector subtraction of oa 
from ob. 


Problem 6. Accelerations of a; = 1.5 m/s” 
at 90° and ay = 2.6 m/s? at 145° act at a 


point. Find ay + a2 and a, — az by: 
(i) drawing a scale vector diagram and 
Gi) by calculation 


Gj) The scale vector diagram is shown in 
Fig. 32.13. By measurement, 


a, +a) = 3.7 m/s’ at 126° 


a — a, = 2.1 m/s’ at 0° 


JNTUWORLD 


VECTORS = 285 
Magnitude of 
ay +42 = \/(—2.13) + 2.99? 
= 3.67 m/s” 


2.99 
Direction of ay +a = tan! (=) and 


must lie in the second quadrant since H is 
negative and V is positive. 


4 f 299 a ‘ ; 
tan =) 54.53°, and for this to be 


in the second quadrant, the true angle is 180° 
displaced, i.e. 180° — 54.53° or 125.47° 
Thus ay +a = 3.67 m/s” at 125.47’. 
Horizontal component of a, — a2, that is, 
a; + (—az) 

= 1.5cos 90° + 2.6 cos(145° — 180°) 


= 2.6 cos(—35°) = 2.13 
Vertical component of ay,—ad2, that is, 
a; + (—a2) 
= 1.5sin 90° + 2.6 sin(—35°) = 0 
Magnitude of ay — az = V2.137 + 07 
= 2.13 m/s” 


0 
Direction of ay — az = tan~'! | —~ } =0° 
irection of ay — ay = tan (=) 


Thus ay — a2 = 2.13 m/s” at 0° 


a, +a, Problem 7. Calculate the resultant of 
) 1 2 3 (i) vy — V2 + v3 and (ii) v2 — vy — V3 When 
5 ° : ° 
—_ vy = 22 units at 140°, vz = 40 units at 190 
. Scale in m/s 


and v3 = 15 units at 290° 


ay 


(i) The vectors are shown in Fig. 32.14. 


Figure 32.13 190° 140° 


(ii) Resolving horizontally and vertically gives: 
Horizontal component of a; + a2, 15 


H = 1.5co0s90° + 2.6cos 145° = —2.13 
Vertical component of ay + a2, 


V =1.5sin90° + 2.6sin 145° = 2.99 Figure 32.14 
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The horizontal component of v1 — v2 + v3 
= (22 cos 140°) — (40 cos 190°) 
+ (15 cos 290°) 
(—39.39) + (5.13) 


= (—16.85) 
= 27.67 units 
The vertical component of vy — v2 + v3 
= (22 sin 140°) — (40 sin 190°) 
+ (15 sin 290°) 
= (14.14) — (—6.95) + (—14.10) 
= 6.99 units 


The magnitude of the resultant, R, which can 
be represented by the mathematical symbol for 
‘the modulus of’ as |v; — v2 + v3| is given by: 


IR| = 27.672 + 6.992 = 28.54 units 


The direction of the resultant, R, which can be 
represented by the mathematical symbol for 
‘the argument of’ as arg (vj) — v2 + v3) is 


given by: 
6.99 
—— } = 14.18° 
27.67 

Thus vy — v2 + v3 = 28.54 units at 14.18° 


arg R = tan! ( 


Let R = v2 — vj — v3 then 
|R| = \/(—27.67)? + (—6.99)? = 28.54 units 


—6.99 
and arg R = tan! ( ) 


—27.67 


and must lie in the third quadrant since both 
H and V are negative quantities. 


—6.99 
tan~! ( a =.) = 14.18°, 


hence the required angle is 180° + 14.18° = 
194.18° 


Thus v2 — vy — v3 = 28.54 units at 194.18° 


This result is as expected, since v2 — v1 — v3 
= — (v1 — V2 + V3) and the vector 28.54 units 
at 194.18° is minus times the vector 
28.54 units at 14.18° 


Now try the following exercise 


Exercise 118 Further problems on vectors 


subtraction 


Forces of Fy = 40 N at 45° and 
F, = 30 N at 125° act at a point. Deter- 


(ii) The horizontal component of v2 — v1 — v3 mine by 
= (40 cos 190°) — (22 cos 140°) drawing and by calculation (a) Fy + F2 
— (15 cos 290°) (0) Fi — Fa 
(a) 54.0 N at 78.16° 
= (—39.39) — (—16.85) — (5.13) (b) 45.64 N at 4.66° 
= —27.67 units 


The vertical component of v2 — v1 — v3 
= (40 sin 190°) — (22 sin 140°) 
— (15 sin 290°) 
= (—6.95) — (14.14) — (— 14.10) 
= —6.99 units 


Calculate the resultant of (a) vy + v2 — v3 
(b) v3 — vz + vy when vy = 15 m/s at 
85°, vz = 25 m/s at 175° and 
v3 = 12 m/s at 235° 
(a) 31.71 m/s at 121.81° 
(b) 19.55 m/s at 8.63° 
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Combination of waveforms 


33.1 Combination of two periodic 
functions 


There are a number of instances in engineering and 
science where waveforms combine and where it 
is required to determine the single phasor (called 
the resultant) that could replace two or more sepa- 
rate phasors. (A phasor is a rotating vector). Uses 
are found in electrical alternating current theory, 
in mechanical vibrations, in the addition of forces 
and with sound waves. There are several methods 
of determining the resultant and two such meth- 
ods — plotting/measuring, and resolution of phasors 
by calculation — are explained in this chapter. 


33.2 Plotting periodic functions 


This may be achieved by sketching the separate 
functions on the same axes and then adding (or 
subtracting) ordinates at regular intervals. This is 
demonstrated in worked problems | to 3. 


Problem |. Plot the graph of y; = 3sinA 
from A = 0° to A = 360°. On the same axes 
plot y2 = 2cosA. By adding ordinates plot 


yr = 3sinA+2cosA and obtain a sinusoidal 
expression for this resultant waveform 


y, = 3sinA and y2 = 2cosA are shown plotted 
in Fig. 33.1. Ordinates may be added at, say, 15° 
intervals. For example, 


at 0°, yty=04+2=2 

at 15°, yi + y2 = 0.78 + 1.93 = 2.71 
at 120°, yty=2.604+—-1=1.6 
at 210°, -y; + y2 = —1.50 — 1.73 


= —3.23, and so on 


The resultant waveform, shown by the broken line, 
has the same period, i.e. 360°, and thus the same 
frequency as the single phasors. The maximum 


y,=3sinA 
Yp= 3.6 sin(A+34)° 
Yp= 2C0SA 


Figure 33.1 


value, or amplitude, of the resultant is 3.6. The 
resultant waveform leads y; = 3sinA by 34° or 
0.593 rad. The sinusoidal expression for the resul- 
tant waveform is: 


yr = 3.6sin(A + 34°) or yr = 3.6sin(A + 0.593) 


Problem 2. Plot the graphs of y) = 4sinat 
and y, = 3 sin(wt — 7/3) on the same axes, 
over one cycle. By adding ordinates at 


intervals plot yr = yj + y2 and obtain a 
sinusoidal expression for the resultant 
waveform 


y, = 4sinewt and y2 = 3sin(wt — 2/3) are shown 
plotted in Fig. 33.2. Ordinates are added at 15° 
intervals and the resultant is shown by the broken 
line. The amplitude of the resultant is 6.1 and it 
lags y, by 25° or 0.436 rad. Hence the sinusoidal 
expression for the resultant waveform is: 


yr = 6.1sin(ot — 0.436) 


Problem 3. Determine a sinusoidal 


expression for y; — yz when 
y, = 4sinwt and y. = 3 sin(@t — 2/3) 
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y= 4 sin ot 


Yo=3 sin (wt —7/3) 
YR= Vt Yo 


ot 


180 \ $270 360° 


1 3x/2 Qn 
NESS 
Fd 


Figure 33.3 


y, and y) are shown plotted in Fig. 33.3. At 15° 
intervals yz is subtracted from y,. For example: 


at 0°, y, — 2 = 0 — (-2.6) = +2.6 
at 30°, Yi y= 2 ( 1.5) = +3.5 
at 150°, yj) — v2 = 2—3 =-—1, and so on. 


The amplitude, or peak value of the resultant (shown 
by the broken line), is 3.6 and it leads y,; by 45° or 
0.79 rad. Hence 


y1 — y2 = 3.6sin(@t + 0.79) 


Now try the following exercise 


Exercise 119 Further problems on plot- 
ting periodic functions 


1. Plot the graph of y = 2sinA from A = 0° 
to A = 360°. On the same axes plot 
y = 4cosA. By adding ordinates at inter- 
vals plot y = 2sinA + 4cosA and obtain 
a sinusoidal expression for the waveform. 


[4.5 sin(A + 63.5°)] 


2. Two alternating voltages are given by 
v, = 10sinwt volts and 
v2 = 14sin(@t + 2/3) volts. By plotting 
vy and v2 on the same axes over one 
cycle obtain a sinusoidal expression for 
(a) vy + v2 (b) vy — v2 


(a) 20.9 sin(@wt + 0.62) volts 
(b) 12.5 sin(@t — 1.33) volts 


3. Express 12sinwt + 5cosqwt in the form 
Asin(@t + a) by drawing and measure- 
[13 sin(wt + 0.395)] 


ment. 


33.3 Determining resultant phasors by 
calculation 


The resultant of two periodic functions may be 
found from their relative positions when the time 
is zero. For example, if yj = 4sinwt and 
y2 = 3sin(@t — 2/3) then each may be repre- 
sented as phasors as shown in Fig. 33.4, y, being 
4 units long and drawn horizontally and y2 being 
3 units long, lagging y,; by 2/3 radians or 60°. To 
determine the resultant of y; + y2, y, is drawn hor- 
izontally as shown in Fig. 33.5 and yp is joined to 
the end of y at 60° to the horizontal. The resul- 
tant is given by yr. This is the same as the diago- 
nal of a parallelogram that is shown completed in 
Fig. 33.6. 

Resultant yr, in Figs. 33.5 and 33.6, is determined 
either by: 


Vi=4 
60° or 7/3 rads 


Vo=3 


Figure 33.4 Figure 33.5 


Figure 33.6 
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(a) use of the cosine rule (and then sine rule to 


calculate angle #), or 8 
(b) determining horizontal and vertical compo- 
nents of lengths oa and ab in Fig. 33.5, and 
then using Pythagoras’ theorem to calculate ob. 
In the above example, by calculation, yr = 6.083 =a 
and angle @ = 25.28° or 0.441 rad. Thus the y= 
resultant may be expressed in sinusoidal form as (a) Vp 


yr = 6.083 sin(wt — 0.441). If the resultant phasor, 
Yr = y1 — y2 is required, then yy is still 3 units long 
but is drawn in the opposite direction, as shown in 
Fig. 33.7, and yr is determined by calculation. 


Figure 33.7 
Figure 33.8 


Resolution of phasors by calculation is demon- 
strated in worked problems 4 to 6. 


Hence yr =~vV21.49 = 4.64 


Problem 4. Given y; = 2sina@t and 
y2 = 3sin(@t + 1/4), obtain an 3 4.64 


expression for the resultant yy = y; + yo, Using the sine rule: sin@ sin 135° from 
(a) by drawing, and (b) by calculation a duqaet 
which sin 6 = ———— = 0.4572 
4.64 


(a) When time ¢ = 0 the position of phasors y 24 
and y> are as shown in Fig. 33.8(a). To obtain Hence ¢=sin "0.4572 = 27.21° or 0.475 rad. 
the resultant, y, is drawn horizontally, 2 units . an . 
long, y2 is drawn 3 units long at an angle By calculaion,, ja = sot suiwe +0475) 
of 2/4 rads or 45° and joined to the end of 
yi as shown in Fig. 33.8(b). yr is measured Problem 5. Two alternating voltages are 
as 4.6 units long and angle @ is measured as given by v, = 15sinar volts and 
27° or 0.47 rad. Alternatively, yr is the diag- 


E v2 = 25 sin(wt — 2/6) volts. Determine a 
onal of the parallelogram formed as shown in 


; sinusoidal expression for the resultant 
Fig. 33.8(c). Up = V1 + v2 by finding horizontal and 


Hence, by drawing, yr = 4.6sin(ot + 0.47) vertical components 


(b) From Fig. 33.8(b), and using the cosine rule: 
The relative positions of v; and v2 at time t = 0 


2 _ 924 22 _ ° 
et Sosy] are shown in Fig. 33.9(a) and the phasor diagram is 
=4+9 — [—8.485] = 21.49 shown in Fig. 33.9(b). 
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vy, =15V 
7/6 or 30° 


Figure 33.9 


The horizontal component of vp, 
H = 15cos0° + 25 cos(—30°) 
= o0a+ ab = 36.65 V 
The vertical component of va, 
V = 15sin0° + 25 sin(—30°) 
= be = —12.50 V 


Hence ur(= oc) = 36.652 + (—12.50)? 
by Pythagoras’ theorem 
= 38.72 volts 
V bc —12.50 
tang =—- (= — | = 
H ob 36.65 
= —0.3411 
from which, @ = tan”! (—0.3411) 
= —18.83° or — 0.329 
radians. 
Hence UR= V1 + V2 


= 38.72 sin(wt — 0.329) V 


Problem 6. For the voltages in Problem 5, 
determine the resultant ve = vy — v2 


To find the resultant ve = v; — v2, the phasor v2 
of Fig. 33.9(b) is reversed in direction as shown in 
Fig. 33.10. Using the cosine rule: 


Up = 15° + 25* — 2(15)(25) cos 30° 
= 225 + 625 — 649.5 = 200.5 
Ur = V 200.5 = 14.16 volts 


Figure 33.10 


. : 25 14.16 : 
Using the sine rule: — =- from which 
sing  sin30° 
25 sin 30° 
i = —— = 0.882 
sind i416 0.8828 


Hence ¢ = sin! 0.8828 = 61.98° or 118.02°. From 
Fig. 33.10, @ is obtuse, 


hence @ = 118.02° or 2.06 radians. 
Hence ve = vy — V2 = 14.16 sin(@t + 2.06) V 


Now try the following exercise 


Exercise 120 Further problems on_ the 
determination of resultant 
phasors by calculation 


In Problems | to 5, express the combination 
of periodic functions in the form A sin(@t+a) 
by calculation. 
; : IN 
1. 7sinwt+5sin (or + =) 
[11.11 sin(wt + 0.324)] 
; : af 
6sin wt + 3 sin (ot - =) 
[8.73 sin(wt — 0.173)] 
; : . IX 
i= 25sinwt — 15sin (or + =) 
{i = 21.79 sin(wt — 0.639)] 


v = 8sinwt — 5 sin (wr - =) 


[vu = 5.695 sin(wt + 0.670)] 
x = 9sin (or + =) — 7sin (« — =) 


[x = 14.38 sin(wr + 1.444)] 
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(i) 


(ii) 


(iii) 


Problem 1. 


Part 6 Complex Numbers 


34 


Complex numbers 


Cartesian complex numbers 


If the quadratic equation x7 + 2x +5 = 0 is 
solved using the quadratic formula then: 


(ape w (2)? — (4)1)(S) 


2(1) 
_-24/-16  -24 /06)-T) 
2 7 2 
_ -24V16/=1  -244/=1 
a er 

=-142V/-1 


7 


It is not possible to evaluate ./—I in real 
terms. However, if an operator j is defined 
as 7 = /—I then the solution may be 
expressed as x = —1 + j2. 


—1+j2 and —1— 2 are known as complex 
numbers. Both solutions are of the form 
a+ jb, ‘a’ being termed the real part and 
jb the imaginary part. A complex number 
of the form a+ jb is called a Cartesian 
complex number. 


In pure mathematics the symbol i is used to 
indicate ./—1 (i being the first letter of the 
word imaginary). However i is the symbol 
of electric current in engineering, and to 
avoid possible confusion the next letter in 
the alphabet, j, is used to represent /—1 


Solve the quadratic equation: 


x+4=0 


Since x” + 4 = 0 then x* = —4 and x = /—4 


x= /(-)D(4) = V-1V4 = j(42) 
=+ 2, (since j = /—1) 


1.e., 


(Note that +j2 may also be written as +27). 


Problem 2. Solve the quadratic equation: 


2x? +3x+5=0 


Using the quadratic formula, 


gil ey (3)? — 4(2)6) 


2(2) 
Baws] —Jta/—ly3l 
- 4 - 4 
= sl 
- 4 
V31 
Hence x = 3 +i or — 0.750 +7 1.392, 


correct to 3 decimal places. 


(Note, a graph of y = 2x? + 3x +5 does not cross 
the x-axis and hence 2x” + 3x + 5 = 0 has no real 
roots). 


Problem 3. Evaluate 


—4 
ager iby ey? (@) = 
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(a) Pp=pPxj=(Cl)x j= —yJ, since 7? =-1 
b) f=pPxfP=(-l)x(-bD=1 


OP =e =/20 =< oa" 


=jx(-l=— 
OQ.) =f. 7 =7<G 7 Sfx 
= (lg 
4 4 4 i = AG 
Hence — = — = — x = 4 
J Hi J J —J 
M2 abaaha 
= =4 ors 
—(-1) 


Now try the following exercise 


Exercise 121 Further problems on _ the 
introduction to Cartesian 
complex numbers 


In Problems | to 3, solve the quadratic equa- 
tions. 


lL x7+25=0 [+j5] 
2. 2x74+3x+4=0 


3. af/B | 


3. 477 -5t+7=0 


2) Vv 87 


4 
278 
(a) 1 (b) —j (c) —j2] 


4. Evaluate (a) j® (b) = (c) 
J 


34.2 The Argand diagram 


A complex number may be represented pictorially 
on rectangular or Cartesian axes. The horizontal (or 
x) axis is used to represent the real axis and the ver- 
tical (or y) axis is used to represent the imaginary 
axis. Such a diagram is called an Argand diagram. 
In Fig. 34.1, the point A represents the complex 
number (3 + j2) and is obtained by plotting the co- 
ordinates (3, j2) as in graphical work. Figure 34.1 


Imaginary 
axis 


Real axis 


Figure 34.1 


also shows the Argand points B, C and D represent- 
ing the complex numbers (—2+ j4), (—3 — j5) and 
(1 — j3) respectively. 


34.3 Addition and subtraction of 
complex numbers 


Two complex numbers are added/subtracted by 
adding/subtracting separately the two real parts and 
the two imaginary parts. 


For example, if Z; = a+ jb and Z, = c+ jd, 
then Z,+Z = (a+ jb)+ (c+ jd) 
=(a+c)+ j(b+d) 
and = =Z; —Z) = (a+ jb) — (c+ jd) 
= (a—c)+ j(b-d) 

Thus, for example, 

(24+ j3)+ 3 - j4) =24+ j34+3- j4 
=5-j1 

and (2+ j3)—@G- j4)=2+4+ j3-—34 j4 
=-—-1+,/7 


The addition and subtraction of complex numbers 
may be achieved graphically as shown in the Argand 
diagram of Fig. 34.2. (2+ 3) is represented by vector 
OP and (3— j4) by vector OQ. In Fig. 34.2(a), by vec- 
tor addition, (i.e. the diagonal of the parallelogram), 
OP + OQ = OR. Ris the point (5, —/1). 
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Imaginary 
axis 


[3 
j2 
j 
\ 
Kd 
0 4 \ 5 Real axis 
-j R(5-/) 
_j / 
j2 y 
-j3 
=n Q(3-/4) 


Imaginary 
axis 
$1417) 7b 
\ 
JO 
Q' 
\ ; 
\ P (2 + j) 
\ 
\ 
L L 
-3 2 -1 3 Real axis 
Q (3 -j4) 
(b) 
Figure 34.2 


Hence (2+ j3)+ 3— j4)=5- Jl 


In Fig. 34.2(b), vector O@ is reversed (shown as 
OQ’) since it is being subtracted. (Note OQ = 3-4 
and OQ’ = —(3 — j4) = —3 + ja). 


OP — OG = OP + 0Q' = OS is found to be the 
Argand point (—1, j7). 


Hence (2+ j3) — 3 — j4) = -14+/j7 


Problem 4. Given Z; = 2+ j4 and 
Z2 = 3 — j determine (a) Z; + Zo, 


(b) Z; — Zz, (c) Zy — Z, and show the 
results on an Argand diagram 


(a) Z1+Z,=(2+)/4+G6-/ 
= (24+3)+ j4-1)=54j3 
(b) 21-22 = 2+ j)-G-7p 
=(2-3)7 14— ClS—l)5 
A= eer) 
= (3 -—2)+ j(-l1-4) =1-j5 


(c) Zz 


Each result is shown in the Argand diagram of 
Fig. 34.3. 


Imaginary 
axis 


(5 + j3) 


Real axis 


Figure 34.3 


34.4 Multiplication and division of 


complex numbers 


(i) Multiplication of complex numbers is 
achieved by assuming all quantities involved 
are real and then using j? = —1 to simplify. 


Hence (a+ jb)(c + jd) 
= ac + a(jd) + (jb)c + (jb)Ud) 
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=ac+ jad + jbe + j’bd 
= (ac — bd) + j(ad + be), 
since j* = —1 
Thus (3+ j2)(4— j5) 
= 12— j15+ j8— j710 
= (12 — (-10)) + j(—15 + 8) 
= 22 —-j7 
(ii) The complex conjugate of a complex num- 
ber is obtained by changing the sign of the 
imaginary part. Hence the complex conju- 
gate of a+ jb is a— jb. The product of a 


complex number and its complex conjugate 
is always a real number. 


For example, 


(3+ j4) — j4) =9— j12+ j12— j716 


=9+16=25 


[(a+ jb)(a— jb) may be evaluated ‘on sight’ 
as a? + b*] 
(iii) Division of complex numbers is achieved 
by multiplying both numerator and denom- 
inator by the complex conjugate of the 
denominator. 


For example, 


2-j5 2-j5 @6-j4+) 
34+ j4 34+ j4° 3 -j4) 
6 — j8 — j15+ j°20 
= 52.4. Az 


Problem 5. If Z; = 1— j3,Z. = —-—2+ j5 


and Z3 = —3— j4, determine in a + jb form: 


(a) Z)Z 


(c) = (d) 
Z,+Z2 kali 


(a) 212. = (1 — j3)(-2 + j5) 
= -2+ j5+ j6— j715 


(b) 


= (-2+15)+ j(5+6), since j* = —1, 


=134 ll 
e Z,_ 1-j3  1-j3 _ -3+/4 
Z;  —3-—j4 —3-j4 3+ j4 
3+ j44 j9— P12 
_ 32 4 42 
_ 9+ j3 9B 
~ 95 ~ 25 7125 
or 0.36 +7 0.52 
Z\Z2 (1 — j3)(—2 + j5) 
(c) 


722, C= pye24 ph) 
13 j11 
= ae , from part (a), 
—1+ j2 
13+ fll 
=1472 


=f= 72 
(272 


jll — j?22 
1? + 22 
9-737 9 37 
J 


— = =—j— or 1.8 —j7.4 
5 5 5 8 —j 


13 — j26 


(d) Z1Z2Z3 = (134+ j11)(—3 — j4), since 
Z,Z72 = 13+ j11, from part (a) 


= —39 — j52 — j33 


= (—39 + 44) — j(52 +33) = 5 —f85 


744 


Problem 6. Evaluate: 


2 (14+ 73\7 
aay Cos) 


(a) d+jP=d+/pdt+/fj=Hl4+sjt+s+/7 


a+‘ =(0+ fF = G2)? = 774 =-4 


2 2 1 
Hence = = 
(1+ j)* —4 2 


L72 
t+ 72 


1+j3 14+/3 
f=. I= 7 
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14724 73+ 76 -5+4 5 
~ +2? ~-- & 


14 7l=—1 4] 


1+ 73 
1—j2 


2 
) a(aleyy S14 ia) 


=1-j-j+Ps-p 


1+ 73 
Hence j ( am 


2 
=) J(-J2) = J , 


since j? = —1 
Now try the following exercise 


Exercise 122 Further problems on opera- 
tions involving Cartesian 
complex numbers 


Evaluate (a) (3 + j2) + (5 — j) and 
(b) (—2 + j6) — G — j2) and show the 
results on an Argand diagram. 


(a) 8+ 7 (b) —5 + j8] 


Write down the complex conjugates of 
(a) 3+ j4, (b)2—-J 


[(a)3— j4 (b) 2+ J] 


In Problems 3 to 7 evaluate in a+ jb form 
given Z; = 1+ j2, Z. = 4-73, Z3 = —2+/3 
and Z4 = —5 — j. 


3. (a)Z,+Z2,—Z3 (b) Z2-Z, +24 
ay i= ge (b) 2 76] 
(a) Z;Z2  (b) Z3Z4 
[(a) 10 + j5 
(a) Z;Z3+Z4 (b) Z{22Z3 
[(@) -13 — 72 (b) —35 + 720] 


(b) 13 — j13] 


Z\ Z, +23 
& WH G 
MF OF 
a ge ye eg 
a ——- —t —— a 
25° 495 85. | 85 
OAS. tie ag 
‘ a — 
Z,+Z3 on Zi ° 


ae a ee 
a — — ———— — 
26 | 126 2% /26 


LZ 
8. Evaluate (a) ——— (b) —— 
Ons OT 
(a) j (b) » : 
i ee 
a 99 
—2. 1 j —j 
9, Show that: — ( Be Ligers 2) 
2 \3+4 j4 -j 


= 57+ j24 


34.5 Complex equations 


If two complex numbers are equal, then their real 
parts are equal and their imaginary parts are equal. 
Hence if a+ jb =c+ jd, thena=c andb=d. 


Problem 7. Solve the complex equations: 


(a) 2(x + jy) =6— 73 


(b) (1 + j2)(—2 — j3) =a jb 


(a) 2(«+ jy) = 6— j3 hence 2x + j2y = 6 — j3 
Equating the real parts gives: 
2x = 6, ie.x =3 
Equating the imaginary parts gives: 
2y=-3, ie y = -3 
(b) (1+ j2(-2- j3) =a jb 
2-j3-j4—j6=a+t jb 
Hence 4— j7=a+ jb 


Equating real and imaginary terms gives: 
a =4and b = —7 


Problem 8. 
(a) (2— j3)= Jat jb 


Solve the equations: 


(b) @& — j2y) + (y — 3x) = 24 73 


(a) (2—j3)= Jat jb 


Hence (2— 73 =a+ jb, 
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(b) 


i.e. (2 — j3)(2 — j3) =a+ jb 
4— j6— j6+ 779 =a+ jb 
—5— jl2=a+ jb 


Hence 


and 


Thus a = —5 and b = —12 


(x — j2y) + (y— j3x) = 24 73 
Hence (x + y) + j(—2y — 3x) =2+ 73 


Equating real and imaginary parts gives: 
x+y=2 
and —3x—2y=3 
i.e. two stimulaneous equations to solve 
Multiplying equation (1) by 2 gives: 
2x+2y=4 
Adding equations (2) and (3) gives: 
—x=7, ie.x = —7 


From equation (1), y =9, which may 
checked in equation (2) 


Now try the following exercise 


Exercise 123. Further problems on com- 


plex equations 


In Problems | to 4 solve the complex equa- 
tions. 


(2+ JG —- j2)=a+ jb 
[a = 8, 


273 _; 
Taj ietiy) 


1 
(2 — j3)= Jat jb 
[a = —5, 
jx) =2+] 
Ix=3, y=]1] 


If Z = R+ joL + 1/jwC, express Z in 
(a+ jb) form when R = 10, L = 5, 
C = 0.04 and w = 4 


(x — j2y) — (y 


[z= 10 + j13.75] 


(1) 
(2) 


(3) 


34.6 


(i) 


(ii) 


(iii) 


(iv) 


The polar form of a complex 
number 


Let a complex number Z be x+ jy as shown 
in the Argand diagram of Fig. 34.4. Let 
distance OZ be r and the angle OZ makes 
with the positive real axis be 0. 
From trigonometry, x =rcosé@ and 
y=rsing 
Hence Z=x+ jy=rcosé+ jrsing 
= r(cos@+ j sin) 


Z = r(cos@+ j sin@) is usually abbreviated 
to Z = rZ@ which is known as the polar 
form of a complex number. 


Imaginary 
axis 
Z 
| Vy 
6 | 
O , A Real axis 
Figure 34.4 


r is called the modulus (or magnitude) of 
Z and is written as mod Z or |Z]. 

r is determined using Pythagoras’ theorem 
on triangle OAZ in Fig. 34.4, 


@ is called the argument (or amplitude) of 
Z and is written as arg Z. 


By trigonometry on triangle OAZ, 


x 


Whenever changing from Cartesian form 
to polar form, or vice-versa, a sketch is 
invaluable for determining the quadrant in 
which the complex number occurs 


Problem 9. Determine the modulus and 
argument of the complex number 


Z = 2+ /3, and express Z in polar form 
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Z = 2+ j3 lies in the first quadrant as shown in 
Fig. 34.5. 


Modulus, |Z| = r = V2? +3? = V13 or 3.606, 
correct to 3 decimal places. 


1 


3 
Argument, argZ =60= tan i 


= 56.31° or 56°19’ 


In polar form, 2+ 73 is written as 3.606256.31° or 
3.606256°19’ 


Imaginary 
axis 


Bp aeS5 


0 2 Real axis 


Figure 34.5 


Problem 10. Express the following 
complex numbers in polar form: 


(b) —3+ j4 


(a) 3+ j4 
(c) -3-—j4 @3-j4 


(a) 3+ j4is shown in Fig. 34.6 and lies in the first 
quadrant. 


Modulus, r = /32+4% = 5 and argument 
4 
6 = tan"! a= 53.13° or 53°8' 


Hence 3 +4 = 5253.13° 

(b) —3-+ j4 is shown in Fig. 34.6 and lies in the 
second quadrant. 
Modulus, r = 5 and angle a = 53.13°, from 
part (a). 
Argument = 180° — 53.13° = 126.87° (i.e. the 
argument must be measured from the positive 
real axis). 


Hence —3 +j4 = 5£126.87° 


(c) —3-— j4 is shown in Fig. 34.6 and lies in the 
third quadrant. 


Modulus, r = 5 and a = 53.13°, as above. 


Imaginary 
axis 


Real axis 


(-3-j4) (3 — j4) 


Figure 34.6 


Hence the argument = 180° + 53.13° = 
233.13°, which is the same as —126.87° 


Hence(—3 —j 4) = 5£233.13° or 5Z —126.87° 


(By convention the principal value is nor- 
mally used, i.e. the numerically least value, 
such that —7 <9 <7). 


(d) 3-— j4 is shown in Fig. 34.6 and lies in the 
fourth quadrant. 


Modulus, r = 5 and angle a = 53.13°, as 
above. 


Hence (3 —j4) = 5Z — 53.13° 


Problem 11. Convert (a) 4230° 
(b) 7Z — 145° into a+ jb form, correct to 4 


significant figures 


(a) 4230° is shown in Fig. 34.7(a) and lies in the 
first quadrant. 


Using trigonometric ratios, 
x = 4cos 30° = 3.464 and y = 4sin 30° 


= 2.000 
Hence 4230° = 3.464 + 72.000 


(b) 7Z— 145° is shown in Fig. 34.7(b) and lies in 
the third quadrant. 


Angle a = 180° — 145° = 35° 


Hence x= 7cos35° = 5.734 
and y = 7sin35° = 4.015 
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Imaginary 
axis 
4 : 
° ly 
30 fn 
0 X Real axis 


Real axis 


Figure 34.7 


Hence 72 — 145° = —5.734 — 74.015 


Alternatively 
7£—145° = 7cos(—145°) + j7 sin(—145°) 
= —5.734 — 74.015 


34.7 Multiplication and division in 
polar form 


If Z| = r, ZO, and Zo = 17 LO then: 
(i) Z1Z2 = rir2Z(O, + 62) and 


. Zt FI 
Gi) > = —ZL(O) — 42) 
Zr fr 


Problem 12. Determine, in polar form: 


(a) 8225° x 4260° 


(b) 3£16° x 5£—44° x 280° 


(a) 8225°x42460° = (8x 4)Z(25°+ 60°) = 32285° 
(b) 3216° x 52 — 44° x 2280° 
= (35x 2)Z[16°+ (—44°)+80°] = 30252° 


Problem 13. Evaluate in polar form: 


1072 2197" 


16275° 
(b) —4- __2 


2£15° 


(a) 


16275° 16 
(a) = Z(75° — 15°) = 8260° 

2215° 2 
oA A 

sa - COC CSE 4 2 3 

3 
137 llxz 
= 20L—5 or 204——- or 


202195° or 20/—165° 


Problem 14. Evaluate, in polar form: 


2230° + 52 — 45° — 42120° 


Addition and subtraction in polar form is not pos- 
sible directly. Each complex number has to be con- 
verted into Cartesian form first. 


2230° = 2(cos 30° + j sin 30°) 
= 2cos 30° + j2 sin 30° = 1.732 + j1.000 
52—45° = 5(cos(—45°) + j sin(—45°)) 
= 5cos(—45°) + j5 sin(—45°) 
= 3.536 — j3.536 
42120° = 4(cos 120° + j sin 120°) 
= 4cos 120° + j4sin 120° 
= —2.000 + j3.464 
Hence 2230° + 5Z—45° — 42120° 
= (1.732 + j1.000) + (3.536 — 73.536) 
— (—2.000 + 3.464) 


= 7.268 — j6.000, which lies in the 
fourth quadrant 


a) 


7.268 
= 9.425/—39.54° or 9.4252 —39°32’ 


= 7.2682 + 6.00022 tan7! ( 


Now try the following exercise 


Exercise 124 Further problems on polar 
form 


1. Determine the modulus and argument of 
(a) 2+ j4 (b) —5 — j2 ) j2 — J). 
(a) 4.472, 63.43°  (b) 5.385, —158.20° 


(c) 2.236, 63.43° 
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In Problems 2 and 3 express the given Carte- 
sian complex numbers in polar form, leaving 
answers in surd form. 


2. (aj2+j3 (b)-4 ()-O4+] 
(a) /13256.31° — (b) 42180° 
° V37L170.54° | 
3. @) -j3 ©) -24+3" @©FA-/ 
i 3£-90°  (b) wee) 
(c) ¥22135° 
In Problems 4 and 5 convert the given polar 


complex numbers into (a+ jb) form giving 
answers correct to 4 significant figures. 


4. (a) 5230° (b) 3260° (c) 7245° 
(a) 4.330 + j2.500 
(b) 1.500 + j2.598 
(c) 4.950 + j4.950 
(b) 42 (c) 3.5Z—120° 
(a) —3.441 + [4.915 
(b) —4.000 + 0 
(c) —1.750 — j3.031 


5. (a) 6£125° 


In Problems 6 to 8, evaluate in polar form. 


6. (a) 3220° x 15245° 
(b) 2.4265° x 4.42-21° 
[(a) 45265° 
1. (6A 22/15 
(b) 5230° x 4280° + 102—40° 
[(a) 3.2242°  (b) 22150°] 
IT 
ry 
(b) 22120° + 5.2258° — 1.6/—40° 


(b) 7.190285.77°] 


(b) 10.56244°] 


ms 
8. (a) 425 +32 


[(a) 6.986226.78° 


34.8 Applications of complex numbers 


There are several applications of complex numbers 
in science and engineering, in particular in electrical 
alternating current theory and in mechanical vector 
analysis. 


The effect of multiplying a phasor by j is to 
rotate it in a positive direction (i.e. anticlockwise) on 
an Argand diagram through 90° without altering its 
length. Similarly, multiplying a phasor by — j rotates 
the phasor through —90°. These facts are used in 
a.c. theory since certain quantities in the phasor 
diagrams lie at 90° to each other. For example, in 
the R-L series circuit shown in Fig. 34.8(a), Vz 
leads I by 90° (i.e. I lags Vz by 90°) and may 
be written as jV,, the vertical axis being regarded 
as the imaginary axis of an Argand diagram. Thus 
Vret+jV_ = V and since Ve = IR, V = IX, 
(where X,; is the inductive reactance, 27 fL ohms) 
and V = JZ (where Z is the impedance) then 
R+ jx, =Z. 


\ Ve 


Figure 34.8 


Similarly, for the R-C circuit shown in Fig- 
ure 34.8(b), Vc lags I by 90° (ie. J leads Vc by 
90°) and Va — jVc = V, from which R— jXc=Z 


where Xc is the capacitive reactance ohms). 
Cc p on fC 
I 


Problem 15. Determine the resistance and 
series inductance (or capacitance) for each of 
the following impedances, assuming a 
frequency of 50 Hz: 


(a) (4.0 + j7.0) 2 (b) —j20 2 
(c) 152-60" 


(a) Impedance, Z = (4.0+ j7.0) Q hence, 
resistance = 4.0 Q and reactance = 7.0 Q. 


Since the imaginary part is positive, the reac- 
tance is inductive, 


ie Xp = 70 2 
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Since X, = 27 fL then inductance, 


Xr 7.0 
L=—= = 0.0223 H or 22.3 mH 
2nf 27(50) 


(b) Impedance, Z = j20, ie. Z = (0 — j20) Q 
hence resistance = 0 and reactance = 20 Q. 
Since the imaginary part is negative, the reac- 
tance is capacitive, i.e. X¢c = 20 Q and since 


Xc then: 


~ In fC 

ee 

QnfXc  2n(50)(20) 
10° 

~ 352(50)(20) © 


capacitance, C = 


F = 159.2 uF 


(c) Impedance, Z 
= 15/—60° = 15[cos(—60°) + j sin(—60°)] 
= 7.50 — j12.99 Q. 


Hence resistance = 7.50 Q and capacitive 
reactance, Xc = 12.99 Q. 


1 
Since Xc= mf then capacitance, 
1 10° 
= = uF 
2nfXc  22(50)(12.99) 
= 245 uF 


Problem 16. An alternating voltage of 
240 V, 50 Hz is connected across an 
impedance of (60 — j100) &. Determine 


(a) the resistance (b) the capacitance (c) the 
magnitude of the impedance and its phase 
angle and (d) the current flowing 


(a) Impedance Z = (60 — j100) Q. 
Hence resistance = 60 Q 


(b) Capacitive reactance Xc = 100 Q and since 


Xc = —— then 
2a fC 
: 1 1 
capacitance, C= —— = ————_ 
2afXc  27(50)(100) 
10° 
= ————— _ pF 
27(50)(100) 
= 31.83 pF 


(c) Magnitude of impedance, 


\Z| = \/602 + (100)? = 116.6 


pra : 
Phase angle, arg Z = tan oe ie —59.04 
V 24020° 


‘Chott SoS 
CO) MR HONG = = Gregg 50 Os 


= 2.058259.04° A 


The circuit and phasor diagrams are as shown in 
Fig. 34.8(b). 


Problem 17. For the parallel circuit shown 
in Fig. 34.9, determine the value of current J, 
and its phase relative to the 240 V supply, 
using complex numbers 


Ry =4Q X,=3Q 


CVV: 


Ry =10 


240 V, 50 Hz 


Figure 34.9 


V 
Current J = —. Impedance Z for the three-branch 


parallel circuit is given by: 


1 1 1 1 


ZZ es 


where Z; = 4+ j3, Z2 = 10 and Z3 = 12 — j5 


1 1 
Admittance, Yj = — = : 
Zi 4 + p3 


al A= js a= go 
~ 44973 4-73 42432 
= 0.160 — j0.120 siemens 


1 1 
Admittance, Yy = — = — = 0.10 siemens 
Z2 10 
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1 1 
Admittance, Y3 = — = - 
Z3 12—- yp 


_ 1 gr 12+ j5 
~ 12—7j5 °° 124 j5 1224.5? 
= 0.0710 + j0.0296 siemens 


Total admittance, Y= Y; + Y.+ Y3 
= (0.160 — j0.120) + (0.10) 
+(0.0710 + j0.0296) 
= 0.331 — j0.0904 
= 0.3432 — 15.28° siemens 


Current J = =VY 


NI < 


= (24020°)(0.3432 — 15.28") 
= 82.322—15.28° A 


Problem 18. Determine the magnitude and 
direction of the resultant of the three coplanar 
forces given below, when they act at a point: 


Force A, 10N acting at 45° from the 


positive horizontal axis, 


8 N acting at 120° from the 
positive horizontal axis, 


15 N acting at 210° from the 
positive horizontal axis. 


Force B, 


Force C, 


The space diagram is shown in Fig. 34.10. The 
forces may be written as complex numbers. 


8N 10N 


210° 


on 
V2 \ 
45° 


15N 


Figure 34.10 


Thus force A, f4 = 10245°, force B, fg = 82120° 
and force C, fc = 152210°. 


The resultant force 


=fatfeatfe 
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= 10245° + 82120° + 152210° 


= 10(cos 45° + j sin 45°) 
+ 8(cos 120° + j sin 120°) 
+ 15(cos 210° + j sin 210°) 
= (7.071 + j7.071) + (—4.00 + j6.928) 
+ (—12.99 — j7.50) 
= —9.919 + j6.499 


Magnitude of resultant force 


= \/(—9.919)? + 6.4992 = 11.86 N 


Direction of resultant force 


6.499 
= tan! ( ‘5 =) = 146.77° 


(since —9.919 + 76.499 lies in the second quad- 
rant). 


Now try the following exercise 


Exercise 125 Further problems on appli- 
cations of complex numbers 


1. Determine the resistance R and series 
inductance L (or capacitance C) for each 
of the following impedances assuming 
the frequency to be 50 Hz. 


(a) 34+ j8)Q  (b) @— 73) Q 
(c) j14.Q (d) 8Z—60° Q 


(a) R=3 Q, L= 25.5 mH 
(b) R=2 Q, C = 1061 uF 
(c)R=0, L = 44.56 mH 
(d)R=4Q, C = 459.4 uF 
2. Two impedances, Z; = (3 + j6) Q and 
Z2 = (4— j3) Q are connected in series 
to a supply voltage of 120 V. Determine 


the magnitude of the current and its 
phase angle relative to the voltage. 


[15.76 A, 23.20° lagging] 


3. If the two impedances in Problem 2 
are connected in parallel determine the 
current flowing and its phase relative to 
the 120 V supply voltage. 


[27.25 A, 3.37° lagging] 
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A series circuit consists of a 12 Q resis- 
tor, a coil of inductance 0.10 H and 
a capacitance of 160 uF. Calculate the 
current flowing and its phase relative 
to the supply voltage of 240 V, 50 Hz. 
Determine also the power factor of the 


Determine Z, in both Cartesian and 
polar form given Z; = (10 + j0) Q, 
Z2 = (0 — j10) Q and Z3 = (10+ 


[(10 + 720) Q, 22.36263.43° Q] 


circuit. 8. In the hydrogen atom, the angular 
[14.42 A, 43.85° lagging, 0.721] momentum, p, of the de ae wave 
is given by: = —( — } (+jmy). 
For the circuit shown in Fig. 34.11, 7 oe (4) a) 
determine the current J flowing and its Fishecnsine Auceainemion dee rs mh 
phase relative to the applied voltage. een P- Wn 
[14.6 A, 2.50° leading] 9. An aircraft P flying at a constant height 
has a velocity of (400 + j300) km/h. 
7 7 Another aircraft Q at the same height 
re es has a velocity of (200 — j600) km/h. 
—— Determine (a) the velocity of P relative 
to Q, and (b) the velocity of Q relative 
Fn = 40 © X,=50 2 to P. Express the answers in polar form, 
° correct to the nearest km/h. 
Ry = 25.0 (a) 922 km/h at 77.47 
e (b) 922 km/h at —102.53° 
10. Three vectors are represented by P, 
1A 230°, O, 3290° and R, 42—60°. Deter- 
mine in polar form the vectors repre- 
a V—200V sented by (a) P+Q+R, (b) P— O-R. 
. [(a) 3.77028.17°  (b) 1.4882100.37°] 
Figure 34.11 
11. Fora transmission line, the characteristic 


Determine, using complex numbers, the 
magnitude and direction of the resultant 
of the coplanar forces given below, 
which are acting at a point. Force A, 5 N 
acting horizontally, Force B, 9 N acting 
at an angle of 135° to force A, Force 
C, 12 N acting at an angle of 240° to 
force A. 


[8.393 N, 208.67° from force A] 


A delta-connected impedance Z, is 
given by: 


_ £12. + 2223 + 232 


Z 
A Zo 


impedance Zo and the propagation coef- 
ficient y are given by: 


R+ joL 
Zo — eae Lees and 
G+ joc 
y= V(R+ joL)(G + joC) 


Given R = 259, L = 5 x 10-3 H, 
G = 80x10~° S, C = 0.04x10~° Fand 
@ = 2000z rad/s, determine, in polar 
form, Zp and y. 


Zo = 390.2Z—10.43° Q, 


y = 0.1029261.92° 
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De Moivre’s theorem 


35.1 Introduction 
From multiplication of complex numbers in 
polar form, 
(rZ0) x (rZ0) = 1720 
Similarly, (rZ6) x (rZ6) x (rZ0) = r° 36, and so on. 


In general, de Moivre’s theorem states: 


[r Z0]" =r" Zn0 


The theorem is true for all positive, negative and 
fractional values of n. The theorem is used to deter- 
mine powers and roots of complex numbers. 


35.2 Powers of complex numbers 


For example, [3220°]* = 3*Z(4 x 20°) = 81280° by 
de Moivre’s theorem. 


Problem 1. Determine, in polar form: 


(b) (—2 + j3)° 


(a) [2235°} 


(a) [2235°]? = 2°2(5 x 35°), 
from De Moivre’s theorem 
= 324175° 


(b) (-2+ j3)= V(-2) + (3)*4 tan 5 


= V7 132123.69°, since — 2+ 73 
lies in the second quadrant 
(—2 + j3)° = [V132123.69°]° 
= V13°Z(6 x 123.69°), 
by De Moivre’s theorem 
= 21972742.14° 
= 21972382.14° 
(since 742.14 = 742.14° — 360° = 382.14") 


= 2197222.14 
(since 382.14° = 382.14° — 360° = 22.14") 


Problem 2. Determine the value of 
(—7 + j5)*, expressing the result in polar 


and rectangular forms 


5 
(-7+ §5) = V(-7)? + 522 tan“ — 


fi 
= V742144.46° 


(Note, by considering the Argand diagram, —7+ /5 
must represent an angle in the second quadrant and 
not in the fourth quadrant). 


Applying de Moivre’s theorem: 
(—7 + j5)* = [V742144.46°]4 
= V744/4 x 144.46° 
= 54762577.84° 
= 54762217.84° or 
54762217°15’ in polar form. 
Since rZ6 = rcos@+ jrsind, 
54762217.84° = 5476 cos 217.84° 
+ 75476 sin 217.84° 
= —4325 — j3359 


ie. (—7 +j5)* = —4325 — j3359 
in rectangular form. 


Now try the following exercise 


Exercise 126 Further problems on powers 
of complex numbers 


1. Determine in polar form (a) [1.5Z15°} 
(b) (1 + j2)° 


[(a) 7.594275°  (b) 125220.62°] 
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2. Determine in polar and Cartesian forms 
(a) [3241°]* (b) (-2 - jy 
(a) 812164°, —77.86 + j22.33 
(b) 55.902 — 47.17°, 38 — j41 


3. Convert (3 —j) into polar form and hence 
evaluate (3 — j)’, giving the answer in 
polar form. 


[V102Z — 18.43°, 31622 — 129.03°] 


In Problems 4 to 7, express in both polar and 
rectangular forms: 


4. (6+ j5)° 
[476.42119.42°, —234 + j415] 
5. (3—j8) 
[45 530212.78°, 44 400 + j10070] 
6. (-2+ j7) 


[2809263.78°, 1241 + 72520] 
(38.27 x 10°)Z176.15°, 
10°(—38.18 + j2.570) 


7. (—16— j9)° 


35.3 Roots of complex numbers 


The square root of a complex number is determined 
by letting n = 5 in De Moivre’s theorem, 


1 f 
ie. Vrl0 = [rd6]'" = r'PL-0 = Vr; 


There are two square roots of a real number, equal 
in size but opposite in sign. 


Problem 3. Determine the two square roots 


of the complex number (5 + j12) in polar 


and Cartesian forms and show the roots on 
an Argand diagram 


ye: ; 
(5+ 112) = V5? + 127Z tan er 13 267.38 
When determining square roots two solutions result. 
To obtain the second solution one way is to 
express 1367.38° also as 132(67.38° + 360°), i.e. 
132427.38°. When the angle is divided by 2 an angle 
less than 360° is obtained. 
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Hence 


J/52 + 122 = V13267.38° and V132427.38° 
= [13267.38°]!/? and [132427.38°]!/2 
= 13/72 (4 x 67.38°) and 
131/22 (5 x 427.38") 
= V13233.69° and V132213.69° 
= 3.61233.69° and 3.612213.69° 


Thus, in polar form, the two roots are: 
3.61233.69° and 3.612 — 146.31° 


V13233.69° = V13(cos 33.69° + j sin 33.69") 


= 3.0+ j2.0 
J132213.69° = V13(cos 213.69° + j sin213.69°) 
= —3.0— j2.0 


Thus, in Cartesian form the two roots are: 
+(3.0 +7 2.0). 


Imaginary axis 


Figure 35.1 


From the Argand diagram shown in Fig. 35.1 the 
two roots are seen to be 180° apart, which is always 
true when finding square roots of complex numbers. 


In general, when finding the n™ root of a com- 


plex number, there are 7 solutions. For example, 
there are three solutions to a cube root, five solu- 
tions to a fifth root, and so on. In the solutions to 
the roots of a complex number, the modulus, r, is 
always the same, but the arguments, 0, are differ- 
ent. It is shown in Problem 3 that arguments are 
symmetrically spaced on an Argand diagram and 


are —— apart, where n is the number of the roots 


required. Thus if one of the solutions to the cube 
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root of a complex number is, say, 5220°, the other 


two roots are symmetrically spaced , Le. 120° 


from this root, and the three roots are 5220°, 52140° 
and 52260°. 


Problem 4. Find the roots of (5 + j3)]!/? in 


rectangular form, correct to 4 significant 
figures 


(5 + j3) = V34230.96°. 
Applying de Moivre’s theorem: 
(5+ 73)? = 34" 22 x 30.96° 


= 2.415215.48° or 2.415215°29’ 


The second root may be obtained as shown above, 


i.e. having the same modulus but displaced ae 


from the first root. 


(5+ j3)!? = 2.4152(15.48° + 180°) 
= 2.415/195.48° 


Thus, 


In rectangular form: 


2.415215.48° = 2.415 cos 15.48° 
+ j2.415 sin 15.48° 
= 2.327 + j0.6446 
and 2.4152195.48° = 2.415 cos 195.48° 
+ 2.415 sin 195.48° 
= —2.327 — j 0.6446 


(5+ j3)]\/? = 2.415215.48° and 
2.4152195.48° or 
++ (2.327 + j0.6446) 


Hence 


Problem 5. Express the roots of 


(—14+4 j3)-?/> in polar form 


(—14 + 73) = V2052167.905° 
(—14 + j3)-7° = V205-2/5Z [(—2) x 167.905°] 
= 0.34492 — 67.164° or 


0.34492 — 67°10! 


DE MOIVRE’S THEOREM = 305 


There are five roots to this complex number, 


us 1d 
Pan T2 


The roots are symmetrically displaced from one ano- 


ther , i.e. 72° apart round an Argand diagram. 


Thus the required roots are 0.3449/ — 67°10’, 
0.3449 24°50’, 0.3449/76°50’, 0.3449/148°50’ and 
0.3449 2220°50’. 


Now try the following exercise 


Exercise 127 Further problems on the 
roots of complex numbers 


In Problems 1 to 3 determine the two square 
roots of the given complex numbers in Carte- 
sian form and show the results on an Argand 
diagram. 
l (a) l+j (b) j 
(a) + (1.099 + 70.455) 
(b) + (0.707 + j0.707) 
2. (a)3—j4 (b) -1—-j2 
(a) £2 — j) 
(b) (0.786 — 71.272) 
3 
b) 12Z— 
(b) 5 

(a) + (2.291 + 71.323) 

(b) + (—2.449 + 72.449) 
In Problems 4 to 7, determine the moduli and 
arguments of the complex roots. 

4, 34 j4)' 
Moduli 1.710, arguments 17.72°, 
137.72° and 257.72° 


5. (-2+4j'4 
Moduli 1.223, arguments 38.37°, 
128.37°, 218.37° and 308.37° 


6. (—6— j5)!/2 


3. (a) 7260° 


bese 2.795, aie 
109.90°, 289.90° 
7. (4— 73) 


eae 0.3420, arguments ala 
144.58° and 264.58° 
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Assignment 9 


This assignment covers the material in 
Chapters 32 to 35. 


The marks for each question are shown 
in brackets at the end of each question. 


1. Four coplanar forces act at a point 
A as shown in Fig. A9.1 Determine 
the value and direction of the resul- 
tant force by (a) drawing (b) by calcu- 
lation. 


(1) 


A4N 


8N 


Figure A9.1 
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The instantaneous values of two alternat- 
ing voltages are given by: 


v, = 150 sin (or + =) volts and 
v2 = 90 sin (or _ = volts 


Plot the two voltages on the same axes 
to scales of 1 cm = 50 volts and 


1 cm = — rad. Obtain a sinusoidal expres- 


sion for the resultant v, + v2 in the form 
Rsin(@t + a): (a) by adding ordinates at 
intervals and (b) by calculation (13) 
Solve the quadratic equation 

x? —2x+5 =0 and show the roots on an 
Argand diagram. (8) 
If Z, = 2+ j5, Ap = 1 — j3 and 

Z3 = 4— j determine, in both Cartesian 

Z\Z2 


and polar forms, the value of: 
1 2 
+ Z3, correct to 2 decimal places. (8) 


Determine in both polar and rectangular 
forms: 


Gibbet 48) 60 le 6) 
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Part 7 Statistics 


36 


Presentation of statistical data 


36.1 Some statistical terminology 


Data are obtained largely by two methods: 


(a) by counting—for example, the number of 
stamps sold by a post office in equal periods 
of time, and 


(b) by measurement — for example, the heights of 
a group of people. 


When data are obtained by counting and only whole 
numbers are possible, the data are called discrete. 
Measured data can have any value within certain 
limits and are called continuous (see Problem 1). 

A set is a group of data and an individual value 
within the set is called a member of the set. Thus, if 
the masses of five people are measured correct to the 
nearest 0.1 kilogram and are found to be 53.1 kg, 
59.4 kg, 62.1 kg, 77.8 kg and 64.4 kg, then the set 
of masses in kilograms for these five people is: 


{53.1, 59.4, 62.1, 77.8, 64.4} 


and one of the members of the set is 59.4 

A set containing all the members is called a pop- 
ulation. Some members selected at random from a 
population are called a sample. Thus all car registra- 
tion numbers form a population, but the registration 
numbers of, say, 20 cars taken at random throughout 
the country are a sample drawn from that population. 

The number of times that the value of a member 
occurs in a set is called the frequency of that 
member. Thus in the set: {2, 3,4, 5, 4, 2, 4, 7, 9}, 
member 4 has a frequency of three, member 2 has 
a frequency of 2 and the other members have a 
frequency of one. 


The relative frequency with which any member 
of a set occurs is given by the ratio: 


frequency of member 


total frequency of all members 


For the set: {2, 3,5, 4, 7,5, 6, 2, 8}, the relative fre- 
quency of member 5 is z. 

Often, relative frequency is expressed as a per- 
centage and the percentage relative frequency is: 


(relative frequency x 100)% 


Problem 1. Data are obtained on the topics 
given below. State whether they are discrete 
or continuous data. 


(a) The number of days on which rain falls 
in a month for each month of the year. 


(b) The mileage travelled by each of a 
number of salesmen. 


(c) The time that each of a batch of similar 
batteries lasts. 
The amount of money spent by each of 
several families on food. 


(a) The number of days on which rain falls in 
a given month must be an integer value and 
is obtained by counting the number of days. 
Hence, these data are discrete. 

(b) A salesman can travel any number of miles 
(and parts of a mile) between certain limits and 
these data are measured. Hence the data are 
continuous. 

(c) The time that a battery lasts is measured and 
can have any value between certain limits. 
Hence these data are continuous. 
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(d) The amount of money spent on food can only 
be expressed correct to the nearest pence, the 
amount being counted. Hence, these data are 
discrete. 


Now try the following exercise 


Exercise 128 Further problems on dis- 
crete and continuous data 


In Problems 1 and 2, state whether data 
relating to the topics given are discrete or 
continuous. 


1. (a) The amount of petrol produced daily, 


for each of 31 days, by a refinery. 
(b) The amount of coal produced daily by 
each of 15 miners. 


(c) The number of bottles of milk deliv- 
ered daily by each of 20 milkmen. 
The size of 10 samples of rivets pro- 
duced by a machine. 


(a) continuous (b) continuous 
(c) discrete (d) continuous 
The number of people visiting an 
exhibition on each of 5 days. 
The time taken by each of 12 athletes 
to run 100 metres. 


The value of stamps sold in a day by 
each of 20 post offices. 


The number of defective items pro- 
duced in each of 10 one-hour periods 
by a machine. 


(a) discrete (b) continuous 
(c) discrete (d) discrete 


36.2 Presentation of ungrouped data 


Ungrouped data can be presented diagrammatically 
in several ways and these include: 


(a) pictograms, in which pictorial symbols are 
used to represent quantities (see Problem 2), 

(b) horizontal bar charts, having data represented 
by equally spaced horizontal rectangles (see 
Problem 3), and 

(c) vertical bar charts, in which data are rep- 
resented by equally spaced vertical rectangles 
(see Problem 4). 


Trends in ungrouped data over equal periods of time 
can be presented diagrammatically by a percentage 


component bar chart. In such a chart, equally 
spaced rectangles of any width, but whose height 
corresponds to 100%, are constructed. The rectan- 
gles are then subdivided into values corresponding 
to the percentage relative frequencies of the mem- 
bers (see Problem 5). 

A pie diagram is used to show diagrammatically 
the parts making up the whole. In a pie diagram, the 
area of a circle represents the whole, and the areas 
of the sectors of the circle are made proportional to 
the parts which make up the whole (see Problem 6). 


Problem 2. The number of television sets 
repaired in a workshop by a technician in 
six, one-month periods is as shown below. 
Present these data as a pictogram. 


Month 


Number 
repaired 11 6 15 


January February March 


Month 


Number 
repaired 9 13 


April May June 


Each symbol shown in Fig. 36.1 represents two 
television sets repaired. Thus, in January, 55 sym- 
bols are used to represent the 11 sets repaired, in 
February, 3 symbols are used to represent the 6 sets 
repaired, and so on. 


Month | Number of TV sets repaired [p-2 sets 
January ps a tm 
February’ 
mech ) faba ff fa 
April Df 
May Da fa [2 [a fa fp = 
June B [B pa 
Figure 36.1 


Problem 3. The distance in miles travelled 
by four salesmen in a week are as shown 
below. 


Salesmen 


Distance 


traveled (miles) 413 264 597 143 


Use a horizontal bar chart to represent these 
data diagrammatically 
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Equally spaced horizontal rectangles of any width, 
but whose length is proportional to the distance 
travelled, are used. Thus, the length of the rectangle 
for salesman P is proportional to 413 miles, and so 
on. The horizontal bar chart depicting these data is 
shown in Fig. 36.2. 


Salesmen 


v8S DNA 


0 100 200 £300 400 500 600 
Distance travelled, miles 


Figure 36.2 


Problem 4. The number of issues of tools 
or materials from a store in a factory is 
observed for seven, one-hour periods in a 
day, and the results of the survey are as 
follows: 


Period 1 2 3 4 =5 6 #7 
Number of 
issues 34. 17 9 5 27 13 6 


Present these data on a vertical bar chart. 


In a vertical bar chart, equally spaced vertical rectan- 
gles of any width, but whose height is proportional 
to the quantity being represented, are used. Thus the 
height of the rectangle for period 1 is proportional to 
34 units, and so on. The vertical bar chart depicting 
these data is shown in Fig. 36.3. 


Number of issues 


12 3 4 5 6 7 
Periods 


Figure 36.3 


Problem 5. 


The numbers of various types 
of dwellings sold by a company annually 
over a three-year period are as shown below. 
Draw percentage component bar charts to 
present these data. 


Year 1 Year 2 Year 3 
4-roomed bungalows 24 17 7 
5-roomed bungalows 38 71 118 
4-roomed houses 44 50 53 
5-roomed houses 64 82 147 
6-roomed houses 30 30 25 


A table of percentage relative frequency values, 
correct to the nearest 1%, is the first requirement. 
Since, 


percentage relative frequency 
__ frequency of member x 100 
a total frequency 


then for 4-roomed bungalows in year 1: 


percentage relative frequency 
24 x 100 


= —_——_____ = 12% 
24 + 38 + 44 + 64 + 30 


The percentage relative frequencies of the other 
types of dwellings for each of the three years are 
similarly calculated and the results are as shown in 
the table below. 


Year 1 Year 2 Year 3 


4-roomed bungalows 12% 7% 2% 


5-roomed bungalows 19% 28% 34% 
4-roomed houses 22% 20% 15% 
5-roomed houses 32% 33% 42% 
6-roomed houses 15% 12% 1% 


The percentage component bar chart is produced 
by constructing three equally spaced rectangles of 
any width, corresponding to the three years. The 
heights of the rectangles correspond to 100% rela- 
tive frequency, and are subdivided into the values 
in the table of percentages shown above. A key is 
used (different types of shading or different colour 
schemes) to indicate corresponding percentage val- 
ues in the rows of the table of percentages. The per- 
centage component bar chart is shown in Fig. 36.4. 


Problem 6. The retail price of a product 
costing £2 is made up as follows: materials 


10 p, labour 20 p, research and development 
40 p, overheads 70 p, profit 60 p. Present 
these data on a pie diagram 


A circle of any radius is drawn, and the area of the 
circle represents the whole, which in this case is 
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Problem 7. 


4 6-roomed houses 


= 
fo) 
Oo 


im 5-roomed houses 


o 
oO 


80 4-roomed houses 
a ES 5-roomed bungalows 


ep] 
fo) 


4-roomed bungalows 


WU 


Percentage relative frequency 


50 NY 
N 

40 N 
20 = E 
20 = = 
10 Y, = 
1 2 3 

Year 


Figure 36.4 


£2. The circle is subdivided into sectors so that the 
areas of the sectors are proportional to the parts, i.e. 
the parts which make up the total retail price. For 
the area of a sector to be proportional to a part, the 
angle at the centre of the circle must be proportional 
to that part. The whole, £2 or 200 p, corresponds to 
360°. Therefore, 


10 
10 p corresponds to 360 x 700 degrees, i.e. 18° 


20 
20 p corresponds to 360 x x00 degrees, i.e. 36° 


00 


and so on, giving the angles at the centre of the 
circle for the parts of the retail price as: 18°, 36°, 
72°, 126° and 108°, respectively. 

The pie diagram is shown in Fig. 36.5. 


Research and 
development 


Overheads 
Profit 
Ip =1.8° 


Figure 36.5 


(a) 


(b) 


(c) 


(a) Using the data given in Fig. 36.2 only, 


calculate the amount of money paid to 
each salesman for travelling expenses, 
if they are paid an allowance of 37 p 
per mile. 


Using the data presented in Fig. 36.4, 
comment on the housing trends over the 
three-year period. 


Determine the profit made by selling 
700 units of the product shown in 
Fig. 36.5. 


By measuring the length of rectangle P the 
mileage covered by salesman P is equivalent 
to 413 miles. Hence salesman P receives a 
travelling allowance of 


£413 x 37 


_ ie. £152.81 
100 


Similarly, for salesman Q, the miles travelled 
are 264 and his allowance is 


£264 x 37 


, Le. £97.68 
100 


Salesman R travels 597 miles and he receives 


£597 x 37 


, Le. £220.89 
100 


Finally, salesman S receives 


£143 x 37 


ie. £52.91 
100” 


An analysis of Fig. 36.4 shows that 5-roomed 
bungalows and 5-roomed houses are becoming 
more popular, the greatest change in the three 
years being a 15% increase in the sales of 5- 
roomed bungalows. 


Since 1.8° corresponds to 1 p and the profit 
occupies 108° of the pie diagram, then the 


., 108 x 1 
profit per unit is 


, that is, 60 p 
The profit when selling 700 units of the prod- 


7 
weep OA aha te Sap0 
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Now try the following exercise 


Exercise 129 Further problems on _ pre- 
sentation of ungrouped data 


The number of vehicles passing a station- 
ary observer on a road in six ten-minute 
intervals is as shown. Draw a pictogram 
to represent these data. 


Period of 
Time 1 2 3 4 5 6 
Number of 
Vehicles 35 44 62 68 49 41 


If one symbol is used to 
represent 10 vehicles, 
working correct to the 
nearest 5 vehicles, 
gives 3.5, 4.5, 6, 7, 5 and 4 
symbols respectively. 


The number of components produced by 
a factory in a week is as shown below: 


Day Mon Tues Wed 
Number of 
Components 1580 2190 1840 


Day Thur Fri 
Number of 
Components 2385 1280 


Show these data on a pictogram. 


If one symbol represents 
200 components, working 
correct to the nearest 
100 components gives: 
Mon 8, Tues 11, Wed 9, 
Thurs 12 and Fri 6.5 


For the data given in Problem | above, 
draw a horizontal bar chart. 


6 equally spaced horizontal 
rectangles, whose lengths are 
proportional to 35, 44, 62, 
68, 49 and 41, respectively. 


Present the data given in Problem 2 above 
on a horizontal bar chart. 


PRESENTATION OF STATISTICAL DATA 


5 equally spaced 
horizontal rectangles, whose 
lengths are proportional to 
1580, 2190, 1840, 2385 and 
1280 units, respectively. 


For the data given in Problem | above, 
construct a vertical bar chart. 


6 equally spaced vertical 
rectangles, whose heights 
are proportional to 35, 44, 
62, 68, 49 and 41 units, 
respectively. 


Depict the data given in Problem 2 
above on a vertical bar chart. 


5 equally spaced vertical 
rectangles, whose heights are 
proportional to 1580, 2190, 
1840, 2385 and 1280 units, 
respectively. 


A factory produces three different types 
of components. The percentages of each 
of these components produced for three, 
one-month periods are as shown below. 
Show this information on percentage 
component bar charts and comment on 
the changing trend in the percentages of 
the types of component produced. 


Month 1 2 3 


Component P 20 35 40 
Component Q 45 40 35 
Component R 35 25 25 


ees rectangles of equal ] 
height, subdivided in the 
percentages shown in the 
columns above. P increases 
by 20% at the expense 
of QO and R 


A company has five distribution centres 
and the mass of goods in tonnes sent 
to each centre during four, one-week 
periods, is as shown. 


Week 1 2, 3 4 


Centre A 147 160 174 ~ 158 
Centre B 54 63 77 69 
CentreC 283 251 237 ~~ 2ii 
Centre D 97 104 117 144 
CentreE 224 218 203 ~= 194 
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10. 


Use a percentage component bar chart to 
present these data and comment on any 
trends. 


Four rectangles of equal 
heights, subdivided as follows: 
week 1: 18%, 7%, 35%, 12%, 
28% week 2: 20%, 8%, 32%, 
13%, 27% week 3: 22%, 10%, 
29%, 14%, 25% week 4: 20%, 
9%, 27%, 19%, 25%. Little 
change in centres A and B, a 
reduction of about 5% in C, an 
increase of about 7% in D and a 
reduction of about 3% in E. 


The employees in a company can be split 
into the following categories: managerial 
3, supervisory 9, craftsmen 21, semi- 
skilled 67, others 44. Show these data 
on a pie diagram. 


A circle of any radius, 
subdivided into sectors 
having angles of 7.5°, 22.5°, 
52.5°, 167.5° and 110°, 
respectively. 


The way in which an apprentice spent 
his time over a one-month period is as 
follows: 


drawing office 44 hours, production 
64 hours, training 12 hours, at col- 
lege 28 hours. 


Use a pie diagram to depict this infor- 
mation. 


A circle of any radius, 
subdivided into sectors 
having angles of 107°, 
156°, 29° and 68°, 
respectively. 


11. (a) With reference to Fig. 36.5, deter- 


12. (a) 


mine the amount spent on labour and 
materials to produce 1650 units of 
the product. 


(b) If in year 2 of Fig. 36.4, 1% corre- 


sponds to 2.5 dwellings, how many 
bungalows are sold in that year. 


[(a) £495, (b) 88] 


If the company sell 23500 units per 
annum of the product depicted in 
Fig. 36.5, determine the cost of their 
overheads per annum. 


(b) If 1% of the dwellings represented 
in year | of Fig. 36.4 corresponds 
to 2 dwellings, find the total num- 
ber of houses sold in that year. 


[(a) £16450, (b) 138] 


36.3 Presentation of grouped data 


When the number of members in a set is small, 
say ten or less, the data can be represented dia- 
grammatically without further analysis, by means of 
pictograms, bar charts, percentage components bar 
charts or pie diagrams (as shown in Section 36.2). 

For sets having more than ten members, those 
members having similar values are grouped together 
in classes to form a frequency distribution. To 
assist in accurately counting members in the various 
classes, a tally diagram is used (see Problems 8 
and 12). 

A frequency distribution is merely a table show- 
ing classes and their corresponding frequencies (see 
Problems 8 and 12). 

The new set of values obtained by forming a 
frequency distribution is called grouped data. 

The terms used in connection with grouped data 
are shown in Fig. 36.6(a). The size or range of a 
class is given by the upper class boundary value 
minus the lower class boundary value, and in 
Fig. 36.6 is 7.65 — 7.35, i.e. 0.30. The class interval 
for the class shown in Fig. 36.6(b) is 7.4 to 7.6 and 
the class mid-point value is given by: 


( upper class ) ( lower class ) 
boundary value boundary value 


2 


7.65 + 7.35 
and in Fig. 36.6 is a ie. 7.5 


' 


Lower Class Upper 
class mid-point class 
boundary boundary 


| 
| | 
| \ 


7.35 7.5 7.65 


(b) 


Figure 36.6 
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One of the principal ways of presenting grouped 
data diagrammatically is by using a histogram, 
in which the areas of vertical, adjacent rectangles 
are made proportional to frequencies of the classes 
(see Problem 9). When class intervals are equal, the 
heights of the rectangles of a histogram are equal 
to the frequencies of the classes. For histograms 
having unequal class intervals, the area must be 
proportional to the frequency. Hence, if the class 
interval of class A is twice the class interval of 
class B, then for equal frequencies, the height of 
the rectangle representing A is half that of B (see 
Problem 11). 

Another method of presenting grouped data dia- 
grammatically is by using a frequency polygon, 
which is the graph produced by plotting frequency 
against class mid-point values and joining the co- 
ordinates with straight lines (see Problem 12). 

A cumulative frequency distribution is a table 
showing the cumulative frequency for each value 
of upper class boundary. The cumulative frequency 
for a particular value of upper class boundary is 
obtained by adding the frequency of the class to 
the sum of the previous frequencies. A cumulative 
frequency distribution is formed in Problem 13. 

The curve obtained by joining the co-ordinates 
of cumulative frequency (vertically) against upper 
class boundary (horizontally) is called an ogive or 
a cumulative frequency distribution curve (see 
Problem 13). 


Problem 8. The data given below refer to 


the gain of each of a batch of 40 transistors, 
expressed correct to the nearest whole 
number. Form a frequency distribution for 
these data having seven classes 


81 83 76 89 82 
86 76 86 85 87 
84 «81 73 89 82 
81 79 85 77 84 
83 79 82 79 80 


The range of the data is the value obtained by taking 
the value of the smallest member from that of the 
largest member. Inspection of the set of data shows 
that, range = 89 — 71 = 18. The size of each 
class is given approximately by range divided by the 
number of classes. Since 7 classes are required, the 
size of each class is 18/7, that is, approximately 3. 
To achieve seven equal classes spanning a range of 
values from 71 to 89, the class intervals are selected 
as: 70-72, 73-75, and so on. 


PRESENTATION OF STATISTICAL DATA = 313 


To assist with accurately determining the number 
in each class, a tally diagram is produced, as shown 
in Table 36.1(a). This is obtained by listing the 
classes in the left-hand column, and then inspecting 
each of the 40 members of the set in turn and 
allocating them to the appropriate classes by putting 
‘1s’ in the appropriate rows. Every fifth ‘1’ allocated 
to a particular row is shown as an oblique line 
crossing the four previous ‘1s’, to help with final 
counting. 


Table 36.1(a) 


A frequency distribution for the data is shown in 
Table 36.1(b) and lists classes and their correspond- 
ing frequencies, obtained from the tally diagram. 
(Class mid-point values are also shown in the table, 
since they are used for constructing the histogram 
for these data (see Problem 9)). 


Problem 9. Construct a histogram for the 


data given in Table 36.1(b) 


The histogram is shown in Fig. 36.7. The width 
of the rectangles correspond to the upper class 
boundary values minus the lower class boundary 
values and the heights of the rectangles correspond 
to the class frequencies. The easiest way to draw 
a histogram is to mark the class mid-point values 
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Frequency 


71 74 #77 80 83 86 89 
Class mid-point values 


Figure 36.7 


on the horizontal scale and draw the rectangles 
symmetrically about the appropriate class mid-point 
values and touching one another. 


Problem 10. The amount of money earned 
weekly by 40 people working part-time in a 
factory, correct to the nearest £10, is shown 
below. Form a frequency distribution having 
6 classes for these data. 


80 90 110 90 110 80 
140 30 50 100 60 100 
80 90 80 100 120 70 
130 170 120 100 40 110 
50 100 90 100 110 80 


Inspection of the set given shows that the major- 
ity of the members of the set lie between £80 and 
£110 and that there are a much smaller number 


Table 36.3 


20-40 
50-70 
80-90 


100-110 


120-140 


150-170 


of extreme values ranging from £30 to £170. If 
equal class intervals are selected, the frequency dis- 
tribution obtained does not give as much informa- 
tion as one with unequal class intervals. Since the 
majority of members are between £80 and £100, 
the class intervals in this range are selected to be 
smaller than those outside of this range. There is no 
unique solution and one possible solution is shown 
in Table 36.2. 


Table 36.2 


20-40 2 
50-70 6 
80-90 12 
100-110 14 
120-140 4 
150-170 2 


Problem 11. Draw a histogram for the data 


given in Table 36.2 


When dealing with unequal class intervals, the his- 
togram must be drawn so that the areas, (and not the 
heights), of the rectangles are proportional to the fre- 
quencies of the classes. The data given are shown 
in columns | and 2 of Table 36.3. Columns 3 and 4 
give the upper and lower class boundaries, respec- 
tively. In column 5, the class ranges (i.e. upper class 
boundary minus lower class boundary values) are 
listed. The heights of the rectangles are proportional 


1 2 3 4 5 6 
Upper class boundary | Lower class boundary Height of rectangle 
2 1 
2 45 15 30 == 


JNTUWORLD 


www.jntuworld.com 


frequency 


to the ratio as shown in column 6. The 


class range’ 
histogram is shown in Fig. 36.8. 


12/15 
10/15 
8/15 
6/15 
4/15 
2/15 


Frequency per unit 
class range 


30 60 85 105 130 160 
Class mid-point values 


Figure 36.8 


Problem 12. The masses of 50 ingots in 
kilograms are measured correct to the nearest 
0.1 kg and the results are as shown below. 
Produce a frequency distribution having 
about 7 classes for these data and then 
present the grouped data as (a) a frequency 
polygon and (b) a histogram. 


8.0 8.6 8.2 75 8.0 9.1 85 7.6 82 7.8 
7.1 8.1 83 8.7 7.8 87 85 84 8.5 
8.4 7.9 88 7.2 8.1 7.8 8.2 7.7 7.5 
74 88 8.0 84 85 81 7.3 9.0 8.6 
8.2 84 7.7 83 82 7.9 85 7.9 8.0 


The range of the data is the member having the 
largest value minus the member having the smallest 
value. Inspection of the set of data shows that: 


range = 9.1 — 7.1 = 2.0 


The size of each class is given approximately by 


range 
number of classes 


Since about seven classes are required, the size of 
each class is 2.0/7, that is approximately 0.3, and 
thus the class limits are selected as 7.1 to 7.3, 7.4 
to 7.6, 7.7 to 7.9, and so on. 

The class mid-point for the 7.1 to 7.3 class is 


Ts di 
ia ie. 7.2, for the 7.4 to 7.6 class is 


7.65 + 7.35 
ime i.e. 7.5, and so on. 

To assist with accurately determining the number 
in each class, a tally diagram is produced as shown 
in Table 36.4. This is obtained by listing the classes 
in the left-hand column and then inspecting each 


PRESENTATION OF STATISTICAL DATA = 315 


Table 36.4 


7.1 to 7.3 
74 to 7.6 
7.7 to 7.9 


8.0 to 8.2 
8.3 to 8.5 
8.6 to 8.8 
8.9 to 9.1 


of the 50 members of the set of data in turn and 
allocating it to the appropriate class by putting a ‘1’ 
in the appropriate row. Each fifth ‘1’ allocated to a 
particular row is marked as an oblique line to help 
with final counting. 

A frequency distribution for the data is shown in 
Table 36.5 and lists classes and their corresponding 
frequencies. Class mid-points are also shown in this 
table, since they are used when constructing the 
frequency polygon and histogram. 


Table 36.5 


Class mid-point 


7.1 to 7.3 
74 to 7.6 
7.5 to 7.9 


8.0 to 8.2 
8.3 to 8.5 
8.6 to 8.8 
8.9 to 9.1 


A frequency polygon is shown in Fig. 36.9, 
the co-ordinates corresponding to the class mid- 
point/frequency values, given in Table 36.5. The co- 
ordinates are joined by straight lines and the polygon 


Frequency polygon 


Frequency 
foe) 


7.2 75 78 81 84 87 9.0 
Class mid-point values 


Figure 36.9 
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is ‘anchored-down’ at each end by joining to the Table 36.6 


1 2 3 4 
Class Frequency | Upper Class | Cumulative 
boundary frequency 


next class mid-point value and zero frequency. 

A histogram is shown in Fig. 36.10, the width 
of a rectangle corresponding to (upper class bound- 
ary value — lower class boundary value) and height 
corresponding to the class frequency. The easiest 
way to draw a histogram is to mark class mid- 
point values on the horizontal scale and to draw 


Less than 
7.35 


the rectangles symmetrically about the appropriate 7.65 

: : : 7.95 
class mid-point values and touching one another. A 8.25 
histogram for the data given in Table 36.5 is shown 8.55 


in Fig. 36.10. 8.85 
9.15 


cy 
ha 50 
$ 
fon > 
oO Oo 
i 5 40 
5S 
D 
= 30 
£ 
© 
Ss 20 
Class mid-point values E 
O46 


Figure 36.10 


ae 7.05 7.35 7.65 7.95 8.25 8.55 8.85 9.15 
Problem 13. The frequency distribution for Upper class boundary values in kilograms 
the masses in kilograms of 50 ingots is: 

Figure 36.11 

7.1to7.3 3, 74to7.6 5, 7.7 to 7.9 9, 


RO ee Py Bo 8. 1 Be tees, OG, co-ordinates are joined by straight lines (— not the 


8.9 to9.1 2, best curve drawn through the co-ordinates as in 
; see experimental work.) The ogive is ‘anchored’ at its 
Form a cumulative frequency distribution for start by adding the co-ordinate (7.05, 0). 


these data and draw the corresponding ogive 


Now try the following exercise 


A cumulative frequency distribution is a table giv- 
ing values of cumulative frequency for the values of : . 
upper class boundaries, and is shown in Table 36.6. Beerese i) ane alias rene - 
Columns | and 2 show the classes and their fre- group 


quencies. Column 3 lists the upper class boundary 1. The mass in kilograms, correct to the 
values for the classes given in column |. Column 4 Aenrest onetenth ora kilogram of 60 bars 
gives the cumulative frequency values for all fre- ak qietal cae as shaadi, Fora a fie quency 
quencies less than the upper class boundary values distribution Of about & classes for these 
given in column 3. Thus, for example, for the 7.7 to data 

7.9 class shown in row 3, the cumulative frequency , 

value is the sum of all frequencies having values 39.8 403 40.6 40.0 39.6 


of less than 7.95, i.e. 3+5-+9 = 17, and so on. 
The ogive for the cumulative frequency distribution 
given in Table 36.6 is shown in Fig. 36.11. The co- 
ordinates corresponding to each upper class bound- 
ary/cumulative frequency value are plotted and the 


39.6 40.2 40.3 40.4 39.8 
40.2 40.3 39.9 39.9 40.0 
40.1 40.0 40.1 40.1 40.2 
39.7 40.4 39.9 40.1 39.9 
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39.5 40.0 39.8 39.5 39.9 
40.1 40.0 39.7 40.4 39.3 
40.7 39.9 40.2 39.9 40.0 
40.1 39.7 40.5 40.5 39.9 
40.8 40.0 40.2 40.0 39.9 
39.8 39.7 39.5 40.1 40.2 
40.6 40.1 39.7 40.2 40.3 


There is no unique solution, 
but one solution is: 


39.3-39.4 1; 39.5-39.6 5; 
39.7—39.8 9; 39.9-40.0 17; 
40.1—40.2 15; 40.3-40.4 7; 
40.5—40.6 4; 40.7-40.8 2 


Draw a histogram for the frequency distri- 
bution given in the solution of Problem 1. 


Rectangles, touching one another, 
having mid-points of 39.35, 
39.55, 39.75, 39.95, ... and 
heights of 1,5, 9, 17, ... 


The information given below refers to the 
value of resistance in ohms of a batch 
of 48 resistors of similar value. Form a 
frequency distribution for the data, having 
about 6 classes and draw a frequency 
polygon and histogram to represent these 
data diagrammatically. 


21.0 22.4 22.8 21.5 22.6 21.1 21.6 22.3 
22.9 20.5 21.8 22.2 21.0 21.7 22.5 20.7 
23.2 22.9 21.7 21.4 22.1 22.2 22.3 21.3 
22.1 21.8 22.0 22.7 21.7 21.9 21.1 22.6 
21.4 22.4 22.3 20.9 22.8 21.2 22.7 21.6 
22.2 21.6 21.3 22.1 21.5 22.0 23.4 21.2 


There is no unique solution, 
but one solution is: 


20.5—20.9 3; 21.0-21.4 10; 
21.5-21.9 11; 22.0—22.4 13; 
22.5-22.9 9; 23.0-23.4 2 


The time taken in hours to the failure 
of 50 specimens of a metal subjected to 
fatigue failure tests are as shown. Form 
a frequency distribution, having about 8 
classes and unequal class intervals, for 
these data. 


28 22 23 20 12 24 37 28 21 25 
21 14 30 23 27 13 23 7 26 19 
24 22 26 3 21 24 28 40 27 24 
20 25 23 26 47 21 29 26 22 33 
27 9 13 35 20 16 20 25 18 22 
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There is no unique solution, 
but one solution is: 1-10 3; 
11-19 7; 20-22 12; 23-25 14; 
26-28 7; 29-38 5; 39-48 2 


5. Form a cumulative frequency distribution 
and hence draw the ogive for the fre- 
quency distribution given in the solution 
to Problem 3. 


20.95 3; 21.45 13; 21.95 24; 
22.45 37; 22.95 46; 23.45 48 


6. Draw a histogram for the frequency distri- 
bution given in the solution to Problem 4. 


Rectangles, touching one another, 
having mid-points of 5.5, 15, 

21, 24, 27, 33.5 and 43.5. The 
heights of the rectangles (frequency 
per unit class range) are 0.3, 

0.78, 4. 4.67, 2.33, 0.5 and 0.2 


7. The frequency distribution for a batch of 
48 resistors of similar value, measured in 
ohms, is: 

20.5-20.9 3, 21.0—21.4 10, 
21.5-21.9 11, 22.0-22.4 13, 
22.5-22.9 9, 23.0-23.4 2 


Form a cumulative frequency distribution 
for these data. 


(20.95 3), (21.45 13), (21.95 24), 
(22.45 37), (22.95 46), (23.45 48) 


8. Draw an ogive for the data given in the 
solution of Problem 7. 


9. The diameter in millimetres of a reel of 
wire is measured in 48 places and the 
results are as shown. 


2.10 2.29 2.32 2.21 2.14 2.22 
2.28 2.18 2.17 2.20 2.23 2.13 
2.26 2.10 2.21 217 2.28 2.15 
2.16 2.25 2.23 2.11 2.27 2.34 
2.24 2.05 2.29 2.18 2.24 2.16 
215 2.22 2.14 2.27 2.09 2.21 
211 217 2.22 219 2.12 2.20 
2.23 2.07 2.13 2.26 2.16 2.12 


(a) Form a frequency distribution of dia- 
meters having about 6 classes. 


(b) Draw a histogram depicting the data. 
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(c) Forma cumulative frequency distribution. 


(d) Draw an ogive for the data. 


(a) 


(b) 


There is no unique solution, 
but one solution is: 


2.05 — 2.09 3; 2.10 — 21.4 10; 
2.15 — 2.19 11; 2.20 — 2.24 13; 
2.25 — 2.29 9; 2.30 — 2.34 2 


Rectangles, touching one 
another, having mid-points of 
2.07, 2.12 ... and heights of 
3, 10,... 


(c) Using the frequency 
distribution given in the 
solution to part (a) gives: 


2.095 3; 2.145 13; 2.195 24; 
2.245 37; 2.295 46; 2.345 48 


(d) A graph of cumulative 
frequency against upper 
class boundary having 
the coordinates given 
in part (c). 
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37 


Measures of central tendency and 


dispersion 


37.1 Measures of central tendency 
A single value, which is representative of a set of 
values, may be used to give an indication of the gen- 
eral size of the members in a set, the word ‘average’ 
often being used to indicate the single value. 

The statistical term used for ‘average’ is the 
arithmetic mean or just the mean. Other measures 
of central tendency may be used and these include 
the median and the modal values. 


37.2 Mean, median and mode for 
discrete data 


Mean 


The arithmetic mean value is found by adding 
together the values of the members of a set and 
dividing by the number of members in the set. Thus, 
the mean of the set of numbers: {4, 5, 6, 9} is: 


44+5+6+9 : 
————., iie. 6 
A 
In general, the mean of the set: {x), x2, x3, ..., X,} is 
i SR Se en as a8 
n n 


where )> is the Greek letter ‘sigma’ and means ‘the 
sum of’, and X (called x-bar) is used to signify a 
mean value. 


Median 


The median value often gives a better indication of 
the general size of a set containing extreme values. 
The set: {7, 5, 74, 10} has a mean value of 24, which 
is not really representative of any of the values 
of the members of the set. The median value is 
obtained by: 


(a) ranking the set in ascending order of magni- 
tude, and 


(b) selecting the value of the middle member for 
sets containing an odd number of members, or 
finding the value of the mean of the two middle 
members for sets containing an even number 
of members. 


For example, the set: {7,5, 74,10} is ranked as 
{5, 7, 10, 74}, and since it contains an even number 
of members (four in this case), the mean of 7 and 10 
is taken, giving a median value of 8.5. Similarly, the 
set: {3, 81, 15, 7, 14} is ranked as {3, 7, 14, 15, 81} 
and the median value is the value of the middle 
member, i.e. 14. 


Mode 


The modal value, or mode, is the most commonly 
occurring value in a set. If two values occur with 
the same frequency, the set is ‘bi-modal’. The set: 
{5, 6, 8, 2,5, 4, 6, 5, 3} has a modal value of 5, since 
the member having a value of 5 occurs three times. 


Problem 1. Determine the mean, median 
and mode for the set: 


12,3, 1,3; 3, 13, 1, 7,4, 8, 34, 3} 


The mean value is obtained by adding together the 
values of the members of the set and dividing by 
the number of members in the set. 


Thus, mean value, 


To obtain the median value the set is ranked, that is, 
placed in ascending order of magnitude, and since 
the set contains an odd number of members the value 
of the middle member is the median value. Ranking 
the set gives: 


{1, 2, 3, 3, 3, 4, 4, ay 5, 7, 7, 8, 13} 
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The middle term is the seventh member, i.e. 4, thus 
the median value is 4. 

The modal value is the value of the most com- 
monly occurring member and is 3, which occurs 
three times, all other members only occurring once 
or twice. 


Problem 2. The following set of data refers 
to the amount of money in £s taken by a 
news vendor for 6 days. Determine the 


mean, median and modal values of the set: 


{27.90, 34.70, 54.40, 18.92, 47.60, 39.68} 


27.90 + 34.70 + 54.40 
+18.92 + 47.60 + 39.68 


Mean value = 6 


= £37.20 
The ranked set is: 
{18.92, 27.90, 34.70, 39.68, 47.60, 54.40} 
Since the set has an even number of members, the 


mean of the middle two members is taken to give 
the median value, i.e. 


34.70 + 39.68 
2 


Since no two members have the same value, this set 
has no mode. 


median value = = £37.19 


Now try the following exercise 


Exercise 131 Further problems on mean, 
median and mode for dis- 
crete data 


In Problems 1 to 4, determine the mean, 
median and modal values for the sets given. 
1. {3, 8, 10, 7,5, 14, 2, 9, 8} 


[mean 7.33, median 8, mode 8] 


{26, 31, 21, 29, 32, 26, 25, 28} 
[mean 27.25, median 27, mode 26] 


(4.72, 4.71, 4.74, 4.73, 4.72, 4.71, 4.73, 
4.72} 


[mean 4.7225, median 4.72, mode 4.72] 


{73.8, 126.4, 40.7, 141.7, 28.5, 237.4, 
157.9} 


[mean 115.2, median 126.4, no mode] 


37.3. Mean, median and mode for 


grouped data 


The mean value for a set of grouped data is found 
by determining the sum of the (frequency x class 
mid-point values) and dividing by the sum of the 
frequencies, 


fix + fox. +--+ finXn 
fit fot--+fn 

_ EGa) 

' ee 


ie. mean value X= 


where f is the frequency of the class having a mid- 
point value of x, and so on. 


Problem 3. The frequency distribution for 


the value of resistance in ohms of 48 
resistors is as shown. Determine the mean 
value of resistance. 


20.5—20.9 3, 21.0-21.4 10, 21.5-21.9 11, 


22.0-22.4 13, 22.5—22.9 9, 23.0—23.4 2 


The class mid-point/frequency values are: 


20.7 3, 21.2 10, 21.7 11, 
22.7 9 and 23.2 2 


22.2 13, 


For grouped data, the mean value is given by: 


Le(fx) 
bef 


i 


where f is the class frequency and x is the class 
mid-point value. Hence mean value, 


(3 x 20.7) + (10 x 21.2) + C11 x 21.7) 


x= 


48 
1052.1 


= 21.919... 


i.e. the mean value is 21.9 ohms, correct to 3 
significant figures. 


+ (13 x 22.2) + (9 x 22.7) + (2 x 23.2) 
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Histogram 


The mean, median and modal values for grouped 
data may be determined from a histogram. In a his- 
togram, frequency values are represented vertically 
and variable values horizontally. The mean value is 
given by the value of the variable corresponding to 
a vertical line drawn through the centroid of the his- 
togram. The median value is obtained by selecting a 
variable value such that the area of the histogram to 
the left of a vertical line drawn through the selected 
variable value is equal to the area of the histogram 
on the right of the line. The modal value is the vari- 
able value obtained by dividing the width of the 
highest rectangle in the histogram in proportion to 
the heights of the adjacent rectangles. The method 
of determining the mean, median and modal values 
from a histogram is shown in Problem 4. 


Problem 4. The time taken in minutes to 
assemble a device is measured 50 times and 
the results are as shown. Draw a histogram 
depicting this data and hence determine the 
mean, median and modal values of the 


distribution. 


14.5-15.5 5, 16.5-17.5 8, 18.5-19.5 16, 


20.5-21.5 12, 22.5-23.5 6, 24.5-25.5 3 


The histogram is shown in Fig. 37.1. The mean 
value lies at the centroid of the histogram. With 
reference to any arbitrary axis, say YY shown at a 
time of 14 minutes, the position of the horizontal 
value of the centroid can be obtained from the 
relationship AM = 5 -(am), where A is the area 
of the histogram, M is the horizontal distance of 
the centroid from the axis YY, a is the area of a 
rectangle of the histogram and m is the distance of 
the centroid of the rectangle from YY. The areas of 
the individual rectangles are shown circled on the 
histogram giving a total area of 100 square units. 
The positions, m, of the centroids of the individual 
rectangles are 1,3,5,... units from YY. Thus 


100M = (10 x 1)+ (16 x 3) + (32 x 5) 
+ (24x 7) + (12 x 9)+ (6 x 11) 
560 
100 


Thus the position of the mean with reference to the 
time scale is 14+ 5.6, i.e. 19.6 minutes. 

The median is the value of time corresponding 
to a vertical line dividing the total area of the 


1.e. M= = 5.6 units from YY 
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Frequency 


14 15 16 17 18 19 20 21 22 23 24 25 26 27 
Time in minutes 


| 

| 

Y 
Figure 37.1 


histogram into two equal parts. The total area is 
100 square units, hence the vertical line must be 
drawn to give 50 units of area on each side. To 
achieve this with reference to Fig. 37.1, rectangle 
ABFE must be split so that 50 — (10+ 16) units of 
area lie on one side and 50 — (24+ 12+ 6) units 
of area lie on the other. This shows that the area 
of ABFE is split so that 24 units of area lie to the 
left of the line and 8 units of area lie to the right, 
i.e. the vertical line must pass through 19.5 minutes. 
Thus the median value of the distribution is 19.5 
minutes. 

The mode is obtained by dividing the line AB, 
which is the height of the highest rectangle, pro- 
portionally to the heights of the adjacent rectangles. 
With reference to Fig. 37.1, this is done by joining 
AC and BD and drawing a vertical line through the 
point of intersection of these two lines. This gives 
the mode of the distribution and is 19.3 minutes. 


Now try the following exercise 


Exercise 132 


Further problems on mean, 
median and mode for grou- 
ped data 


1. The frequency distribution given below 
refers to the heights in centimetres of 
100 people. Determine the mean value 
of the distribution, correct to the nearest 
millimetre. 


150-156 5, 
171-177 27, 


157-163 18, 
178-184 22, 


164-170 20 
185-191 8 
[171.7 cm] 
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2. The gain of 90 similar transistors is 
measured and the results are as shown. 


83.5-85.5 6, 86.5—88.5 39, 89.5-91.5 27, 
92.5-94.5 15, 95.5-97.5 3 


By drawing a histogram of this frequency 
distribution, determine the mean, median 
and modal values of the distribution. 


[mean 89.5, median 89, mode 88.2] 


3. The diameters, in centimetres, of 60 holes 
bored in engine castings are measured 
and the results are as shown. Draw 
a histogram depicting these results and 
hence determine the mean, median and 
modal values of the distribution. 


2.016-2.019 16, 
2.026-2.029 9, 


2.011-—2.014 4; 
2.021—2.024 23, 
2.031—2.034 5 
ee 2.02158 cm, median 2.02152 cm, 


mode 2.02167 cm 


37.4 Standard deviation 


(a) Discrete data 


The standard deviation of a set of data gives an 
indication of the amount of dispersion, or the scatter, 
of members of the set from the measure of central 
tendency. Its value is the root-mean-square value 
of the members of the set and for discrete data is 
obtained as follows: 


(a) determine the measure of central tendency, 
usually the mean value, (occasionally the 
median or modal values are specified), 


(b) calculate the deviation of each member of the 
set from the mean, giving 


(x) — X), (%2 — X), (43 —X),..., 
(c) determine the squares of these deviations, i.e. 


(x1 —X)°, G2 — X), (3 —X)’,..., 


(d) find the sum of the squares of the deviations, 
that is 


(x) —X)° + G2 —X) + (3 —X)’,..., 


(e) divide by the number of members in the set, 
n, giving 


(4 —¥ +02 —XP +00 —X) +--- 
n 


(f) determine the square root of (e). 


The standard deviation is indicated by o (the Greek 
letter small ‘sigma’) and is written mathematically 
as: 


Yi@ —x) 


n 


standard deviation, o = 


where x is a member of the set, X is the mean value 
of the set and n is the number of members in the set. 
The value of standard deviation gives an indication 
of the distance of the members of a set from the 
mean value. The set: {1,4,7, 10, 13} has a mean 
value of 7 and a standard deviation of about 4.2. The 
set {5, 6, 7, 8, 9} also has a mean value of 7, but the 
standard deviation is about 1.4. This shows that the 
members of the second set are mainly much closer 
to the mean value than the members of the first set. 
The method of determining the standard deviation 
for a set of discrete data is shown in Problem 5. 


Problem 5. Determine the standard 
deviation from the mean of the set of 


numbers: {5, 6, 8, 4, 10, 3}, correct to 4 
significant figures. 


The arithmetic mean, 


| _ yx) 
Standard deviation, o= pelea 
n 


The (x —x)* values are: (5 — 6)”, (6—6)*, (8 — 6)”, 
(4 — 6)”, (10 — 6)* and (3 — 6)’. 


The sum of the (x — ¥)* values, 


II 


ie, =O —*)? =14+04+4444 1649= 34 
S@-x) 34 


and "= 
n 6 


=5.6 


since there are 6 members in the set. 
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Hence, standard deviation, 


a3 
pg PE 5)5 5 9 380 
n 


correct to 4 significant figures 


(b) Grouped data 


For grouped data, standard deviation 


ou, | Le =) 
Lf 


where f is the class frequency value, x is the 
class mid-point value and xX is the mean value of 
the grouped data. The method of determining the 
standard deviation for a set of grouped data is shown 
in Problem 6. 


Problem 6. The frequency distribution for 
the values of resistance in ohms of 48 
resistors is as shown. Calculate the standard 
deviation from the mean of the resistors, 


correct to 3 significant figures. 


20.5-20.9 3, 21.0-21.4 10, 21.5-21.9 11, 


22.0-22.4 13, 225-229 9, 23.0-234 2 


The standard deviation for grouped data is given by: 


ya, |Lf@ =P) 
af 


From Problem 3, the distribution mean value, 
x = 21.92, correct to 4 significant figures. 


The ‘x-values’ are the class mid-point values, i.e. 
2077.20 :2, 21.7, 335 


Thus the (x — x)? values are (20.7 — 21.92)’, 
(21.2 — 21.92), (21.7 — 21.92), .... 


and the f(x —X)* values are 3(20.7 — 21.92)’, 
1021.2 = 21,92)", 1121.7 = 21,92)... 


The >> f(x —xX)* values are 


4.4652 + 5.1840 + 0.5324 + 1.0192 
+ 5.4756 + 3.2768 = 19.9532 


MEASURES OF CENTRAL TENDENCY AND DISPERSION 


St f@—z)} _ 19.9532 


= 0.41569 
Sf 48 


and standard deviation, 


oe |LEL EH D 
F 


= V 0.41569 = 0.645, 


correct to 3 significant figures 


Now try the following exercise 


Exercise 133 Further problems on stan- 
dard deviation 


1. Determine the standard deviation from the 
mean of the set of numbers: 


{35, 22, 25, 23, 28, 33, 30} 


correct to 3 significant figures. [4.60] 


2. The values of capacitances, in micro- 
farads, of ten capacitors selected at 
random from a large batch of similar 
capacitors are: 


34.3, 25.0, 30.4, 34.6, 29.6, 28.7, 
33.4, 32.7, 29.0 and 31.3 


Determine the standard deviation from the 
mean for these capacitors, correct to 3 
significant figures. 


[2.83 pF] 


3. The tensile strength in megapascals for 
15 samples of tin were determined and 
found to be: 


34.61, 34.57, 34.40, 34.63, 34.63, 34.51, 
34.49, 34.61, 34.52, 34.55, 34.58, 34.53, 
34.44, 34.48 and 34.40 


Calculate the mean and standard deviation 
from the mean for these 15 values, correct 
to 4 significant figures. 


hee 34.53 MPa, standard 
deviation 0.07474 MPa 


4. Determine the standard deviation from the 
mean, correct to 4 significant figures, for 
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the heights of the 100 people given in 
Problem | of Exercise 132, page 321. 


[9.394 cm] 


5. Calculate the standard deviation from the 
mean for the data given in Problem 3 
of Exercise 132, page 322, correct to 3 
decimal places. 


[2.828] 


37.5 Quartiles, deciles and percentiles 


Other measures of dispersion, which are sometimes 
used, are the quartile, decile and percentile values. 
The quartile values of a set of discrete data are 
obtained by selecting the values of members that 
divide the set into four equal parts. Thus for the 
set: {2,3,4,5,5, 7,9, 11, 13, 14, 17} there are 11 
members and the values of the members dividing 
the set into four equal parts are 4, 7, and 13. These 
values are signified by Q;, Q2 and Q3 and called the 
first, second and third quartile values, respectively. 
It can be seen that the second quartile value, Q), is 
the value of the middle member and hence is the 
median value of the set. 

For grouped data the ogive may be used to deter- 
mine the quartile values. In this case, points are 
selected on the vertical cumulative frequency val- 
ues of the ogive, such that they divide the total value 
of cumulative frequency into four equal parts. Hor- 
izontal lines are drawn from these values to cut the 
ogive. The values of the variable corresponding to 
these cutting points on the ogive give the quartile 
values (see Problem 7). 

When a set contains a large number of members, 
the set can be split into ten parts, each containing 
an equal number of members. These ten parts are 
then called deciles. For sets containing a very large 
number of members, the set may be split into one 
hundred parts, each containing an equal number of 
members. One of these parts is called a percentile. 


Problem 7. The frequency distribution 
given below refers to the overtime worked 
by a group of craftsmen during each of 48 
working weeks in a year. 


25-29 5, 30-34 4, 35-39 7, 40-44 11, 
45-49 12, 50-54 8, 55-59 1 


Draw an ogive for this data and hence 
determine the quartile values. 


The cumulative frequency distribution (i.e. upper 
class boundary/cumulative frequency values) is: 


295 5, 345 9, 39.5 16, 
44.5 27, 49.5 39, 545 47, 
59.5 48 


The ogive is formed by plotting these values on a 
graph, as shown in Fig. 37.2. The total frequency is 
divided into four equal parts, each having a range of 
48/4, i.e. 12. This gives cumulative frequency val- 
ues of 0 to 12 corresponding to the first quartile, 12 
to 24 corresponding to the second quartile, 24 to 36 
corresponding to the third quartile and 36 to 48 cor- 
responding to the fourth quartile of the distribution, 
i.e. the distribution is divided into four equal parts. 
The quartile values are those of the variable corre- 
sponding to cumulative frequency values of 12, 24 
and 36, marked Q;, Q2 and Q; in Fig. 37.2. These 
values, correct to the nearest hour, are 37 hours, 
43 hours and 48 hours, respectively. The Q2 value 
is also equal to the median value of the distribution. 
One measure of the dispersion of a distribution is 
called the semi-interquartile range and is given 
by: (Q3 — Q,)/2, and is (48 — 37)/2 in this case, i.e. 
5;hours. 


nr wo Ee a 
oO i=) Oo Oo 


Cumulative frequency 


= 
Oo 


25 30 35Q, 40 Q.45 Q@350 55 60 


Upper class boundary values, hours 


Figure 37.2 


Problem 8. Determine the numbers 
contained in the (a) 41st to 50th percentile 
group, and (b) 8th decile group of the set of 
numbers shown below: 


14 22 17 21 
24 17 20 22 27 19 26 21 


30 28 37 7 23 32 


15 29 
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The set is ranked, giving: 


7 
22 


(a) 


(b) 


144 15 17 #17 #19 20 21 21 22 
23. 24 26 27 28 29 30 32 37 


There are 20 numbers in the set, hence the first 
10% will be the two numbers 7 and 14, the 
second 10% will be 15 and 17, and so on. Thus 
the 41st to 50th percentile group will be the 
numbers 21 and 22 


The first decile group is obtained by splitting 
the ranked set into 10 equal groups and select- 
ing the first group, i.e. the numbers 7 and 14. 
The second decile group are the numbers 15 
and 17, and so on. Thus the 8th decile group 
contains the numbers 27 and 28 


Now try the following exercise 


Exercise 134 Further problems on quar- 
tiles, deciles and percentiles 


The number of working days lost due 
to accidents for each of 12 one-monthly 
periods are as shown. Determine the 
median and first and third quartile values 
for this data. 


27 37 40 28 23 30 
35 24 30 32 31 28 
[30, 27.5, 33.5 days] 


MEASURES OF CENTRAL TENDENCY AND DISPERSION 


2. The number of faults occurring on a pro- 
duction line in a nine-week period are as 
shown below. Determine the median and 
quartile values for the data. 


30 27 25 24 27 


a 31 27 35 
(27, 26, 33 faults] 


3. Determine the quartile values and semi- 
interquartile range for the frequency dis- 
tribution given in Problem 1 of Exer- 
cise 132, page 321. 

Q, = 164.5 cm, Q) = 172.5 cm, 
ie = 179 cm, 7.25 cm 


4. Determine the numbers contained in the 
5th decile group and in the 61st to 70th 
percentile groups for the set of numbers: 


40 46 28 32 37 42 50 31 48 45 

32 38 27 33 40 35 25 42 38 41 
[37 and 38; 40 and 41] 
5. Determine the numbers in the 6th decile 


group and in the 81st to 90th percentile 
group for the set of numbers: 


43 47 30 25 15 51 17 21 37 33 44 56 40 49 22 
36 44 33 17 35 58 51 35 44 40 31 41 55 50 16 
[40, 40, 41; 50, 51, 51] 
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38 
Probability 


38.1 Introduction to probability 


The probability of something happening is the like- 
lihood or chance of it happening. Values of proba- 
bility lie between 0 and 1, where O represents an 
absolute impossibility and | represents an absolute 
certainty. The probability of an event happening 
usually lies somewhere between these two extreme 
values and is expressed either as a proper or decimal 
fraction. Examples of probability are: 


that a length of copper wire 


has zero resistance at 100°C 0 
that a fair, six-sided dice 

will stop with a 3 upwards or 0.1667 
that a fair coin will land 

with a head upwards 5 or 0.5 


that a length of copper wire 
has some resistance at 100°C 1 


If p is the probability of an event happening and q 
is the probability of the same event not happening, 
then the total probability is p + q and is equal to 
unity, since it is an absolute certainty that the event 
either does or does not occur, Le. pp +q =1 


Expectation 


The expectation, E, of an event happening is 
defined in general terms as the product of the prob- 
ability p of an event happening and the number of 
attempts made, n, ic. HE = pn. 


Thus, since the probability of obtaining a 3 
upwards when rolling a fair dice is , the expec- 
tation of getting a 3 upwards on four throws of the 
dice is ex 4, ie. : 

Thus expectation is the average occurrence of an 
event. 


Dependent event 


A dependent event is one in which the probabil- 
ity of an event happening affects the probability of 
another ever happening. Let 5 transistors be taken 
at random from a batch of 100 transistors for test 


purposes, and the probability of there being a defec- 
tive transistor, p;, be determined. At some later 
time, let another 5 transistors be taken at random 
from the 95 remaining transistors in the batch and 
the probability of there being a defective transistor, 
P2, be determined. The value of p is different from 
P since batch size has effectively altered from 100 
to 95, i.e. probability pz is dependent on probabil- 
ity p,. Since transistors are drawn, and then another 
5 transistors drawn without replacing the first 5, 
the second random selection is said to be without 
replacement. 


Independent event 


An independent event is one in which the probability 
of an event happening does not affect the probability 
of another event happening. If 5 transistors are 
taken at random from a batch of transistors and the 
probability of a defective transistor p, is determined 
and the process is repeated after the original 5 have 
been replaced in the batch to give po, then p, is 
equal to p2. Since the 5 transistors are replaced 
between draws, the second selection is said to be 
with replacement. 


Conditional probability 


Conditional probability is concerned with the prob- 
ability of say event B occurring, given that event 
A has already taken place. If A and B are indepen- 
dent events, then the fact that event A has already 
occurred will not affect the probability of event B. If 
A and B are dependent events, then event A having 
occurred will effect the probability of event B. 


38.2 Laws of probability 


The addition law of probability 


The addition law of probability is recognized by 
the word ‘or’ joining the probabilities. If p, is 
the probability of event A happening and pz is the 
probability of event B happening, the probability of 
event A or event B happening is given by p, + pp 
(provided events A and B are mutually exclusive, 
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i.e. A and B are events which cannot occur together). 
Similarly, the probability of events A or B or C 
or ... N happening is given by 


PatPspt+Pct+:+::+Pn 


The multiplication law of probability 


The multiplication law of probability is recognized 
by the word ‘and’ joining the probabilities. If pa is 
the probability of event A happening and pz is the 
probability of event B happening, the probability of 
event A and event B happening is given by py, x pz. 
Similarly, the probability of events A and B and C 
and ... N happening is given by: 


PA X PB X Pc X +++ X Pn 
38.3. Worked problems on probability 


Problem 1. Determine the probabilities of 
selecting at random (a) a man, and (b) a 


woman from a crowd containing 20 men and 
33 women. 


(a) The probability of selecting at random a man, 
Pp, is given by the ratio 


number of men 
number in crowd 
20. 20 
P= 20433 53 


(b) The probability of selecting at random a wo- 
men, g, is given by the ratio 


1.e. or 0.3774 


number of women 

number in crowd 
— 33 33 

1 30433 53 


(Check: the total probability should be equal 
to 1; 


1.e. or 0.6226 


p= = and g = = 
53 53° 
thus the total probability, 
prq= = + oe 1 
53 53 


hence no obvious error has been made). 


Problem 2. Find the expectation of obtain- 
ing a 4 upwards with 3 throws of a fair dice. 
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Expectation is the average occurrence of an event 
and is defined as the probability times the number 
of attempts. The probability, p, of obtaining a 4 
upwards for one throw of the dice, is 7 

Also, 3 attempts are made, hence n = 3 and the 
expectation, FE, is pn, 1.e. 


E=}x3=} or 0.50 


Problem 3. Calculate the probabilities of 


selecting at random: 


(a) the winning horse in a race in which 
10 horses are running, 


the winning horses in both the first and 
second races if there are 10 horses in 
each race. 


(a) Since only one of the ten horses can win, the 
probability of selecting at random the winning 
horse is 


number of winners 


i0 or 0.10 


number of horses ’ 


(b) The probability of selecting the winning horse 
in the first race is a" The probability of 
selecting the winning horse in the second race 
is = The probability of selecting the winning 


horses in the first and second race is given by 
the multiplication law of probability, 


1 1 
ic. probability ag x To 


Problem 4. The probability of a component 
failing in one year due to excessive 


temperature is 70° due to excessive vibration 


ies ae 
is 35 and due to excessive humidity is —. 


Determine the probabilities that during a 
one-year period a component: (a) fails due to 
excessive temperature and excessive 
vibration, (b) fails due to excessive vibration 
or excessive humidity, and (c) will not fail 
because of both excessive temperature and 
excessive humidity. 
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Let pa, be the probability of failure due to excessive 
temperature, then 


PaA= = and pa = as 
20 20 
(where pq is the probability of not failing.) 
Let pz be the probability of failure due to excessive 
vibration, then 
24 
25 25 
Let pc be the probability of failure due to excessive 
humidity, then 


PB= and pz= 


49 


and Po= 5 


Pc= 50 
(a) The probability of a component failing due to 
excessive temperature and excessive vibration 
is given by: 
1 1 1 
xX Pp= = Xs ==— «Cr 
Pa* PBX 50 * 25 ~ 500 
(b) The probability of a component failing due to 
excessive vibration or excessive humidity is: 
rane 1 es 1 3 a 
Pav Po 95" 50 50 
(c) The probability that a component will not fail 
due excessive temperature and will not fail due 
to excess humidity is: 


19 49 931 
= x = 
20 50 1000 


0.002 


or 0.931 


Problem 5. A batch of 100 capacitors 
contains 73 that are within the required 
tolerance values, 17 which are below the 
required tolerance values, and the remainder 
are above the required tolerance values. 
Determine the probabilities that when 
randomly selecting a capacitor and then a 


second capacitor: (a) both are within the 
required tolerance values when selecting with 
replacement, and (b) the first one drawn is 
below and the second one drawn is above the 
required tolerance value, when selection is 
without replacement. 


(a) The probability of selecting a capacitor within 


73 
the required tolerance values is ——. The first 


capacitor drawn is now replaced and a second 
one is drawn from the batch of 100. The 


probability of this capacitor being within the 


73 
required tolerance values is also T00° 


Thus, the probability of selecting a capacitor 
within the required tolerance values for both 
the first and the second draw is: 


73 73 5329 

— x — = —— or 

100 100 10000 

(b) The probability of obtaining a capacitor below 
the required tolerance values on the first draw 


0.5329 


17 
is ——. There are now only 99 capacitors 


left in the batch, since the first capacitor is 
not replaced. The probability of drawing a 
capacitor above the required tolerance values 


. 10, 
on the second draw is —, since there are 


(100 — 73 — 17), i.e. 10 capacitors above the 
required tolerance value. Thus, the probabil- 
ity of randomly selecting a capacitor below 
the required tolerance values and followed by 
randomly selecting a capacitor above the tol- 
erance, values is 


17 10 170 17 
—- =x — = = 
100 99 9900 990 


Now try the following exercise 


Exercise 135 


Further problems on proba- 
bility 


1. Ina batch of 45 lamps there are 10 faulty 
lamps. If one lamp is drawn at random, 
find the probability of it being (a) faulty 
and (b) satisfactory. 


2 
(a)- or 0.2222 


9 
7 
(6) 5 or 0.7778 


2. A box of fuses are all of the same shape 
and size and comprises 23 2 A fuses, 
47 5 A fuses and 69 13 A fuses. Deter- 
mine the probability of selecting at ran- 
dom (a) a 2 A fuse, (b) a 5 A fuse and 
(c) a 13 A fuse. 


23 

(a) — or 0.1655 
139 

(b) afl 0.3381 
139 or ’ 

(c) ue or 0.4964 


139 
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3. (a) Find the probability of having a 2 
upwards when throwing a fair 6-sided 
dice. (b) Find the probability of having 
a 5 upwards when throwing a fair 6- 
sided dice. (c) Determine the probability 
of having a 2 and then a 5 on two succes- 
sive throws of a fair 6-sided dice. 

1 1 

a> (b) = 

(a) 7A (b) 

4. The probability of event A happening is 


2 and the probability of event B hap- 


5 
pening is z. Calculate the probabilities 
of (a) both A and B happening, (b) only 
event A happening, i.e. event A happen- 
ing and event B not happening, (c) only 
event B happening, and (d) either A, or B, 


or A and B happening. 


(a) = (b) = (c) : @ = 

a) = = (= — 

5 5 15 15 

5. When testing 1000 soldered joints, 4 fai- 
led during a vibration test and 5 failed 
due to having a high resistance. Deter- 
mine the probability of a joint failing 
due to (a) vibration, (b) high resistance, 
(c) vibration or high resistance and (d) vi- 
bration and high resistance. 


= 
(C) 


1 f 
(a) 750 (b) 200 
“) 7000 50000 


38.4 Further worked problems on 
probability 


Problem 6. A batch of 40 components 
contains 5 which are defective. A component 
is drawn at random from the batch and tested 


and then a second component is drawn. 
Determine the probability that neither of the 
components is defective when drawn (a) with 
replacement, and (b) without replacement. 


(a) With replacement 


The probability that the component selected on 


35 7 
the first draw is satisfactory is 70’ i.e. 3 The 


component is now replaced and a second draw is 
made. The probability that this component is also 


7 
satisfactory is —. Hence, the probability that both 


the first component drawn and the second compo- 
nent drawn are satisfactory is: 


7 #4 
a or 0.7656 


64 


(b) Without replacement 


The probability that the first component drawn is sat- 


isfactory is —. There are now only 34 satisfactory 


components left in the batch and the batch number 
is 39. Hence, the probability of drawing a satisfac- 


4 
—. Thus 


the probability that the first component drawn and 
the second component drawn are satisfactory, 1.e. 
neither is defective, is: 


tory component on the second draw is 


Problem 7. A batch of 40 components 
contains 5 that are defective. If a component 
is drawn at random from the batch and tested 


and then a second component is drawn at 
random, calculate the probability of having 
one defective component, both with and 
without replacement. 


The probability of having one defective component 
can be achieved in two ways. If p is the proba- 
bility of drawing a defective component and gq is 
the probability of drawing a satisfactory component, 
then the probability of having one defective compo- 
nent is given by drawing a satisfactory component 
and then a defective component or by drawing a 
defective component and then a satisfactory one, i.e. 


by qx p+pxq 


With replacement: 


5 1 35. «7 
SS SS = and q= aT = 
40 8 


2 40. 8 


Hence, probability of having one defective compo- 
nent is: 
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Without replacement: 


P= i and q; = i on the first of the two draws. 


The batch number is now 39 for the second draw, 
thus, 


P2 = = and q2= = 
39 39 
1 Do .- of 5 
Pidah iis = — 39 + R* 39 
35 + 35 
~ 312 
70 
=— or 0.2244 
312 


Problem 8. A box contains 74 brass 
washers, 86 steel washers and 40 aluminium 
washers. Three washers are drawn at random 


from the box without replacement. 
Determine the probability that all three are 
steel washers. 


Assume, for clarity of explanation, that a washer 
is drawn at random, then a second, then a third 
(although this assumption does not affect the results 
obtained). The total number of washers is 74+ 86+ 
40, i.e. 200. 


The probability of randomly selecting a steel 


—. There are now 


85 steel washers in a batch of 199. The probability 
of randomly selecting a steel washer on the second 


washer on the first draw is 


85 
draw is ——. There are now 84 steel washers in a 
batch of 198. The probability of randomly selecting 
a steel washer on the third draw is ——. Hence the 


probability of selecting a steel washer on the first 
draw and the second draw and the third draw is: 


86 x 85 - 84 614.040 
200 ~ 199 ~ 198 7880400 
= 0.0779 


Problem 9. For the box of washers given in 
Problem 8 above, determine the probability 
that there are no aluminium washers drawn, 


when three washers are drawn at random 
from the box without replacement. 


The probability of not drawing an aluminium washer 


40 . 160 
— ], i.e. ——. There are 
200 200 


now 199 washers in the batch of which 159 are not 
aluminium washers. Hence, the probability of not 
drawing an aluminium washer on the second draw 


on the first draw is 1 — 


159 
is 799° Similarly, the probability of not drawing an 


158 
aluminium washer on the third draw is 198° Hence 
the probability of not drawing an aluminium washer 


on the first and second and third draws is 


160 . 159 e 158 4019520 
200 ~ 199 ~ 198 7880400 
= 0.5101 


Problem 10. For the box of washers in 
Problem 8 above, find the probability that 


there are two brass washers and either a steel 
or an aluminium washer when three are 
drawn at random, without replacement. 


Two brass washers (A) and one steel washer (B) can 
be obtained in any of the following ways: 


Two brass washers and one aluminium washer 
(C) can also be obtained in any of the following 
ways: 


Thus there are six possible ways of achieving 
the combinations specified. If A represents a brass 
washer, B a steel washer and C an aluminium 
washer, then the combinations and their probabilities 
are as shown: 
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First 


The probability of having the first combination or 
the second, or the third, and so on, is given by the 


Draw Probability 
Second = Third 

74 

= Se 

200 199 

74 

pial, Sy aite 

200 = 199 


86 


Oe ees 
200 ~ 199 

14 «73 

— xX — X 
200 ~ 199 

74. 40 

— xX — X 
200 ~ 199 

40 74 

Be gg I 
200 ~ 199 


sum of the probabilities, 


Le. by 3 x 0.0590 + 3 x 0.0274, that is, 0.2592 


Now try the following exercise 


Exercise 136 Further problems on proba- 


bility 


The probability that component A will 
operate satisfactorily for 5 years is 0.8 
and that B will operate satisfactorily over 
that same period of time is 0.75. Find 
the probabilities that in a 5 year period: 
(a) both components operate satisfacto- 
rily, (b) only component A will operate 
satisfactorily, and (c) only component B 


will operate satisfactorily. 
[(a) 0.6 (b) 0.2 (c) 0.15] 


In a particular street, 80% of the houses 
have telephones. If two houses selected at 
random are visited, calculate the probabil- 
ities that (a) they both have a telephone 
and (b) one has a telephone but the other 
does not have telephone. 


[(a) 0.64 (b) 0.32] 


Veroboard pins are packed in packets of 
20 by a machine. In a thousand pack- 
ets, 40 have less than 20 pins. Find the 
probability that if 2 packets are chosen 
at random, one will contain less than 
20 pins and the other will contain 20 pins 
or more. [0.0768] 
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4. A batch of 1 kW fire elements contains 
16 which are within a power tolerance 
and 4 which are not. If 3 elements are 
selected at random from the batch, calcu- 
late the probabilities that (a) all three are 
within the power tolerance and (b) two 
are within but one is not within the power 
tolerance. [(a) 0.4912 (b) 0.4211] 


5. An amplifier is made up of three transis- 
tors, A, B and C. The probabilities of A, B 


1 1 1 
or C being defective are —, — and 50” 
respectively. Calculate the percentage of 


amplifiers produced (a) which work sat- 
isfactorily and (b) which have just one 
defective transistor. 


[(a) 89.38% (b) 10.25%] 


6. A box contains 1440 W lamps, 28 60 W 
lamps and 5825 W lamps, all the lamps 
being of the same shape and size. Three 
lamps are drawn at random from the box, 
first one, then a second, then a third. 
Determine the probabilities of: (a) getting 
one 25 W, one 40 W and one 60 W lamp, 
with replacement, (b) getting one 25 W, 
one 40W and one 60W lamp without 
replacement, and (c) getting either one 
25 W and two 40 W or one 60 W and two 
40 W lamps with replacement. 


[(a) 0.0227 (b) 0.0234 (c) 0.0169] 


38.5 Permutations and combinations 
Permutations 


If n different objects are available, they can be 
arranged in different orders of selection. Each dif- 
ferent ordered arrangement is called a permutation. 
For example, permutations of the three letters X, Y 
and Z taken together are: 


XYZ, XZY, YXZ, YZX, ZXY and ZYX 


This can be expressed as *P3 = 6, the upper 
3 denoting the number of items from which the 
arrangements are made, and the lower 3 indicating 
the number of items used in each arrangement. 

If we take the same three letters XYZ two at a 
time the permutations 


XY,YZ,XZ,ZX,YZ,ZY 
can be found, and denoted by *P; = 6 
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(Note that the order of the letters matter in permu- 
tations, i.c. YX is a different permutation from XY). 
In general, "P, = n(n — 1)(n —2)...n-—r+1) 


or "P,. = 


i as stated in Chapter 14 
n—r)! 


For example, >P4 = 5(4)(3)(2) = 120 or 


! 5! 
°P4 = = = = (5)(4)(3)(2) = 120 
‘Ga! i (5)(4)(3)(2) 
! 
Also, 3P; = 6 from above; using "P, = ——— 
(n—r)! 
3) 6 
gives 7? = G->d! = Or Since this must equal 


6, then 0! = 1 (check this with your calculator). 


Combinations 


If selections of the three letters X, Y,Z are made 
without regard to the order of the letters in each 
group, i.e. XY is now the same as YX for exam- 
ple, then each group is called a combination. The 
number of possible combinations is denoted by ”C,, 
where n is the total number of items and r is the 
number in each selection. 


In general, 
n! 
n 
C. =, 
" rln —r)! 
For example, 
5! 5! 
C.= 
415-4)! 4! 
@ MER eRe eg 
~ ASK 2e1  ~ 


Problem 11. Calculate the number of 


permutations there are of: (a) 5 distinct 


objects taken 2 at a time, (b) 4 distinct 
objects taken 2 at a time. 


5! 
Pi = = 20 
@) P= Gra 3 3x2 
a G 4! 41 
P> = ——- = —- = 
my “Fa (4-2)! 2! 


Problem 12. Calculate the number of 
combinations there are of: (a) 5 distinct 


objects taken 2 at a time, (b) 4 distinct 
objects taken 2 at a time. 


5! 5! 
5c, = = 
(@) 8. = Fa = 2 
5x4 
om x ee AE ay 
2x1)Gx2x 1) 
i. Tepe 44a 
Tao.” Ia 


Problem 13. A class has 24 students. 4 can 


represent the class at an exam board. How 


many combinations are possible when 
choosing this group. 


Number of combinations possible, 


n! 
Ce ot 
ri(n —r)! 
6. MGs a se 
~ * 41(24— 4)! 4120! 


Problem 14. In how many ways can a team 
of eleven be picked from sixteen possible 
players? 


Number of ways = "C, = 1601, 
16! 16! 
= s — is = 4368 
11!(16 — 11)! 11!5! 


Now try the following exercise 


Exercise 137 Further problems on_ per- 
mutations and combinations 


Calculate the number of permutations 
there are of: (a) 15 distinct objects taken 
2 at a time, (b) 9 distinct objects taken 4 
at a time. [(a) 210 (b) 3024] 


Calculate the number of combinations 
there are of: (a) 12 distinct objects taken 
5 at a time, (b) 6 distinct objects taken 4 
at a time. [(a) 792 (b) 15] 


In how many ways can a team of six be 
picked from ten possible players? 


[210] 


15 boxes can each hold one object. In how 
many ways can 10 identical objects be 
placed in the boxes? [3003] 
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The binomial and Poisson distribution 


39.1 The binomial distribution 


The binomial distribution deals with two numbers 
only, these being the probability that an event will 
happen, p, and the probability that an event will not 
happen, qg. Thus, when a coin is tossed, if p is the 
probability of the coin landing with a head upwards, 
q is the probability of the coin landing with a tail 
upwards. p + q must always be equal to unity. A 
binomial distribution can be used for finding, say, 
the probability of getting three heads in seven tosses 
of the coin, or in industry for determining defect 
rates as a result of sampling. One way of defining a 
binomial distribution is as follows: 


‘if p is the probability that an event will happen and q 
is the probability that the event will not happen, then 
the probabilities that the event will happen 0, 1, 2, 3, 
... 1 times inn trials are given by the successive terms 
of the expansion of (q+ p)" taken from left to right’. 


The binomial expansion of (q + p)” is: 


n(n—1 
a +nq"'p+ ( 5 ) 2 9? 


n(n — 1)\(n—2 
p RODE Deragt 


from Chapter 15 
This concept of a binomial distribution is used in 
Problems 1 and 2. 


Problem 1. Determine the probabilities of 
having (a) at least 1 girl and (b) at least 1 
girl and | boy in a family of 4 children, 


assuming equal probability of male and 
female birth 


The probability of a girl being born, p, is 0.5 and 
the probability of a girl not being born (male birth), 
q, is also 0.5. The number in the family, n, is 4. 
From above, the probabilities of 0, 1, 2, 3, 4 girls in 
a family of 4 are given by the successive terms of 
the expansion of (g + p)* taken from left to right. 


From the binomial expansion: 
(q+ py =a) +4q° p+ 6q° pp’ +4ap° + p* 

Hence the probability of no girls is g*, 

i.e. 0.5* = 0.0625 

the probability of 1 girl is 4g? p, 

i.e. 4 x 0.5? x 0.5 = 0.2500 

the probability of 2 girls is 6g? p*, 

i.e. 6 x 0.57 x 0.57 = 0.3750 

the probability of 3 girls is 4qp°, 

i.e. 4x 0.5 x 0.53 = 0.2500 

the probability of 4 girls is p*, 

i.e. 0.5+ = 0.0625 
Total probability, (¢ + p)* = 1.0000 


(a) The probability of having at least one girl is 
the sum of the probabilities of having 1, 2, 3 
and 4 girls, i.e. 


0.2500 + 0.3750 + 0.2500 + 0.0625 = 0.9375 


(Alternatively, the probability of having at 
least 1 girl is: 1 — (the probability of having 
no girls), i.e. 1 — 0.0625, giving 0.9375, as 
obtained previously). 


(b) The probability of having at least 1 girl and 1 
boy is given by the sum of the probabilities of 
having: 1 girl and 3 boys, 2 girls and 2 boys 
and 3 girls and 2 boys, i.e. 


0.2500 + 0.3750 + 0.2500 = 0.8750 


(Alternatively, this is also the probability of 
having | — (probability of having no girls + 
probability of having no boys), i.e. 

1 — 2 x 0.0625 = 0.8750, as obtained previ- 
ously). 
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Problem 2. A dice is rolled 9 times. Find 


the probabilities of having a 4 upwards (a) 3 
times and (b) less than 4 times 


Let p be the probability of having a 4 upwards. Then 
p = 1/6, since dice have six sides. 
Let qg be the probability of not having a 4 upwards. 
Then g = 5/6. The probabilities of having a 4 
upwards 0,1,2... times are given by the suc- 
cessive terms of the expansion of (¢ + p)”, taken 
from left to right. From the binomial expansion: 

(q+q) =@ + 9q° p + 36q’ p* + 84q°p? + --- 
The probability of having a 4 upwards no times is 

q = (5/6)? = 0.1938 
The probability of having a 4 upwards once is 
9q° p = 9(5/6)8(1/6) = 0.3489 
The probability of having a 4 upwards twice is 
36q/ p* = 36(5/6)'(1/6)* = 0.2791 

The probability of having a 4 upwards 3 times is 


84q° p> = 84(5/6)°(1/6)> = 0.1302 


(a) The probability of having a 4 upwards 3 times 
is 0.1302 


(b) The probability of having a 4 upwards less than 
4 times is the sum of the probabilities of having 
a 4 upwards 0, 1, 2, and 3 times, i.e. 


0.1938 + 0.3489 + 0.2791 + 0.1302 = 0.9520 


Industrial inspection 


In industrial inspection, p is often taken as the 
probability that a component is defective and gq is 
the probability that the component is satisfactory. In 
this case, a binomial distribution may be defined as: 


‘the probabilities that 0, 1, 2, 3, ..., n components 
are defective in a sample of n components, drawn at 
random from a large batch of components, are given 
by the successive terms of the expansion of (q+ p)", 
taken from left to right’. 


This definition is used in Problems 3 and 4. 


Problem 3. 


A machine is producing a large 
number of bolts automatically. In a box of 
these bolts. 95% are within the allowable 


tolerance values with respect to diameter, the 
remainder being outside of the diameter 
tolerance values. Seven bolts are drawn at 
random from the box. Determine the 
probabilities that (a) two and (b) more than 
two of the seven bolts are outside of the 


diameter tolerance values 


Let p be the probability that a bolt is outside of the 
allowable tolerance values, i.e. is defective, and let g 
be the probability that a bolt is within the tolerance 
values, i.e. is satisfactory. Then p = 5%, i.e. 0.05 
per unit and g = 95%, i.e. 0.95 per unit. The sample 
number is 7. 

The probabilities of drawing 0, 1, 2, ..., n defec- 
tive bolts are given by the successive terms of the 
expansion of (¢ + p)", taken from left to right. In 
this problem 


(q+ p)" = (0.95 + 0.05)’ 


= 0.95’ +7 x 0.95°® x 0.05 
4 91 0.95" % 005" ees 


Thus the probability of no defective bolts is: 
0.957 = 0.6983 
The probability of 1 defective bolt is: 
7 x 0.95° x 0.05 = 0.2573 
The probability of 2 defective bolts is: 
21 x 0.95° x 0.05* = 0.0406, and so on. 


(a) The probability that two bolts are outside of 
the diameter tolerance values is 0.0406 


(b) To determine the probability that more than 
two bolts are defective, the sum of the proba- 
bilities of 3 bolts, 4 bolts, 5 bolts, 6 bolts and 
7 bolts being defective can be determined. An 
easier way to find this sum is to find 1 — (sum 
of 0 bolts, 1 bolt and 2 bolts being defective), 
since the sum of all the terms is unity. Thus, 
the probability of there being more than two 
bolts outside of the tolerance values is: 


1 — (0.6983 + 0.2573 + 0.0406), i.e. 0.0038 


Problem 4. A package contains 50 similar 
components and inspection shows that four 
have been damaged during transit. If six 
components are drawn at random from the 
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contents of the package determine the 
probabilities that in this sample (a) one and 
(b) less than three are damaged 


The probability of a component being damaged, p, 
is 4 in 50, i.e. 0.08 per unit. Thus, the probability 
of a component not being damaged, gq, is 1 — 0.08, 
i.e. 0.92 The probability of there being 0, 1, 2, ..., 
6 damaged components is given by the successive 
terms of (¢ + p)°, taken from left to right. 


(q+ p)’ =4° + 69° p + 15q* p* + 209° p> + --- 


(a) The probability of one damaged component is 
6q° p = 6 x 0.92° x 0.08 = 0.3164 


(b) The probability of less than three damaged 
components is given by the sum of the proba- 
bilities of 0, 1 and 2 damaged components. 


q° + 6q° p + 15q* p* 
= 0.92° + 6 x 0.92° x 0.08 
+15 x 0.924 x 0.087 
= 0.6064 + 0.3164 + 0.0688 = 0.9916 


Histogram of probabilities 


The terms of a binomial distribution may be repre- 
sented pictorially by drawing a histogram, as shown 
in Problem 5. 


Problem 5. The probability of a student 
successfully completing a course of study in 
three years is 0.45. Draw a histogram 


showing the probabilities of 0, 1, 2, ..., 10 
students successfully completing the course 
in three years 


Let p be the probability of a student successfully 
completing a course of study in three years and qg 
be the probability of not doing so. Then p = 0.45 
and g = 0.55. The number of students, n, is 10. 

The probabilities of 0, 1, 2, ..., 10 students suc- 
cessfully completing the course are given by the 
successive terms of the expansion of (q¢+p)!°, taken 
from left to right. 


(q+ p)'? =q"° + 10g? p + 454° p* + 120g’ p* 
+ 2109° p* + 252q° p® + 210q* p® 
as 120q3 p’ + 45q’ p® a 10gp? + pe 
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0.24, 


0.22; 


0.207 


0.187 


0.147 


0.127 


Probability of successfully completing course 


1 1 i 1 1 1 1 
012345 67 8 
Number of students 


9 10 


Figure 39.1 


Substituting g = 0.55 and p = 0.45 in this expan- 
sion gives the values of the successive terms as: 


0.0025, 0.0207, 0.0763, 0.1665, 0.2384, 0.2340, 
0.1596, 0.0746, 0.0229, 0.0042 and 0.0003. The 
histogram depicting these probabilities is shown in 
Fig. 39.1. 


Now try the following exercise 


Exercise 138 Further problems on _ the 
binomial distribution 


1. Concrete blocks are tested and it is found 
that, on average, 7% fail to meet the 
required specification. For a batch of 9 
blocks, determine the probabilities that (a) 
three blocks and (b) less than four blocks 
will fail to meet the specification. 


[(a) 0.0186 (b) 0.9976] 


2. If the failure rate of the blocks in Prob- 
lem | rises to 15%, find the probabilities 
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that (a) no blocks and (b) more than two 
blocks will fail to meet the specification 
in a batch of 9 blocks. 


[(a) 0.2316 (b) 0.1408] 


3. The average number of employees absent 
from a firm each day is 4%. An office 
within the firm has seven employees. 
Determine the probabilities that (a) no 
employee and (b) three employees will be 
absent on a particular day. 


[(a) 0.7514 (b) 0.0019] 


4. A manufacturer estimates that 3% of his 
output of a small item is defective. Find 
the probabilities that in a sample of 10 
items (a) less than two and (b) more than 
two items will be defective. 


[(a) 0.9655 (b) 0.0028] 


5. Five coins are tossed simultaneously. 
Determine the probabilities of having 0, 
1, 2, 3, 4 and 5 heads upwards, and draw 
a histogram depicting the results. 


Vertical adjacent rectangles, 
whose heights are proportional to 


0.0313, 0.1563, 0.3125, 0.3125, 
0.1563 and 0.0313 


6. If the probability of rain falling during 
a particular period is 2/5, find the 
probabilities of having 0, 1, 2, 3, 4, 5, 
6 and 7 wet days in a week. Show these 
results on a histogram. 


Vertical adjacent rectangles, 
whose heights are proportional 
to 0.0280, 0.1306, 0.2613, 
0.2903, 0.1935, 0.0774, 
0.0172 and 0.0016 


7. An automatic machine produces, on aver- 
age, 10% of its components outside of 
the tolerance required. In a sample of 10 
components from this machine, determine 
the probability of having three compo- 
nents outside of the tolerance required by 
assuming a binomial distribution. 


[0.0574] 
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39.2 The Poisson distribution 


When the number of trials, n, in a binomial distri- 
bution becomes large (usually taken as larger than 
10), the calculations associated with determining the 
values of the terms become laborious. If 7 is large 
and p is small, and the product n p is less than 5, a 
very good approximation to a binomial distribution 
is given by the corresponding Poisson distribution, 
in which calculations are usually simpler. 

The Poisson approximation to a binomial distri- 
bution may be defined as follows: 


‘the probabilities that an event will happen 0, 1, 2, 
3,..., n times in n trials are given by the successive 
terms of the expression 


Ww 3 
e (42+ 5454.) 


taken from left to right’ 


The symbol A is the expectation of an event hap- 
pening and is equal to np. 


Problem 6. If 3% of the gearwheels 
produced by a company are defective, 


determine the probabilities that in a sample 
of 80 gearwheels (a) two and (b) more than 
two will be defective. 


The sample number, 1, is large, the probability of a 
defective gearwheel, p, is small and the product np 
is 80 x 0.03, i.e. 2.4, which is less than 5. Hence 
a Poisson approximation to a binomial distribution 
may be used. The expectation of a defective gear- 
wheel, A = np = 2.4 

The probabilities of 0, 1, 2,... defective gear- 
wheels are given by the successive terms of the 


expression 
2 3 
e* (42+ Seo.) 
2! 3! 
taken from left to right, i.e. by 
2 —i 
e*, re*, ,... Thus: 
2! 


probability of no defective gearwheels is 
e* =e *4 — 0.0907 
probability of 1 defective gearwheel is 


he~* = 2.4e-24 = 0.2177 
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probability of 2 defective gearwheels is 
204 2 42 e724 
——— = ———_ = 0.2613 
2! 2x1 
(a) The probability of having 2 defective gear- 
wheels is 0.2613 


(b) The probability of having more than 2 
defective gearwheels is 1 — (the sum of the 
probabilities of having 0, 1, and 2 defective 
gearwheels), i.e. 


1 — (0.0907 + 0.2177 + 0.2613), 
that is, 0.4303 


The principal use of a Poisson distribution is to 
determine the theoretical probabilities when p, the 
probability of an event happening, is known, but 
q, the probability of the event not happening is 
unknown. For example, the average number of goals 
scored per match by a football team can be calcu- 
lated, but it is not possible to quantify the num- 
ber of goals that were not scored. In this type of 
problem, a Poisson distribution may be defined as 
follows: 


‘the probabilities of an event occurring 0, 1, 2, 3... 
times are given by the successive terms of the expres- 
sion 


: wo 3 
e (i4,+ 54 t--), 


taken from left to right’ 
The symbol A is the value of the average occurrence 


of the event. 


Problem 7. A production department has 35 
similar milling machines. The number of 
breakdowns on each machine averages 0.06 


per week. Determine the probabilities of 
having (a) one, and (b) less than three 
machines breaking down in any week 


Since the average occurrence of a breakdown is 
known but the number of times when a machine did 
not break down is unknown, a Poisson distribution 
must be used. 

The expectation of a breakdown for 35 machines 
is 35 x 0.06, i.e. 2.1 breakdowns per week. The 
probabilities of a breakdown occurring 0, 1, 2,... 
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times are given by the successive terms of the 
expression 


2 3 
e”* (42+ Seo) 
2! 3! ; 
taken from left to right. Hence: 


probability of no breakdowns 
gag" = 01295 
probability of 1 breakdown is 
Ae* =2.1e** = 0.2572 
probability of 2 breakdowns is 
y2e-* 2. 1%¢e-?! 


= = 0.2700 
2! 2x1 


(a) The probability of 1 breakdown per week is 
0.2572 


(b) The probability of less than 3 breakdowns per 
week is the sum of the probabilities of 0, 1 and 
2 breakdowns per week, 


ie. 0.1225 + 0.2572 + 0.2700 = 0.6497 


Histogram of probabilities 


The terms of a Poisson distribution may be repre- 
sented pictorially by drawing a histogram, as shown 
in Problem 8. 


Problem 8. The probability of a person 
having an accident in a certain period of time 
is 0.0003. For a population of 7500 people, 


draw a histogram showing the probabilities 
of 0, 1, 2, 3, 4, 5 and 6 people having an 
accident in this period. 


The probabilities of 0, 1, 2,... people having an 
accident are given by the terms of the expression 


‘ a a 
e (4at Sea), 


taken from left to right. 
The average occurrence of the event, i, is 
7500 x 0.0003, i.e. 2.25 


The probability of no people having an accident is 


et =e? = 0.1054 
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0.287 


Probability of having an accident 


fo) 
4 


2 3 4 
Number of people 


Figure 39.2 


The probability of 1 person having an accident is 


he = 2.25e7?> = 0.2371 


The probability of 2 people having an accident is 


204 2.252% e72-25 
an °!~C«S 


and so on, giving probabilities of 0.2001, 0.1126, 
0.0506 and 0.0190 for 3, 4, 5 and 6 respectively 
having an accident. The histogram for these proba- 


bilities is shown in Fig. 39.2. 


Now try the following exercise 


Exercise 139 Further problems on _ the 
Poisson distribution 


1. In problem 7 of Exercise 138, page 336, 
determine the probability of having 
three components outside of the required 
tolerance using the Poisson distribution. 


2. The probability that an employee will go 
to hospital in a certain period of time 
is 0.0015. Use a Poisson distribution to 
determine the probability of more than 


= 0.2668 


two employees going to hospital during 
this period of time if there are 2000 
employees on the payroll. 


[0.5768] 


When packaging a product, a manufac- 
turer finds that one packet in twenty is 
underweight. Determine the probabilities 
that in a box of 72 packets (a) two and 
(b) less than four will be underweight. 


[(a) 0.1771  (b) 0.5153] 


A manufacturer estimates that 0.25% of 
his output of a component are defective. 
The components are marketed in packets 
of 200. Determine the probability of a 
packet containing less than three defective 
components. [0.9856] 


The demand for a particular tool from 
a store is, on average, five times a 
day and the demand follows a Poisson 
distribution. How many of these tools 
should be kept in the stores so that the 
probability of there being one available 
when required is greater than 10%? 


The probabilities of the demand 
for 0, 1, 2, ... tools are 
0.0067, 0.0337, 0.0842, 0.1404, 
0.1755, 0.1755, 0.1462, 0.1044, 
0.0653, ... This shows that the 
probability of wanting a tool 
8 times a day is 0.0653, ie. 


less than 10%. Hence 7 should 
be kept in the store 


Failure of a group of particular machine 
tools follows a Poisson distribution with 
a mean value of 0.7. Determine the 
probabilities of 0, 1, 2, 3, 4 and 5 failures 
in a week and present these results on a 
histogram. 


Vertical adjacent rectangles 
having heights proportional 
to 0.4966, 0.3476, 0.1217, 
0.0284, 0.0050 and 0.0007 
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Assignment 10 


This assignment covers the material in 
Chapters 36 to 39. 


The marks for each question are shown 
in brackets at the end of each question. 


A company produces five products in the 
following proportions: 


Product A 24 Product B 16 Product C 15 
Product D 11 Product E 6 


Present these data visually by drawing (a) 
a vertical bar chart (b) a percentage bar 
chart (c) a pie diagram. (13) 


The following lists the diameters of 40 
components produced by a machine, each 
measured correct to the nearest hundredth 
of a centimetre: 


1.39 1.36 1.38 1.31 1.33 1.40 1.28 
1.40 1.24 1.28 1.42 1.34 1.43 1.35 
1.36 1.36 1.35 1.45 1.29 1.39 1.38 
1.38 1.35 1.42 1.30 1.26 1.37 1.33 
1.37 1.34 1.34 1.32 1.33 1.30 1.38 
1.41 1.35 1.38 1.27 1.37 


Using 8 classes form a frequency distri- 
bution and a cumulative frequency distri- 
bution. 


For the above data draw a histogram, a 
frequency polygon and an ogive. (21) 


Determine for the 10 measurements of 


lengths shown below: 


(a) the arithmetic mean, (b) the median, 
(c) the mode, and (d) the standard devia- 
tion. 


28 m, 20 m, 32 m, 44m, 28 m, 30 m, 
30 m, 26 m, 28 m and 34 m (9) 


The heights of 100 people are measured 
correct to the nearest centimetre with the 
following results: 


150-157 cm 5 158-165 cm 18 
166-173 cm 42 174-181 cm 27 
182-189 cm 8 


Determine for the data (a) the mean height 
and (b) the standard deviation. (10) 


Determine the probabilities of: 


(a) drawing a white ball from a bag con- 
taining 6 black and 14 white balls 


(b) winning a prize in a raffle by buying 
6 tickets when a total of 480 tickets 
are sold 


(c) selecting at random a female from a 
group of 12 boys and 28 girls 


(d) winning a prize in a raffle by buying 
8 tickets when there are 5 prizes and 
a total of 800 tickets are sold. (8) 


In a box containing 120 similar transistors 
70 are satisfactory, 37 give too high a gain 
under normal operating conditions and the 
remainder give too low a gain. 


Calculate the probability that when draw- 
ing two transistors in turn, at random, with 
replacement, of having (a) two satisfac- 
tory, (b) none with low gain, (c) one with 
high gain and one satisfactory, (d) one 
with low gain and none satisfactory. 


Determine the probabilities in (a), (b) and 
(c) above if the transistors are drawn 
without replacement. (14) 


A machine produces 15% defective 
components. In a sample of 5, drawn 
at random, calculate, using the binomial 
distribution, the probability that: 


(a) there will be 4 defective items 


(b) there will be not more than 3 defec- 
tive items 


(c) all the items will be non-defective 
(13) 


2% of the light bulbs produced by a 
company are defective. Determine, using 
the Poisson distribution, the probability 
that in a sample of 80 bulbs: 


(a) 3 bulbs will be defective, (b) not more 
than 3 bulbs will be defective, (c) at least 
2 bulbs will be defective. (12) 
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The normal distribution 


40.1 Introduction to the normal 
distribution 


When data is obtained, it can frequently be consid- 
ered to be a sample (i.e. a few members) drawn 
at random from a large population (i.e. a set hav- 
ing many members). If the sample number is large, 
it is theoretically possible to choose class intervals 
which are very small, but which still have a number 
of members falling within each class. A frequency 
polygon of this data then has a large number of 
small line segments and approximates to a continu- 
ous curve. Such a curve is called a frequency or a 
distribution curve. 

An extremely important symmetrical distribution 
curve is called the normal curve and is as shown 
in Fig. 40.1. This curve can be described by a 
mathematical equation and is the basis of much of 
the work done in more advanced statistics. Many 
natural occurrences such as the heights or weights of 
a group of people, the sizes of components produced 
by a particular machine and the life length of certain 
components approximate to a normal distribution. 


Frequency 


Variable 


Figure 40.1 


Normal distribution curves can differ from one 
another in the following four ways: 


(a) by having different mean values 

(b) by having different values of standard 
deviations 

(c) the variables having different values and 

different units 

by having different areas between the 

curve and the horizontal axis. 


and (d) 


A normal distribution curve is standardised as 
follows: 


(a) The mean value of the unstandardised curve is 
made the origin, thus making the mean value, 
X, Zero. 

(b) The horizontal axis is scaled in standard devia- 


: — : x—X 
tions. This is done by letting z = -——, where 


z is called the normal standard variate, x is 
the value of the variable, X¥ is the mean value of 
the distribution and o is the standard deviation 
of the distribution. 

(c) The area between the normal curve and the 
horizontal axis is made equal to unity. 


When a normal distribution curve has been stan- 
dardised, the normal curve is called a standardised 
normal curve or a normal probability curve, and 
any normally distributed data may be represented by 
the same normal probability curve. 

The area under part of a normal probability curve 
is directly proportional to probability and the value 
of the shaded area shown in Fig. 40.2 can be deter- 
mined by evaluating: 


1 x—X 
/ —_—e@'/2) dz, where z= 
J 20 oO 


Probability 
density 


A > 
zy 0 Z, z-value 
Standard deviations 


Figure 40.2 


To save repeatedly determining the values of 
this function, tables of partial areas under the 
standardised normal curve are available in many 
mathematical formulae books, and such a table is 
shown in Table 40.1. 
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Table 40.1 Partial areas under the standardised normal curve 


0 Zz 
eo" 0 1 2 3 4 5 6 7 8 9 
oO 
0.0 0.0000 0.0040 0.0080 0.0120 0.0159 0.0199 0.0239 0.0279 ~—:0.0319-—«0,.0359 
0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 —-0.0636-—«0.0678~—«0.0714.—«0.0753 
0.2 0.0793 0.0832 0.0871 +—-0.0910 0.0948 ~—«0.0987 «0.1026 --0.1064.—«0.1103——«0.1141 
0.3 0.1179 0.1217 0.1255 0.1293 0.1331 0.1388 0.1406 0.1443 0.1480-—«0.1517 
0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 + —0.1844_~—«0.1879 
0.5 0.1915 0.1950 0.1985 0.2019 0.2054 0.2086 0.2123 0.2157 0.2190 0.2224 
0.6 0.2257 0.2291 0.2324 0.2357 0.2389 ~—0.2422-—S«0.2454-=—«0.2486-—«0.2517—«0.2549 
0.7 0.2580 0.2611 0.2642 0.2673 0.2704_~=—«(0.2734.—Ss«0.2760-—«0.2794-——s0.2823-—«0.2852 
0.8 0.2881 0.2910 0.2939 0.2967 -—-0.2995-—-0.3023—S—«0.3051-~=—«0.3078~=—«0.3106 «0.3133 
0.9 0.3159 0.3186 0.3212 0.3238 +~—0.3264.—S«:0.3289-~—«0.3315—0.3340-~—«0.3365—«0.3389 
1.0 0.3413 0.3438 0.3451 ~—«0.3485-—S—«(0.3508-~—«0.3531~—«0.3554.——«0.3577-—«0.3599 «0.3621 
1 0.3643 0.3665 (0.3686 ~—«0.3708~=—«(0.3729-—S—«0.3749-~—«0.3770~—«:0.3790-—«0.3810——«0.3830 
12 0.3849 0.3869 ~—-(0.3888-~—«0.3907«0.3925.-0.3944.—«0.3962-«0.3980-—«0.3997-—«0.4015 
13 0.4032 0.4049 0.4066 0.4082 0.4099 0.4115 0.4131 0.4147. 0.4162~—-0.4177 
14 0.4192 0.4207 0.4222 0.4236 0.4251 0.4265 0.4279 0.4292 0.4306 ~—-0.4319 
5 0.4332 0.4345 0.4357 0.4370 ~—«(0.4382-—=Sé«.4394.—=S«0.4406—0.4418—0.4430—s0.444 1 
1.6 0.4452 0.4463 0.4474 0.4484 0.4495 0.4505 0.4515 0.4525 0.4535—«0.4545 
17 0.4554 0.4564 0.4573. —«—«0.4582-—«0.4591 «0.4599 «0.4608 ~—«0.4616 «0.4625 «0.4633 
18 0.4641 0.4649 0.4656 0.4664 0.4671 0.4678 +~0.4686 ~—«0.4693—S—«0.4699-—«0.4706 
1.9 0.4713 0.4719 0.4726 0.4732 0.4738 0.4744 +0.4750 «(0.4756 ~=—«(0.4762.—«0.4767 
2.0 0.4772 0.4778 0.4783 0.4785 0.4793 0.4798 0.4803 0.4808 0.4812 ~—~0.4817 
21 0.4821 0.4826 0.4830 0.4834 0.4838 0.4842 0.4846 0.4850 0.4854_—«0.4857 
2.2 0.4861 0.4864 0.4868 0.4871 0.4875 0.4878 0.4881 +—«0.4884._—~—«0.4882-~—«0.4890 
2.3 0.4893 0.4896 0.4898 0.4901 0.4904 0.4906 0.4909 0.4911 ~—«0.4913 «0.4916 
2.4 0.4918 0.4920 0.4922 0.4925 0.4927 0.4929 0.4931 0.4932 0.4934 (0.4936 
2.5 0.4938 0.4940 0.4941 0.4943 0.4945 0.4946 0.4948 0.4949 -:0.4951_~—«0.4952 
2.6 0.4953 0.4955 0.4956 0.4957 0.4959 0.4960 0.4961 +—0.4962-—«0.4963-—S—«0.4964 
2.7 0.4965 0.4966 0.4967 0.4968 0.4969 0.4970 0.4971 0.4972 0.4973 0.4974 
2.8 0.4974 0.4975 0.4976 0.4977 0.4977 0.4978 0.4979 0.4980 0.4980 0.4981 
2.9 0.4981 0.4982 0.4982 0.4983 0.4984 0.4984 0.4985 -—«0.4985.-—«0.4986.—«0.4986 
3.0 0.4987 0.4987 0.4987 0.4988 0.4988 0.4989 0.4989 ~—«0.4989-—«0.4990-—«0.4990 
3.1 0.4990 0.4991 0.4991 0.4991 0.4992 0.4992 0.4992 0.4992 0.4993 0.4993 
3.2 0.4993 0.4993 0.4994 0.4994 0.4994 0.4994 0.4994 0.4995 0.4995 0.4995 
3.3 0.4995 0.4995 0.4995 0.4996 0.4996 0.4996 0.4996 0.4996 0.4996 0.4997 
3.4 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4997 0.4998 
3.5 0.4998 0.4998 0.4998 0.4998 0.4998 0.4998 0.4998 0.4998 0.4998 0.4998 
3.6 0.4998 0.4998 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 
3.7 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 
3.8 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 0.4999 


www.jntuworld.com 


342 ENGINEERING MATHEMATICS 


Problem 1. The mean height of 500 people 
is 170 cm and the standard deviation is 
9 cm. Assuming the heights are normally 


distributed, determine the number of people 
likely to have heights between 150 cm and 
195 cm 


The mean value, x, is 170 cm and corresponds to 
a normal standard variate value, z, of zero on the 


standardised normal curve. A height of 150 cm has 
a z-value given by z = a standard deviations, 


150 — 170 


or —2.22 standard deviations. Using 


a table of partial areas beneath the standardised 
normal curve (see Table 40.1), a z-value of —2.22 
corresponds to an area of 0.4868 between the mean 
value and the ordinate z = —2.22. The negative 
z-value shows that it lies to the left of the z = 0 
ordinate. 

This area is shown shaded in Fig. 40.3(a). Simi- 


195 — 17 
ped that is 2.78 


standard deviations. From Table 40.1, this value of z 
corresponds to an area of 0.4973, the positive value 
of z showing that it lies to the right of the z = 0 
ordinate. This area is shown shaded in Fig. 40.3(b). 
The total area shaded in Fig. 40.3(a) and (b) is 
shown in Fig. 40.3(c) and is 0.4868 + 0.4973, ie. 
0.9841 of the total area beneath the curve. 

However, the area is directly proportional to prob- 
ability. Thus, the probability that a person will have 
a height of between 150 and 195 cm is 0.9841. For 
a group of 500 people, 500 x 0.9841, i.e. 492 peo- 
ple are likely to have heights in this range. The 
value of 500 x 0.9841 is 492.05, but since answers 
based on a normal probability distribution can only 
be approximate, results are usually given correct to 
the nearest whole number. 


larly, 195 cm has a z-value of 


Problem 2. For the group of people given 
in Problem 1, find the number of people 


likely to have heights of less than 165 cm 


: 165—170 . 
A height of 165 cm corresponds to —- i.e. 
—0.56 standard deviations. The area between z = 0 
and z = —0.56 (from Table 40.1) is 0.2123, shown 
shaded in Fig. 40.4(a). The total area under the 
standardised normal curve is unity and since the 
curve is symmetrical, it follows that the total area 
to the left of the z = O ordinate is 0.5000. Thus 
the area to the left of the z = —0.56 ordinate 


1 iT > 

-2.22 0 z-value 
(a) 

1 E 1 1 > 
0 2.78 z-value 
(b) 

1 1 > 

-2.22 0 2.78 z-value 
(c) 

Figure 40.3 


(‘left’ means ‘less than’, ‘right’ means “more than’) 
is 0.5000 — 0.2123, i.e. 0.2877 of the total area, 
which is shown shaded in Fig. 40.4(b). The area 
is directly proportional to probability and since the 
total area beneath the standardised normal curve is 
unity, the probability of a person’s height being less 
than 165 cm is 0.2877. For a group of 500 people, 
500 x 0.2877, i.e. 144 people are likely to have 
heights of less than 165 cm. 


Problem 3. For the group of people given 
in Problem 1 find how many people are 


likely to have heights of more than 194 cm 


194 — 170 
194 cm correspond to a z-value of ————— that 
is, 2.67 standard deviations. From Table 40.1, the 
area between z = 0, z = 2.67 and the stan- 
dardised normal curve is 0.4962, shown shaded in 
Fig. 40.5(a). Since the standardised normal curve is 
symmetrical, the total area to the right of the z = 0 
ordinate is 0.5000, hence the shaded area shown in 
Fig. 40.5(b) is 0.5000 — 0.4962, i.e. 0.0038. This 
area represents the probability of a person having a 
height of more than 194 cm, and for 500 people, the 
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Figure 40.4 


> 
z-value 


number of people likely to have a height of more 
than 194 cm is 0.0038 x 500, i.e. 2 people. 


Figure 40.5 


> 
2.67 z-value 


i 
> 
2.67 z-value 


Problem 4. A batch of 1500 lemonade 
bottles have an average contents of 753 ml 
and the standard deviation of the contents is 
1.8 ml. If the volumes of the contents are 


normally distributed, find the number of 
bottles likely to contain: (a) less than 750 ml, 
(b) between 751 and 754 ml, (c) more than 
757 ml, and (d) between 750 and 751 ml 


(a) The z-value corresponding to 750 ml is given 


750 — 753 
1.8 


= —1.67 standard 


(b) 


(c) 


(d) 
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deviations. From Table 40.1, the area between 
z = 0 and z = —1.67 is 0.4525. Thus the 
area to the left of the z = —1.67 ordinate is 
0.5000 — 0.4525 (see Problem 2), i.e. 0.0475. 
This is the probability of a bottle containing 
less than 750 ml. Thus, for a batch of 1500 
bottles, it is likely that 1500 x 0.0475, i.e. 71 
bottles will contain less than 750 ml. 


The z-value corresponding to 751 and 754 ml 

751 — 753 754 — 753 . 
are —T3 and ————— i.e. —1.11 and 
0.56 respectively. From Table 40.1, the areas 
corresponding to these values are 0.3665 and 
0.2123 respectively. Thus the probability of a 
bottle containing between 751 and 754 ml is 
0.3665 + 0.2123 (see Problem 1), i.e. 0.5788. 
For 1500 bottles, it is likely that 1500 x 0.5788, 
i.e. 868 bottles will contain between 751 and 
754 ml. 


The z-value corresponding to 757 ml is 
em) i.e. 2.22 standard deviations. From 
Table 40.1, the area corresponding to a z-value 
of 2.22 is 0.4868. The area to the right of the 
z = 2.22 ordinate is 0.5000 — 0.4868 (see 
Problem 3), i.e. 0.0132. Thus, for 1500 bottles, 
it is likely that 1500 x 0.0132, i.e. 20 bottles 
will have contents of more than 757 ml. 


The z-value corresponding to 750 ml is —1.67 
(see part (a)), and the z-value corresponding 
to 751 ml is —1.11 (see part (b)). The areas 
corresponding to these z-values are 0.4525 and 
0.3665 respectively, and both these areas lie on 
the left of the z = 0 ordinate. The area between 
z= —1.67 and z = —1.11 is 0.4525 — 0.3665, 
i.e. 0.0860 and this is the probability of a bottle 
having contents between 750 and 751 ml. For 
1500 bottles, it is likely that 1500 x 0.0860, 
i.e. 129 bottles will be in this range. 


Now try the following exercise 


Exercise 140 Further problems on the in- 
troduction to the normal dis- 
tribution 


A component is classed as defective 
if it has a diameter of less than 
69 mm. In a batch of 350 components, 
the mean diameter is 75 mm and the 
standard deviation is 2.8 mm. Assuming 
the diameters are normally distributed, 
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determine how many are likely to be 
classed as defective. [6] 


The masses of 800 people are normally 
distributed, having a mean value of 
64.7 kg, and a standard deviation of 
5.4 kg. Find how many people are likely 
to have masses of less than 54.4 kg. [22] 


500 tins of paint have a mean content of 
1010 ml and the standard deviation of the 
contents is 8.7 ml. Assuming the volumes 
of the contents are normally distributed, 
calculate the number of tins likely to have 
contents whose volumes are less than 
(a) 1025 ml (b) 1000 ml and (c) 995 ml. 


[(a) 479 (b) 63 (c) 21] 


For the 350 components in Problem 1, 
if those having a diameter of more than 
81.5 mm are rejected, find, correct to the 
nearest component, the number likely to 
be rejected due to being oversized. [4] 


For the 800 people in Problem 2, deter- 
mine how many are likely to have masses 
of more than (a) 70 kg, and (b) 62 kg. 


[(a) 131 = (b) 553] 


The mean diameter of holes produced by 
a drilling machine bit is 4.05 mm and 
the standard deviation of the diameters 
is 0.0028 mm. For twenty holes drilled 
using this machine, determine, correct to 
the nearest whole number, how many 
are likely to have diameters of between 
(a) 4.048 and 4.0553 mm, and (b) 4.052 
and 4.056 mm, assuming the diameters 
are normally distributed. 


[(a) 15 (b) 4] 


The intelligence quotients of 400 children 
have a mean value of 100 and a standard 
deviation of 14. Assuming that I.Q.’s are 
normally distributed, determine the num- 
ber of children likely to have I.Q.’s of 
between (a) 80 and 90, (b) 90 and 110, 
and (c) 110 and 130. 


[(a) 65 = (b) 209s (c) 89] 


The mean mass of active material in 
tablets produced by a manufacturer is 
5.00 g and the standard deviation of the 
masses is 0.036 g. In a bottle containing 
100 tablets, find how many tablets are 
likely to have masses of (a) between 4.88 


and 4.92 g, (b) between 4.92 and 5.04 g, 
and (c) more than 5.4 g. 


[(a) 1 


(b) 85 (c) 13] 


40.2 Testing for a normal distribution 


It should never be assumed that because data is 
continuous it automatically follows that it is nor- 
mally distributed. One way of checking that data 
is normally distributed is by using normal proba- 
bility paper, often just called probability paper. 
This is special graph paper which has linear mark- 
ings on one axis and percentage probability values 
from 0.01 to 99.99 on the other axis (see Figs. 40.6 
and 40.7). The divisions on the probability axis 
are such that a straight line graph results for nor- 
mally distributed data when percentage cumulative 
frequency values are plotted against upper class 
boundary values. If the points do not lie in a rea- 
sonably straight line, then the data is not normally 
distributed. The method used to test the normal- 
ity of a distribution is shown in Problems 5 and 6. 
The mean value and standard deviation of normally 
distributed data may be determined using normal 
probability paper. For normally distributed data, the 
area beneath the standardised normal curve and a z- 
value of unity (i.e. one standard deviation) may be 
obtained from Table 40.1. For one standard devia- 
tion, this area is 0.3413, ie. 34.13%. An area of 
+1 standard deviation is symmetrically placed on 
either side of the z = 0 value, i.e. is symmetrically 
placed on either side of the 50 per cent cumula- 
tive frequency value. Thus an area corresponding 
to +1 standard deviation extends from percent- 
age cumulative frequency values of (50 + 34.13)% 
to (S50 — 34.13)%, ie. from 84.13% to 15.87%. 
For most purposes, these values are taken as 84% 
and 16%. Thus, when using normal probability 
paper, the standard deviation of the distribution is 
given by: 

(variable value for 84% cumulative frequency) — 

(variable value for 16% cumalative frequency) 


2 


Problem 5. 


Use normal probability paper to 
determine whether the data given below, 
which refers to the masses of 50 copper 
ingots, is approximately normally distributed. 
If the data is normally distributed, determine 
the mean and standard deviation of the data 
from the graph drawn 
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Class mid-point 
value (kg) 29.5 30.5 31.5 32.5 33.5 
Frequency 2 4 6 8 9 


Class mid-point 


value (kg) 34.5 35.5 36.5 37.5 38.5 


Frequency 8 6 4 2 1 


To test the normality of a distribution, the upper 
class boundary/percentage cumulative frequency 
values are plotted on normal probability paper. The 
upper class boundary values are: 30, 31, 32, ..., 38, 
39. The corresponding cumulative frequency values 
(for ‘less than’ the upper class boundary values) are: 
2, (442) = 6, (6+44+2) = 12, 20, 29, 37, 43, 47, 49 
and 50. The corresponding percentage cumulative 


6 
frequency values are 50 x 100 = 4, — x 100 = 12, 
24, 40, 58, 74, 86, 94, 98 and 100%. 


NI 
oO 


aD 
ooo 


wo 
oO 


Le) 
oO 


30 32 34 36 38 40 42 
Upper class boundary 


Figure 40.6 
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The co-ordinates of upper class boundary/percen- 
tage cumulative frequency values are plotted as 
shown in Fig. 40.6. When plotting these values, it 
will always be found that the co-ordinate for the 
100% cumulative frequency value cannot be plotted, 
since the maximum value on the probability scale is 
99.99. Since the points plotted in Fig. 40.6 lie very 
nearly in a straight line, the data is approximately 
normally distributed. 

The mean value and standard deviation can be 
determined from Fig. 40.6. Since a normal curve 
is symmetrical, the mean value is the value of 
the variable corresponding to a 50% cumulative 
frequency value, shown as point P on the graph. 
This shows that the mean value is 33.6 kg. The 
standard deviation is determined using the 84% 
and 16% cumulative frequency values, shown as 
Q and R in Fig. 40.6. The variable values for Q 
and R are 35.7 and 31.4 respectively; thus two 
standard deviations correspond to 35.7 — 31.4, ie. 
4.3, showing that the standard deviation of the 


4.3 
distribution is approximately a i.e. 2.15 standard 


deviations. 


The mean value and standard deviation of the dis- 
x 


‘| 


where 


tribution can be calculated using mean, * = 


LI @— 7") 
3a 4 

f is the frequency of a class and x is the class 
mid-point value. Using these formulae gives a mean 
value of the distribution of 33.6 (as obtained graphi- 
cally) and a standard deviation of 2.12, showing that 
the graphical method of determining the mean and 
standard deviation give quite realistic results. 


and standard deviation, 0 = 


Problem 6. Use normal probability paper to 
determine whether the data given below is 
normally distributed. Use the graph and 
assume a normal distribution whether this is 
so or not, to find approximate values of the 
mean and standard deviation of the 
distribution. 


Class mid-point 
Values 5 15 25 35 45 
Frequency 1 2 3 6 9 


Class mid-point 
Values 
Frequency 6 2 2 1 1 


55. 65 75 85 95 
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99.99 


values of the mean and standard deviation of the 


99.9 


Oo 


Oo 


oo 
aN 


Oo 


oOo 


mw wostagdn @w@ 


Oo 


Percentage cumulative frequency 


Oo 


0 20 30 40 50 60 70 80 90 100110 
Upper class boundary 


Figure 40.7 


To test the normality of a distribution, the upper 
class boundary/percentage cumulative frequency 
values are plotted on normal probability paper. The 
upper class boundary values are: 10, 20, 30, ..., 90 
and 100. The corresponding cumulative frequency 
values are 1, 1 +2 = 3,14+2+3 = 6, 12, 21, 
27, 29, 31, 32 and 33. The percentage cumulative 


1 3 
frequency values are — x 100 = 3, — x 100 = 9, 


18, 36, 64, 82, 88, 94, 97 and 100. 

The co-ordinates of upper class boundary val- 
ues/percentage cumulative frequency values are plot- 
ted as shown in Fig. 40.7. Although six of the points 
lie approximately in a straight line, three points cor- 
responding to upper class boundary values of 50, 60 
and 70 are not close to the line and indicate that the 
distribution is not normally distributed. However, 
if a normal distribution is assumed, the mean value 
corresponds to the variable value at a cumulative fre- 
quency of 50% and, from Fig. 40.7, point A is 48. The 
value of the standard deviation of the distribution can 
be obtained from the variable values corresponding 
to the 84% and 16% cumulative frequency values, 
shown as B and C in Fig. 40.7 and give: 20 = 69—28, 
i.e. the standard deviation o = 20.5. The calculated 


distribution are 45.9 and 19.4 respectively, showing 
that errors are introduced if the graphical method of 
determining these values is used for data that is not 
normally distributed. 


Now try the following exercise 


Exercise 141 Further problems on testing 
for a normal distribution 


1. A frequency distribution of 150 measure- 
ments is as shown: 


Class mid-point 
value 26.4 26.6 26.8 27.0 
Frequency 5 12 24 36 


Class mid-point 
value 27.2 27.4 27.6 
Frequency 36 25 12 


Use normal probability paper to show that 
this data approximates to a normal distri- 
bution and hence determine the approx- 
imate values of the mean and standard 
deviation of the distribution. Use the for- 
mula for mean and standard deviation to 
verify the results obtained. 


baeanene xX = 27.1, o = 0.3; by 
calculation, ¥ = 27.079, o = 0.3001 
A frequency distribution of the class mid- 
point values of the breaking loads for 275 
similar fibres is as shown below: 


Load (kN) 17 19 
Frequency 9 23 


Load (kN) 25 27 
Frequency 64 28 


Use normal probability paper to show 
that this distribution is approximately 
normally distributed and determine the 
mean and standard deviation of the 
distribution (a) from the graph and (b) by 
calculation. 

(a) X = 23.5 KN, o = 2.9 kN 


(b) ¥ = 23.364 kN, o = 2.917 kN 
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4] 


Linear correlation 


41.1 Introduction to linear correlation 


Correlation is a measure of the amount of asso- 
ciation existing between two variables. For linear 
correlation, if points are plotted on a graph and all 
the points lie on a straight line, then perfect linear 
correlation is said to exist. When a straight line 
having a positive gradient can reasonably be drawn 
through points on a graph positive or direct linear 
correlation exists, as shown in Fig. 41.1(a). Simi- 
larly, when a straight line having a negative gradient 
can reasonably be drawn through points on a graph, 
negative or inverse linear correlation exists, as 
shown in Fig. 41.1(b). When there is no apparent 
relationship between co-ordinate values plotted on a 
graph then no correlation exists between the points, 
as shown in Fig. 41.1(c). In statistics, when two 
variables are being investigated, the location of the 
co-ordinates on a rectangular co-ordinate system is 
called a scatter diagram — as shown in Fig. 41.1. 


41.2 The product-moment formula for 
determining the linear correlation 
coefficient 


The amount of linear correlation between two vari- 
ables is expressed by a coefficient of correlation, 
given the symbol r. This is defined in terms of 
the deviations of the co-ordinates of two variables 
from their mean values and is given by the product- 
moment formula which states: 


coefficient of correlation, r 


dy 


= (1) 


(>) (L’) 


where the x-values are the values of the devia- 
tions of co-ordinates X from X, their mean value 
and the y-values are the values of the deviations of 


co-ordinates Y from Y, their mean value. That is, 
x = (X —X) and y = (Y — Y). The results of this 


> 
Positive linear correlation x 


(a) 


yA 


> 
Negative linear correlation x 


(b) 


yA 

e e 

e 
e 
oe & 
e 
e . e 
> 
No correlation x 
(c) 

Figure 41.1 


determination give values of r lying between +1 
and —1, where +1 indicates perfect direct correla- 
tion, —1 indicates perfect inverse correlation and 0 
indicates that no correlation exists. Between these 
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values, the smaller the value of r, the less is the 
amount of correlation which exists. Generally, val- 
ues of r in the ranges 0.7 to 1 and —0.7 to —1 show 
that a fair amount of correlation exists. 


41.3 The significance of a coefficient of 
correlation 


When the value of the coefficient of correlation has 
been obtained from the product moment formula, 
some care is needed before coming to conclusions 
based on this result. Checks should be made to 
ascertain the following two points: 


(a) that a ‘cause and effect’ relationship exists 
between the variables; it is relatively easy, 
mathematically, to show that some correlation 
exists between, say, the number of ice creams 
sold in a given period of time and the number 
of chimneys swept in the same period of time, 
although there is no relationship between these 
variables; 

(b) that a linear relationship exists between the 
variables; the product-moment formula given 
in Section 41.2 is based on linear correlation. 
Perfect non-linear correlation may exist (for 
example, the co-ordinates exactly following the 
curve y = x*), but this gives a low value of 
coefficient of correlation since the value of r is 
determined using the product-moment formula, 
based on a linear relationship. 


41.4 Worked problems on linear 
correlation 


Problem 1. In an experiment to determine 
the relationship between force on a wire and 
the resulting extension, the following data is 
obtained: 


Force (N) 10 20 30 40 50 60 70 


Extension 

(mm) 0.22 0.40 0.61 0.85 1.20 1.45 1.70 
Determine the linear coefficient of correla- 
tion for this data 


Let X be the variable force values and Y be the 
dependent variable extension values. The coefficient 


of correlation is given by: 
doy 
(i) (Ly) 


where x = (X —X) and y = (Y —Y), X and Y being 
the mean values of the X and Y values respectively. 
Using a tabular method to determine the quantities 
of this formula gives: 


Yo xy = 71.30 | >> x? = 2800 | >> y? = 1.829 
71.3 
/ 2800 x 1.829 


This shows that a very good direct correlation 
exists between the values of force and extension. 


Thus r = = 0.996 


Problem 2. The relationship between 
expenditure on welfare services and 
absenteeism for similar periods of time is 
shown below for a small company. 


Expenditure 
(£000) 35 50 7.0 10 12 15 18 
Days lost 241 318 174 110 147 122 86 
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Determine the coefficient of linear 
correlation for this data 


Let X be the expenditure in thousands of pounds 
and Y be the days lost. 
The coefficient of correlation, 


aE 
nF} On») 


where x = (X —X) and y = (Y—Y), X and Y being 
the mean values of X and Y respectively. Using a 
tabular approach: 


er ea [oo 


ex “4, 
yl X = 70.5, x="? = 1007 


— 1198 
DY = 198, Y¥=——=1711 


Yi xy = —2172 | 3x? = 169.2 | © y* = 40441 


—2172 
Thus r = —————__—. = — 0.830 


169.2 x 40441 


This shows that there is fairly good inverse corre- 
lation between the expenditure on welfare and days 
lost due to absenteeism. 


Problem 3. The relationship between 
monthly car sales and income from the sale 
of petrol for a garage is as shown: 


Cars sold 2 5 312147 


Income from petrol 
sales (£’000) 12 9 13 21 17 22 


Cars sold 3 2814 7 3 13 


Income from petrol 
sales (£’000) 31471710 9 11 


Determine the linear coefficient of 
correlation between these quantities 


Let X represent the number of cars sold and Y the 
income, in thousands of pounds, from petrol sales. 
Using the tabular aaa 


eo 


S xy = 613.4 | ¥x7= 616.7 
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The coefficient of correlation, 
aE 
Vo) (©) 


613.4 
= = 0.667 
J(616.7)(1372.7) 


Thus, there is no appreciable correlation between 
petrol and car sales. 


Now try the following exercise 


Exercise 142 Further problems on linear 
correlation 


In Problems 1 to 3, determine the coefficient 
of correlation for the data given, correct to 3 
decimal places. 


1 X 14 18 23 30 50 
Y 900 1200 1600 2100 3800 
[0.999] 

2. X 2.7 4.3 1.2 14 49 
Y 11.9 7.10 33.8 25.0 7.50 
[—0.916] 

3. X 24 41 9 18 73 

Y 39 46 90 30 98 
[0.422] 
4. In an experiment to determine the rela- 
tionship between the current flowing in an 


electrical circuit and the applied voltage, 
the results obtained are: 


Current (mA) 5 11 15 19 24 28 33 
Applied 
voltage (V) 2 4 6 8 10 12 14 


Determine, using the product-moment 
formula, the coefficient of correlation for 
these results. [0.999] 


5. A gas is being compressed in a closed 
cylinder and the values of pressures and 
corresponding volumes at constant tem- 
perature are as shown: 


Pressure 
(kPa) 160 180 200 220 


Volume (m3) 0.034 0.036 0.030 0.027 


Pressure 
(kPa) 240 260 280 300 


Volume (m3) 0.024 0.025 0.020 0.019 


Find the coefficient of correlation for 
these values. [—0.962] 


The relationship between the number of 
miles travelled by a group of engineering 
salesmen in ten equal time periods and 
the corresponding value of orders taken 
is given below. Calculate the coefficient 
of correlation using the product-moment 
formula for these values. 


Miles 
travelled 1370 ~=1050 980 1770 1340 


Orders taken 
(£'000) 23 17 19 22 27 


Miles 
travelled 1560 2110 1540 1480 1670 


Orders taken 
(£’000) 23 30 23 25 19 


[0.632] 


The data shown below refers to the num- 
ber of times machine tools had to be taken 
out of service, in equal time periods, 
due to faults occurring and the number 
of hours worked by maintenance teams. 
Calculate the coefficient of correlation for 
this data. 


Machines 
out of 
service: 4 13 2 9 16 8 7 


Maintenance 
hours: 400 515 360 440 570 380 415 


[0.937] 
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Linear regression 


42.1 Introduction to linear regression 


Regression analysis, usually termed regression, is 
used to draw the line of ‘best fit’ through co- 
ordinates on a graph. The techniques used enable 
a mathematical equation of the straight line form 
y = mx +c to be deduced for a given set of co- 
ordinate values, the line being such that the sum 
of the deviations of the co-ordinate values from the 
line is a minimum, i.e. it is the line of ‘best fit’. 
When a regression analysis is made, it is possible to 
obtain two lines of best fit, depending on which vari- 
able is selected as the dependent variable and which 
variable is the independent variable. For example, 
in a resistive electrical circuit, the current flowing 
is directly proportional to the voltage applied to the 
circuit. There are two ways of obtaining experimen- 
tal values relating the current and voltage. Either, 
certain voltages are applied to the circuit and the 
current values are measured, in which case the volt- 
age is the independent variable and the current is the 
dependent variable; or, the voltage can be adjusted 
until a desired value of current is flowing and the 
value of voltage is measured, in which case the cur- 
rent is the independent value and the voltage is the 
dependent value. 


42.2 The least-squares regression lines 


For a given set of co-ordinate values, (X,Y), 
(Xo, Y2),..., (Xn, Yn) let the X values be the inde- 
pendent variables and the Y-values be the dependent 
values. Also let D;,...,D, be the vertical distances 
between the line shown as PQ in Fig. 42.1 and the 
points representing the co-ordinate values. The least- 
squares regression line, i.e. the line of best fit, is the 
line which makes the value of D7 + D5 + +--+ D? 
a minimum value. 

The equation of the least-squares regression line 
is usually written as Y = ag + a,X, where ao is 
the Y-axis intercept value and a, is the gradient 
of the line (analogous to c and m in the equation 
y = mx +c). The values of a) and a; to make the 
sum of the ‘deviations squared’ a minimum can be 


xy 


Figure 42.1 


obtained from the two equations: 


SY =aN +a, 5_>X (1) 
SOXY) =a) X44, 5° xX? (2) 


where X and Y are the co-ordinate values, N is the 
number of co-ordinates and ao and a, are called the 
regression coefficients of Y on X. Equations (1) 
and (2) are called the normal equations of the 
regression line of Y on X. The regression line of 
Y on X is used to estimate values of Y for given 
values of X. 

If the Y-values (vertical-axis) are selected as 
the independent variables, the horizontal distances 
between the line shown as PQ in Fig. 42.1 and the 
co-ordinate values (H3, H4, etc.) are taken as the 
deviations. The equation of the regression line is of 
the form: X = bj) + b,Y and the normal equations 
become: 


SUX =bN+b,S Y (3) 
SOXY) =bo YoY +b, 5° Y? (4) 
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where X and Y are the co-ordinate values, bo and 
b, are the regression coefficients of X on Y and 
N is the number of co-ordinates. These normal 
equations are of the regression line of X on Y, 
which is slightly different to the regression line of 
Y on X. The regression line of X on Y is used 
to estimate values of X for given values of Y. 
The regression line of Y on X is used to deter- 
mine any value of Y corresponding to a given 
value of X. If the value of Y lies within the range 
of Y-values of the extreme co-ordinates, the pro- 
cess of finding the corresponding value of X is 
called linear interpolation. If it lies outside of the 
range of Y-values of the extreme co-ordinates then 
the process is called linear extrapolation and the 
assumption must be made that the line of best fit 
extends outside of the range of the co-ordinate val- 
ues given. 

By using the regression line of X on Y, values of 
X corresponding to given values of Y may be found 
by either interpolation or extrapolation. 


42.3. Worked problems on linear 
regression 


Problem 1. In an experiment to determine 
the relationship between frequency and the 
inductive reactance of an electrical circuit, 

the following results were obtained: 


Frequency (Hz) 50 100 150 


Inductive 
reactance (ohms) 30 8 65 90 


Frequency (Hz) 200 250 300 350 


Inductive 
reactance (ohms) 130 150 190 200 


Determine the equation of the regression line 
of inductive reactance on frequency, assum- 
ing a linear relationship 


Since the regression line of inductive reactance on 
frequency is required, the frequency is the indepen- 
dent variable, X, and the inductive reactance is the 
dependent variable, Y. The equation of the regres- 
sion line of Y on X is: 


Y=ajo+qX, 


and the regression coefficients ag and a; are obtained 
by using the normal equations 


S(Y¥ =aN+a,5_X 
and S°X¥Y =a) X+a,)_X° 


(from equations (1) and (2)) 


A tabular approach is used to determine the summed 
quantities. 


Frequency, X | Inductive x 
reactance, Y 


2500 
10000 
22 500 
40 000 
62 500 
90 000 

122500 


xX = 1400 | SY =855 | > xX? = 350000 


SD XY = 212000 So ¥? = 128725 


The number of co-ordinate values given, N is 7. 
Substituting in the normal equations gives: 


855 = Tay + 1400a, (1) 
212.000 = 1400a9 + 350000a, (2) 


1400 x (1) gives: 
1 197000 = 9800dp + 1960 000a, (3) 
7 x (2) gives: 
1484 000 = 9800d9 + 2 450 000a, (4) 
(4)—(3) gives: 
287 000 = 0 + 490 000a, 


287 000 


= Z0000 ~ 258° 


from which, aq, 
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Substituting a; = 0.586 in equation (1) gives: 


855 = Jao + 1400(0.586) 


__ 855 — 820.4 


ie. dg= 5 =A 04 


Thus the equation of the regression line of inductive 
reactance on frequency is: 


Y = 4.94 + 0.586 X 


Problem 2. For the data given in Prob- 
lem 1, determine the equation of the 


regression line of frequency on inductive 
reactance, assuming a linear relationship 


In this case, the inductive reactance is the indepen- 
dent variable X and the frequency is the dependent 
variable Y. From equations 3 and 4, the equation of 
the regression line of X on Y is: 


X=bot+ hy, 


and the normal equations are 
S°X=bN+b 5 Y 
and S°XY=bS Y¥+b,) Y° 


From the table shown in Problem 1, the simultane- 
ous equations are: 


1400 = 7bp + 855d, 
212 000 = 855b9 + 128725), 


Solving these equations in a similar way to that in 
problem | gives: 


bo = —6.15 
and b,; = 1.69, correct to 3 significant figures. 


Thus the equation of the regression line of frequency 
on inductive reactance is: 


X = —6.15+1.69Y 


Problem 3. 


Use the regression equations 
calculated in Problems | and 2 to find (a) the 
value of inductive reactance when the 
frequency is 175 Hz, and (b) the value of 
frequency when the inductive reactance is 
250 ohms, assuming the line of best fit 
extends outside of the given co-ordinate 


LINEAR REGRESSION = 353 


values. Draw a graph showing the two 
regression lines 


(a) From Problem 1, the regression equation of 
inductive reactance on frequency is: 
Y = 4.94+0.586X. When the frequency, X, is 
175 Hz, Y = 4.94 + 0.586(175) = 107.5, cor- 
rect to 4 significant figures, i.e. the inductive 
reactance is 107.5 ohms when the frequency 
is 175 Hz. 


(b) From Problem 2, the regression equation of 
frequency on inductive reactance is: 
X = —6.15+ 1.69Y. When the inductive 
reactance, Y, is 250 ohms, X = —6.15 + 
1.69(250) = 416.4 Hz, correct to 4 significant 
figures, i.e. the frequency is 416.4 Hz when 
the inductive reactance is 250 ohms. 

The graph depicting the two regression lines is 
shown in Fig. 42.2. To obtain the regression line 
of inductive reactance on frequency the regression 
line equation Y = 4.94 + 0.586X is used, and 
X (frequency) values of 100 and 300 have been 
selected in order to find the corresponding Y values. 
These values gave the co-ordinates as (100, 63.5) 
and (300, 180.7), shown as points A and B in 
Fig. 42.2. Two co-ordinates for the regression line 
of frequency on inductive reactance are calculated 
using the equation X = —6.15 + 1.69Y, the val- 
ues of inductive reactance of 50 and 150 being used 
to obtain the co-ordinate values. These values gave 
co-ordinates (78.4, 50) and (247.4, 150), shown as 
points C and D in Fig. 42.2. 


yA 
300 |- 
250 
200 
150 


100 


Inductive reactance in ohms 


50 


0 100 200 300 400 500 
Frequency in hertz 


Figure 42.2 
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It can be seen from Fig. 42.2 that to the scale 
drawn, the two regression lines coincide. Although 
it is not necessary to do so, the co-ordinate values 
are also shown to indicate that the regression lines 
do appear to be the lines of best fit. A graph showing 
co-ordinate values is called a scatter diagram in 
statistics. 


Problem 4. The experimental values 
relating centripetal force and radius, for a 
mass travelling at constant velocity in a 
circle, are as shown: 


Force (N) 


5 10 15 20 25 30 35 40 
Radius (cm) 55 30 16 12 11 9 7 5 


Determine the equations of (a) the regression 
line of force on radius and (b) the regression 
line of radius on force. Hence, calculate the 
force at a radius of 40 cm and the radius 
corresponding to a force of 32 N 


Let the radius be the independent variable X, and the 
force be the dependent variable Y. (This decision is 
usually based on a ‘cause’ corresponding to X and 
an ‘effect’ corresponding to Y). 


(a) The equation of the regression line of force on 
radius is of the form Y = ag + a,X and the 


constants aj and a; are determined from the 
normal equations: 


SY =aN +a, 5_X 
and S°XY¥Y Say) X+a,)_X° 


(from equations (1) and (2)) 


Using a tabular approach to determine the 
values of the summations gives: 


> X = 145 | SY = 180 | >> xX? = 4601 


(b) 


SIXY =2045 | Sy? =5100 


180 = 8a9 + 145a, 
and 2045 = 145ay + 4601a, 


Thus 


Solving these simultaneous equations gives 
do = 33.7 and a,j = —0.617, correct to 3 
significant figures. Thus the equation of the 
regression line of force on radius is: 


Y = 33.7 — 0.617X 


The equation of the regression line of radius 
on force is of the form X = bp) + bY and the 
constants bo and b,; are determined from the 
normal equations: 


SX =bN+b, 5 Y 
and S°XY=b)S Y¥+b,))Y° 


(from equations (3) and (4)) 
The values of the summations have been 
obtained in part (a) giving: 
145 = 8bo + 1805, 
and 2045 = 180b9 + 5100, 
Solving these simultaneous equations gives 
bo = 44.2 and b; = —1.16, correct to 3 


significant figures. Thus the equation of the 
regression line of radius on force is: 


X = 44.2 —1.16Y 


The force, Y, at a radius of 40 cm, is obtained 
from the regression line of force on radius, i.e. 
Y = 33.7 — 0.617(40) = 9.02, 


i.e. the force at a radius of 40 cm is 9.02 N 
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The radius, X, when the force is 32 Newton’s 
is obtained from the regression line of radius 
on force, i.e. X = 44.2 — 1.16(32) = 7.08, 


i.e. the radius when the force is 32 N is 7.08 cm 


Now try the following exercise 


Exercise 143 Further problems on linear 
regression 


In Problems | and 2, determine the equation 
of the regression line of Y on X, correct to 3 
significant figures. 


1. xX 14 18 23 30 50 
Y 900 1200 1600 2100 3800 


[Y = —256 + 80.6X] 
2X6 3 9 15 2 14 21 = «13 


Y 130.720 3.705 2.9 45 27 
[Y = 0.0477 + 0.216X] 


In Problems 3 and 4, determine the equations 
of the regression lines of X on Y for the data 
stated, correct to 3 significant figures. 


3. The data given in Problem 1. 
[X = 3.20 + 0.0124Y] 

4. The data given in Problem 2. 
[X = —0.0472 + 4.56Y] 


5. The relationship between the voltage 
applied to an electrical circuit and the 
current flowing is as shown: 


Curent 2 4 6 8 10 12 14 
(mA) 
Applied 5 11 15 19 24 28 33 


voltage (V) 


Assuming a linear relationship, deter- 
mine the equation of the regression line 
of applied voltage, Y, on current, X, cor- 
rect to 4 significant figures. 


[Y = 1.117 + 2.268X] 


6. For the data given in Problem 5, 
determine the equation of the regression 


Force (N) 
Time (s) 


Force (N) 
Time (s) 


LINEAR REGRESSION 


line of current on applied voltage, 
correct to 3 significant figures. 


[X = —0.483 + 0.440Y] 


Draw the scatter diagram for the data 
given in Problem 5 and show the 
regression lines of applied voltage on 
current and current on applied voltage. 
Hence determine the values of (a) the 
applied voltage needed to give a current 
of 3 mA and (b) the current flowing 
when the applied voltage is 40 volts, 
assuming the regression lines are still 
true outside of the range of values given. 


[(a) 7.92 V(b) 17.1 mA] 


In an experiment to determine the rela- 
tionship between force and momentum, 
a force, X, is applied to a mass, by plac- 
ing the mass on an inclined plane, and 
the time, Y, for the velocity to change 
from u m/s to v m/s is measured. The 
results obtained are as follows: 


11.4 
0.56 


11.7 
0.55 


18.7 
0.35 


12.3 
0.52 


14.7 
0.43 


18.8 19.6 
0.34 0.3 


Determine the equation of the regression 
line of time on force, assuming a linear 
relationship between the quantities, 
correct to 3 significant figures. 


[Y = 0.881 — 0.0290X] 


Find the equation for the regression line 
of force on time for the data given in 
Problem 8, correct to 3 decimal places. 


[X = 30.187 — 34.041¥] 


Draw a scatter diagram for the data given 
in Problem 8 and show the regression 
lines of time on force and force on time. 
Hence find (a) the time corresponding to 
a force of 16 N, and (b) the force at a 
time of 0.25 s, assuming the relationship 
is linear outside of the range of values 
given. 


[(a) 0.417 s 


(b) 21.7 N] 
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Sampling and estimation theories 


43.1 Introduction 


The concepts of elementary sampling theory and 
estimation theories introduced in this chapter will 
provide the basis for a more detailed study of inspec- 
tion, control and quality control techniques used in 
industry. Such theories can be quite complicated; 
in this chapter a full treatment of the theories and 
the derivation of formulae have been omitted for 
clarity—basic concepts only have been developed. 


43.2 Sampling distributions 


In statistics, it is not always possible to take into 
account all the members of a set and in these cir- 
cumstances, a sample, or many samples, are drawn 
from a population. Usually when the word sample 
is used, it means that a random sample is taken. If 
each member of a population has the same chance 
of being selected, then a sample taken from that 
population is called random. A sample that is not 
random is said to be biased and this usually occurs 
when some influence affects the selection. 

When it is necessary to make predictions about a 
population based on random sampling, often many 
samples of, say, N members are taken, before the 
predictions are made. If the mean value and standard 
deviation of each of the samples is calculated, it is 
found that the results vary from sample to sample, 
even though the samples are all taken from the same 
population. In the theories introduced in the follow- 
ing sections, it is important to know whether the 
differences in the values obtained are due to chance 
or whether the differences obtained are related in 
some way. If M samples of N members are drawn 
at random from a population, the mean values for the 
M samples together form a set of data. Similarly, the 
standard deviations of the M samples collectively 
form a set of data. Sets of data based on many 
samples drawn from a population are called sam- 
pling distributions. They are often used to describe 
the chance fluctuations of mean values and standard 
deviations based on random sampling. 


43.3 The sampling distribution of the 
means 


Suppose that it is required to obtain a sample of two 
items from a set containing five items. If the set is 
the five letters A, B, C, D and E, then the different 
samples that are possible are: 


AB, AC, AD, AE, BC, BD, BE, 
CD, CE and DE, 


that is, ten different samples. The number of pos- 
sible different samples in this case is given by 


5! 
Cp = aa 10, from combinations on pages 112 
and 332. Similarly, the number of different ways in 


which a sample of three items can be drawn from a 


set having ten members, !°C3 = AUT = 120. It fol- 
lows that when a small sample is drawn from a large 
population, there are very many different combina- 
tions of members possible. With so many different 
samples possible, quite a large variation can occur 
in the mean values of various samples taken from 
the same population. 

Usually, the greater the number of members in 
a sample, the closer will be the mean value of the 
sample to that of the population. Consider the set 
of numbers 3, 4, 5, 6 and 7. For a sample of 2 


. 34+4 
members, the lowest value of the mean is a 


7 
i.e. 3.5; the highest is as 


of mean values of 6.5 — 3.5 = 3. For a sample of 
3+4+4+5 m 5+6+7 


, Le. 6.5, giving a range 


3 members, the range is, 


that is, 2. As the number in the sample increases, 
the range decreases until, in the limit, if the sample 
contains all the members of the set, the range of 
mean values is zero. When many samples are drawn 
from a population and a sample distribution of the 
mean values of the samples is formed, the range of 
the mean values is small provided the number in the 
sample is large. Because the range is small it follows 
that the standard deviation of all the mean values 
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will also be small, since it depends on the distance 
of the mean values from the distribution mean. 
The relationship between the standard deviation of 
the mean values of a sampling distribution and the 
number in each sample can be expressed as follows: 


Theorem 1 


‘Tf all possible samples of size N are drawn from a 
finite population, N ,, without replacement, and the 
standard deviation of the mean values of the sampling 
distribution of means is determined, then: 


o 
ox = —,/ —— 
: V N Ny — 1 
where oz is the standard deviation of the sampling 


distribution of means and o is the standard deviation 
of the population’ 


The standard deviation of a sampling distribution 
of mean values is called the standard error of the 
means, thus 


standard error of the means, 


ia Na (1) 
N,—1 


Equation (1) is used for a finite population of size 
N, and/or for sampling without replacement. The 
word ‘error’ in the ‘standard error of the means’ 
does not mean that a mistake has been made but 
rather that there is a degree of uncertainty in pre- 
dicting the mean value of a population based on the 
mean values of the samples. The formula for the 
standard error of the means is true for all values 
of the number in the sample, N. When N, is very 
large compared with N or when the population is 
infinite (this can be considered to be the case when 
sampling is done with replacement), the correction 


Ny- 


factor ,/ ———— 
N,-1 


approaches unity and equation (1) 


becomes 
od (2) 
oo = — 
VN 


Equation (2) is used for an infinite population and/or 
for sampling with replacement. 


Theorem 2 


‘Tf all possible samples of size N are drawn from 
a population of size N, and the mean value of the 
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sampling distribution of means [lz is determined then 
px = bh (3) 
where jt is the mean value of the population’ 


In practice, all possible samples of size N are not 
drawn from the population. However, if the sample 
size is large (usually taken as 30 or more), then 
the relationship between the mean of the sampling 
distribution of means and the mean of the population 
is very near to that shown in equation (3). Similarly, 
the relationship between the standard error of the 
means and the standard deviation of the population 
is very near to that shown in equation (2). 

Another important property of a sampling distri- 
bution is that when the sample size, N, is large, 
the sampling distribution of means approximates 
to a normal distribution, of mean value jz and 
standard deviation oy. This is true for all normally 
distributed populations and also for populations that 
are not normally distributed provided the popula- 
tion size is at least twice as large as the sample 
size. This property of normality of a sampling dis- 
tribution is based on a special case of the ‘cen- 
tral limit theorem’, an important theorem relating 
to sampling theory. Because the sampling distribu- 
tion of means and standard deviations is normally 
distributed, the table of the partial areas under the 
standardised normal curve (shown in Table 40.1 on 
page 341) can be used to determine the probabilities 
of a particular sample lying between, say, +1 stan- 
dard deviation, and so on. This point is expanded in 
Problem 3. 


Problem 1. The heights of 3000 people are 


normally distributed with a mean of 175 cm, 
and a standard deviation of 8 cm. If random 
samples are taken of 40 people, predict the 


standard deviation and the mean of the 
sampling distribution of means if sampling is 
done (a) with replacement, and (b) without 
replacement 


For the population: number of members, 
N, = 3000; standard deviation, o = 8 cm; mean, 
w= 175 cm 

For the samples: number in each sample, N = 40 


(a) When sampling is done with replacement, 
the total number of possible samples (two 
or more can be the same) is infinite. Hence, 
from equation (2) the standard error of the 
mean 
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(i.e. the standard deviation of the sampling 
distribution of means), 


Oo 8 
~ JN 40 


From equation (3), the mean of the sampling 
distribution, uw; = w = 175 cm. 


= 1.265 cm 


OX 


(b) When sampling is done without replacement, 
the total number of possible samples is finite 
and hence equation (1) applies. Thus the stan- 
dard error of the means 


oO N,—N 
or = —, | —— 
VN\V N,-1 

_ 8 3000 — 40 

~ /40\) 3000-1 


= (1.265)(0.9935) = 1.257 em 


As stated, following equation (3), provided the 
sample size is large, the mean of the sampling 
distribution of means is the same for both 
finite and infinite populations. Hence, from 
equation (3), 


bx = 175 cm 
Problem 2. 1500 ingots of a metal have a 


mean mass of 6.5 kg and a standard 
deviation of 0.5 kg. Find the probability that 


a sample of 60 ingots chosen at random from 
the group, without replacement, will have a 
combined mass of (a) between 378 and 

396 kg, and (b) more than 399 kg 


For the population: numbers of members, 

N, = 1500; standard deviation, o = 0.5 kg; mean 
pu = 6.5 kg 

For the sample: number in sample, VN = 60 

If many samples of 60 ingots had been drawn from 
the group, then the mean of the sampling distribution 
of means, {tz would be equal to the mean of the 
population. Also, the standard error of means is 
given by 


— oO N,p—N 
* J/NV Ny-1 


In addition, the sample distribution would have 
been approximately normal. Assume that the sample 


given in the problem is one of many samples. For 
many (theoretical) samples: 


the mean of the sampling distribution 


of means, Wz = “ = 6.5 kg 


Also, the standard error of the means, 


(on N,p—N 
OF it 
JN\V N,-1 
_ 0.5. /1500 — 60 
~ 60 \ 1500 — 1 
= 0.0633 kg 


Thus, the sample under consideration is part of a 
normal distribution of mean value 6.5 kg and a 
standard error of the means of 0.0633 kg. 


(a) If the combined mass of 60 ingots is between 
378 and 396 kg, then the mean mass of each 

: ; 378 396 
of the 60 ingots lies between rt and —— kg, 


60 
i.e. between 6.3 kg and 6.6 kg. 


Since the masses are normally distributed, it is 
possible to use the techniques of the normal 
distribution to determine the probability of the 
mean mass lying between 6.3 and 6.6 kg. The 
normal standard variate value, z, is given by 


hence for the sampling distribution of means, 
this becomes, 


_ xX Bx 


Ox 


z 


Thus, 6.3 kg corresponds to a z-value of 


= = —3.16 standard deviations. 
0.0633 

Similarly, 6.6 kg corresponds to a z-value of 

6.6 — 

00633 = 1.58 standard deviations. 


Using Table 40.1 (page 341), the areas corre- 
sponding to these values of standard deviations 
are 0.4992 and 0.4430 respectively. Hence the 
probability of the mean mass lying between 
6.3 kg and 6.6 kg is 0.4992 + 0.4430 = 
0.9422. (This means that if 10000 samples are 
drawn, 9422 of these samples will have a com- 
bined mass of between 378 and 396 kg.) 
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(b) 


If the combined mass of 60 ingots is 399 kg, 


the mean mass of each ingot is 0” that is, 


6.65 kg. 


6.65 — 6.5 
The z-value for 6.65 kg is —————., ie 


2.37 standard deviations. From Table 40.1 


(page 341), the area corresponding to this z- 
value is 0.4911. But this is the area between 
0 and ordinate z = 2.37. 
The ‘more than’ value required is the total 
area to the right of the z = 0 ordinate, less 
the value between z = O and z = 2.37, ie. 


the ordinate z = 


0.5000 — 0.4911. 


Thus, since areas are proportional to proba- 
bilities for the standardised normal curve, the 
probability of the mean mass being more 
than 6.65 kg is 0.5000 — 0.4911, i.e. 0.0089. 
(This means that only 89 samples in 10000, for 
example, will have a combined mass exceeding 


399 kg.) 


Now try the following exercise 


Exercise 144 Further problems on _ the 
sampling distribution of 
means 


1. The lengths of 1500 bolts are normally 
distributed with a mean of 22.4 cm and 
a standard deviation of 0.0438 cm. If 
30 samples are drawn at random from 
this population, each sample being 36 
bolts, determine the mean of the sampling 
distribution and standard error of the 
means when sampling is done with 
replacement. 


[1x = 22.4 cm, ox = 0.0080 cm] 


2. Determine the standard error of the means 
in Problem 1, if sampling is done without 
replacement, correct to four decimal 
places. [oz = 0.0079 cm] 


3. A power punch produces 1800 washers 
per hour. The mean inside diameter of 
the washers is 1.70 cm and the standard 
deviation is 0.013 mm. Random samples 
of 20 washers are drawn every 5 minutes. 
Determine the mean of the sampling 
distribution of means and the standard 
error of the means for one hour’s output 
from the punch, (a) with replacement and 


(b) without replacement, correct to three 
significant figures. 


(a) pxz=1.70 cm, 

oz = 2.91 x 1073 cm 
(b) jz = 1.70 cm, 

oz = 2.89 x 107-3 cm 


A large batch of electric light bulbs have 
a mean time to failure of 800 hours 
and the standard deviation of the 
batch is 60 hours. Use this data and 
also Table 40.1 on page 341 to solve 
Problems 4 to 6. 


4. If a random sample of 64 light bulbs 
is drawn from the batch, determine the 
probability that the mean time to failure 
will be less than 785 hours, correct to 
three decimal places. [0.023] 


5. Determine the probability that the mean 
time to failure of a random sample of 
16 light bulbs will be between 790 hours 
and 810 hours, correct to three decimal 
places. [0.497] 


6. For a random sample of 64 light bulbs, 
determine the probability that the mean 
time to failure will exceed 820 hours, 
correct to two significant figures. 


[0.0038] 


43.4 The estimation of population 
parameters based on a large 
sample size 


When a population is large, it is not practical to 
determine its mean and standard deviation by using 
the basic formulae for these parameters. In fact, 
when a population is infinite, it is impossible to 
determine these values. For large and infinite popu- 
lations the values of the mean and standard deviation 
may be estimated by using the data obtained from 
samples drawn from the population. 


Point and interval estimates 


An estimate of a population parameter, such as mean 
or standard deviation, based on a single number is 
called a point estimate. An estimate of a popula- 
tion parameter given by two numbers between which 
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the parameter may be considered to lie is called 
an interval estimate. Thus if an estimate is made 
of the length of an object and the result is quoted 
as 150 cm, this is a point estimate. If the result is 
quoted as 150 + 10 cm, this is an interval estimate 
and indicates that the length lies between 140 and 
160 cm. Generally, a point estimate does not indi- 
cate how close the value is to the true value of the 
quantity and should be accompanied by additional 
information on which its merits may be judged. A 
statement of the error or the precision of an esti- 
mate is often called its reliability. In statistics, when 
estimates are made of population parameters based 
on samples, usually interval estimates are used. The 
word estimate does not suggest that we adopt the 
approach ‘let’s guess that the mean value is about..’, 
but rather that a value is carefully selected and the 
degree of confidence which can be placed in the 
estimate is given in addition. 


Confidence intervals 


It is stated in Section 43.3 that when samples are 
taken from a population, the mean values of these 
samples are approximately normally distributed, that 
is, the mean values forming the sampling distribu- 
tion of means is approximately normally distributed. 
It is also true that if the standard deviation of each 
of the samples is found, then the standard devi- 
ations of all the samples are approximately nor- 
mally distributed, that is, the standard deviations 
of the sampling distribution of standard deviations 
are approximately normally distributed. Parameters 
such as the mean or the standard deviation of a sam- 
pling distribution are called sampling statistics, S. 
Let zs be the mean value of a sampling statistic 
of the sampling distribution, that is, the mean value 
of the means of the samples or the mean value of 
the standard deviations of the samples. Also, let os 
be the standard deviation of a sampling statistic of 
the sampling distribution, that is, the standard devi- 
ation of the means of the samples or the standard 
deviation of the standard deviations of the samples. 
Because the sampling distribution of the means and 
of the standard deviations are normally distributed, it 
is possible to predict the probability of the sampling 
statistic lying in the intervals: 


mean + | standard deviation, 
mean + 2 standard deviations, 


or mean-+3 standard deviations, 


by using tables of the partial areas under the 
standardised normal curve given in Table 40.1 on 


page 341. From this table, the area corresponding 
to a z-value of +1 standard deviation is 0.3413, 
thus the area corresponding to +1 standard deviation 
is 2 x 0.3413, that is, 0.6826. Thus the percentage 
probability of a sampling statistic lying between the 
mean +1 standard deviation is 68.26%. Similarly, 
the probability of a sampling statistic lying between 
the mean +2 standard deviations is 95.44% and 
of lying between the mean +3 standard deviations 
is 99.74% 

The values 68.26%, 95.44% and 99.74% are 
called the confidence levels for estimating a sam- 
pling statistic. A confidence level of 68.26% is 
associated with two distinct values, these being, 
S—(1_ standard deviation), i.e. S — os and 
S + (1 standard deviation), i.e. S + o5. These two 
values are called the confidence limits of the esti- 
mate and the distance between the confidence lim- 
its is called the confidence interval. A confidence 
interval indicates the expectation or confidence of 
finding an estimate of the population statistic in that 
interval, based on a sampling statistic. The list in 
Table 43.1 is based on values given in Table 40.1, 
and gives some of the confidence levels used in 
practice and their associated z-values; (some of the 
values given are based on interpolation). When the 
table is used in this context, z-values are usually 
indicated by ‘zc’ and are called the confidence co- 
efficients. 


Table 43.1 


Confidence coefficient, 


Confidence level, 
% 


Any other values of confidence levels and their 
associated confidence coefficients can be obtained 
using Table 40.1. 


Problem 3. Determine the confidence 


coefficient corresponding to a confidence 
level of 98.5% 


98.5% is equivalent to a per unit value of 0.9850. 
This indicates that the area under the standardised 
normal curve between —zc and +7Zc, i.e. corre- 
sponding to 2z¢, is 0.9850 of the total area. Hence 
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0.9850 
the area between the mean value and zc is 


i.e. 0.4925 of the total area. The z-value correspond- 
ing to a partial area of 0.4925 is 2.43 standard 
deviations from Table 40.1. Thus, the confidence 
coefficient corresponding to a confidence limit of 
98.5% is 2.43 


(a) Estimating the mean of a population when the 
standard deviation of the population is known 


When a sample is drawn from a large population 
whose standard deviation is known, the mean value 
of the sample, x, can be determined. This mean 
value can be used to make an estimate of the mean 
value of the population, jz. When this is done, the 
estimated mean value of the population is given as 
lying between two values, that is, lying in the con- 
fidence interval between the confidence limits. If a 
high level of confidence is required in the estimated 
value of jz, then the range of the confidence interval 
will be large. For example, if the required confidence 
level is 96%, then from Table 43.1 the confidence 
interval is from —zc to +zZc, that is, 2 x 2.05 = 4.10 
standard deviations wide. Conversely, a low level 
of confidence has a narrow confidence interval and 
a confidence level of, say, 50%, has a confidence 
interval of 2 x 0.6745, that is 1.3490 standard devi- 
ations. The 68.26% confidence level for an estimate 
of the population mean is given by estimating that 
the population mean, j, is equal to the same mean, 
x, and then stating the confidence interval of the 
estimate. Since the 68.26% confidence level is asso- 
ciated with ‘+1 standard deviation of the means of 
the sampling distribution’, then the 68.26% confi- 
dence level for the estimate of the population mean 
is given by: 


xX + los 


In general, any particular confidence level can be 
obtained in the estimate, by using ¥ + zcoz, where 
Zc is the confidence coefficient corresponding to 
the particular confidence level required. Thus for a 
96% confidence level, the confidence limits of the 
population mean are given by X+ 2.050%. Since only 
one sample has been drawn, the standard error of the 
means, o;, is not known. However, it is shown in 
Section 43.3 that 
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Thus, the confidence limits of the mean of the 
population are: 


(4) 


for a finite population of size N, 
The confidence limits for the mean of the pop- 
ulation are: 
=, *Cco 
¥ + — (5) 
JN 


for an infinite population. 

Thus for a sample of size N and mean xX, drawn 
from an infinite population having a standard devi- 
ation of o, the mean value of the population is 
estimated to be, for example, 


2.330 
JN 


for a confidence level of 98%. This indicates that 
the mean value of the population lies between 


x 


2.330 2.330 
JN JN’ 


with 98% confidence in this prediction. 


and x + 


Problem 4. It is found that the standard 
deviation of the diameters of rivets produced 
by a certain machine over a long period of 
time is 0.018 cm. The diameters of a random 
sample of 100 rivets produced by this 
machine in a day have a mean value of 


0.476 cm. If the machine produces 2500 
rivets a day, determine (a) the 90% confi- 
dence limits, and (b) the 97% confidence 
limits for an estimate of the mean diameter 
of all the rivets produced by the machine in 
a day 


For the population: 


standard deviation, o = 0.018 cm 
number in the population, N, = 2500 

For the sample: 

number in the sample, N = 100 

mean, x = 0.476 cm 
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There is a finite population and the standard devi- 
ation of the population is known, hence expres- 
sion (4) is used for determining an estimate of the 
confidence limits of the population mean, i.e. 


(a) For a 90% confidence level, the value of 
zc, the confidence coefficient, is 1.645 from 
Table 43.1. Hence, the estimate of the confi- 
dence limits of the population mean, 


w= 0.476 
(2.10018) 2500 — 100 
100 2500 — 1 


= 0.476 + (0.00296)(0.9800) 
= 0.476 + 0.0029 cm 


Thus, the 90% confidence limits are 0.473 cm 
and 0.479 cm. 


This indicates that if the mean diameter of a 
sample of 100 rivets is 0.476 cm, then it is 
predicted that the mean diameter of all the 
rivets will be between 0.473 cm and 0.479 cm 
and this prediction is made with confidence that 
it will be correct nine times out of ten. 


(b) For a 97% confidence level, the value of zc 
has to be determined froma table of par- 
tial areas under the standardised normal curve 
given in Table 40.1, as it is not one of the val- 
ues given in Table 43.1. The total area between 
ordinates drawn at —zc and +zc has to be 


0.9700. Because the is oat i.e. 0.4850. 


From Table 40.1 an area of 0.4850 corresponds 
to a zc value of 2.17. Hence, the estimated 
value of the confidence limits of the population 
mean is between 


eo a 
Np-1 
= 0.476 
(a) 2500 — 100 
100 2500 — 1 
= 0.476 + (0.0039)(0.9800) 
= 0.476 + 0.0038 


Thus, the 97% confidence limits are 0.472 cm 
and 0.480 cm. 


It can be seen that the higher value of con- 
fidence level required in part (b) results in a 
larger confidence interval. 


Problem 5. The mean diameter of a long 
length of wire is to be determined. The 
diameter of the wire is measured in 25 places 
selected at random throughout its length and 
the mean of these values is 0.425 mm. If the 
standard deviation of the diameter of the 


wire is given by the manufacturers as 

0.030 mm, determine (a) the 80% confidence 
interval of the estimated mean diameter of 
the wire, and (b) with what degree of 
confidence it can be said that ‘the mean 
diameter is 0.425 + 0.012 mm’ 


For the population: o = 0.030 mm 
For the sample: N = 25, x = 0.425 mm 

Since an infinite number of measurements can 
be obtained for the diameter of the wire, the pop- 
ulation is infinite and the estimated value of the 
confidence interval of the population mean is given 
by expression (5). 


(a) For an 80% confidence level, the value of zc 
is obtained from Table 43.1 and is 1.28. 


The 80% confidence level estimate of the con- 
fidence interval of 


Zco 


JN 
= 0.425 + 


wa=xt 


(1.28)(0.030) 
25 
= 0.425 + 0.0077 mm 


ie. the 80% confidence interval is from 
0.417 mm to 0.433 mm. 


This indicates that the estimated mean diam- 
eter of the wire is between 0.417 mm and 
0.433 mm and that this prediction is likely to 
be correct 80 times out of 100 


(b) To determine the confidence level, the given 
data is equated to expression (5), giving: 


oO 


0.425 + 0.012 =¥+z¢ 
JN 
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But x = 0.425, therefore 
o 


er = +0.012 
a 
0.012./N 
1.€. LC. = 
(on 
_ 0.01295) _ 
0.030 


Using Table 40.1 of partial areas under the 
standardised normal curve, a zc value of 2 
standard deviations corresponds to an area of 
0.4772 between the mean value (zc = 0) and 
+2 standard deviations. Because the standard- 
ised normal curve is symmetrical, the area 
between the mean and -+£2 standard deviations 
is 0.4772 x 2, i.e. 0.9544 


Thus the confidence level corresponding to 
0.425 + 0.012 mm is 95.44%. 


(b) Estimating the mean and standard deviation of a 
population from sample data 


The standard deviation of a large population is not 
known and, in this case, several samples are drawn 
from the population. The mean of the sampling dis- 
tribution of means, juz and the standard deviation of 
the sampling distribution of means (i.e. the standard 
error of the means), o, may be determined. The con- 
fidence limits of the mean value of the population, 
jl, are given by: 


by = Zc OF (6) 


where Zc is the confidence coefficient corresponding 
to the confidence level required. 

To make an estimate of the standard deviation, o, 
of a normally distributed population: 


(i) a sampling distribution of the standard devia- 
tions of the samples is formed, and 


Gi) the standard deviation of the sampling distribu- 
tion is determined by using the basic standard 
deviation formula. 


This standard deviation is called the standard error 
of the standard deviations and is usually signified 
by os. If s is the standard deviation of a sample, 
then the confidence limits of the standard deviation 
of the population are given by: 


stzcos5 (7) 


where Zc is the confidence coefficient corresponding 
to the required confidence level. 
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Problem 6. Several samples of 50 fuses 
selected at random from a large batch are 
tested when operating at a 10% overload 
current and the mean time of the sampling 


distribution before the fuses failed is 

16.50 minutes. The standard error of the 
means is 1.4 minutes. Determine the 
estimated mean time to failure of the batch 
of fuses for a confidence level of 90% 


For the sampling distribution: the mean, 
16.50, the standard error of the means, 


The estimated mean of the population is based 
on sampling distribution data only and so expres- 
sion (6) is used, i.e. the confidence limits of the 
estimated mean of the population are wy - Zc oF. 

For an 90% confidence level, zc = 1.645 (from 
Table 43.1), thus 


bz + zcoz = 16.50 + (1.645)(1.4) 
= 16.50 + 2.30 minutes 


Thus, the 90% confidence level of the mean time 
to failure is from 14.20 minutes to 18.80 minutes. 


Problem 7. The sampling distribution of 
random samples of capacitors drawn from a 
large batch is found to have a standard error 
of the standard deviations of 0.12 uF. 
Determine the 92% confidence interval for 


the estimate of the standard deviation of the 


whole batch, if in a particular sample, the 
standard deviation is 0.60 uF. It can be 
assumed that the values of capacitance of the 
batch are normally distributed 


For the sample: the standard deviation, s = 0.60 pF 
For the sampling distribution: the standard error of 
the standard deviations, 


os = 0.12 uF 


When the confidence level is 92%, then by using 
Table 40.1 of partial areas under the standardised 
normal curve, 


ea = =— = 0.4600, 


giving zc as +1.751 standard deviations (by inter- 
polation) 

Since the population is normally distributed, the 
confidence limits of the standard deviation of the 
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population may be estimated by using expres- 
sion (7), i.e. s+ zcos = 0.60 + (1.751)(0.12) 
= 0.60 + 0.21 uF 
Thus, the 92% confidence interval for the esti- 
mate of the standard deviation for the batch is 
from 0.39 uF to 0.81 uF. 


The standard deviation of the time to 
failure of an electronic component is 
estimated as 100 hours. Determine how 
large a sample of these components must 
be, in order to be 90% confident that the 


Now try the following exercise 


Exercise 145 Further problems on _ the 
estimation of population 
parameters based on a large 
sample size 


Measurements are made on a random 
sample of 100 components drawn from a 
population of size 1546 and having 
a standard deviation of 2.93 mm. The 
mean measurement of the components in 
the sample is 67.45 mm. Determine the 
95% and 99% confidence limits for an 

estimate of the mean of the population. 

66.89 and 68.01 mm, 

| 66.72 and 68.18 mm 


The standard deviation of the masses of 
500 blocks is 150 kg. A random sample 
of 40 blocks has a mean mass of 2.40 Mg. 


(a) Determine the 95% and 99% 
confidence intervals for estimating 
the mean mass of the remaining 460 
blocks. 


(b) With what degree of confidence can 
it be said that the mean mass of the 
remaining 460 blocks is 
2.40 + 0.035 Mg? 

(a) 2.355 Mg to 2.445 Mg; 
2.341 Mg to 2.459 Mg 
(b) 86% 


In order to estimate the thermal expansion 
of a metal, measurements of the change of 
length for a known change of temperature 
are taken by a group of students. The 
sampling distribution of the results has 
a meanof 12.81 x 10-+m°C7! and 
a standard error of the means of 
0.04 x 10-* m °C~!. Determine the 95% 
confidence interval for an estimate of the 
true value of the thermal expansion of the 
metal, correct to two decimal places. 
12.73 «10? mC to 
| 12/39 x10 ma 


error in the estimated time to failure will 
not exceed (a) 20 hours, and (b) 10 hours. 


[(a) at least 68 (b) at least 271] 


5. The time taken to assemble a servo- 
mechanism is measured for 40 opera- 
tives and the mean time is 14.63 minutes 
with a standard deviation of 2.45 minutes. 
Determine the maximum error in estimat- 
ing the true mean time to assemble the 
servo-mechanism for all operatives, based 
on a 95% confidence level. 


[45.6 seconds] 


43.5 Estimating the mean of a 
population based on a small 
sample size 


The methods used in Section 43.4 to estimate the 
population mean and standard deviation rely on a 
relatively large sample size, usually taken as 30 or 
more. This is because when the sample size is large 
the sampling distribution of a parameter is approx- 
imately normally distributed. When the sample size 
is small, usually taken as less than 30, the tech- 
niques used for estimating the population parameters 
in Section 43.4 become more and more inaccurate as 
the sample size becomes smaller, since the sampling 
distribution no longer approximates to a normal dis- 
tribution. Investigations were carried out into the 
effect of small sample sizes on the estimation the- 
ory by W. S. Gosset in the early twentieth century 
and, as a result of his work, tables are available 
which enable a realistic estimate to be made, when 
sample sizes are small. In these tables, the t-value 
is determined from the relationship 


= FP 


where X is the mean value of a sample, ju is the 
mean value of the population from which the sample 
is drawn, s is the standard deviation of the sample 
and N is the number of independent observations 
in the sample. He published his findings under the 
pen name of ‘Student’, and these tables are often 
referred to as the ‘Student’s ¢ distribution’. 
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The confidence limits of the mean value of a 
population based on a small sample drawn at random 
from the population are given by: 

= {cs 
x + —— 8 
* Nai "7 
In this estimate, fc is called the confidence coeffi- 
cient for small samples, analogous to zc for large 
samples, s is the standard deviation of the sample, x 
is the mean value of the sample and N is the num- 
ber of members in the sample. Table 43.2 is called 
‘percentile values for Student’s f distribution’. The 
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95%, the column headed to.95 is selected and so on. 
The rows are headed with the Greek letter ‘nu’, v, 
and are numbered from | to 30 in steps of 1, together 
with the numbers 40, 60, 120 and oo. These numbers 
represent a quantity called the degrees of freedom, 
which is defined as follows: 


‘the sample number, N, minus the number of population 
parameters which must be estimated for the sample’. 


When determining the ¢-value, given by 


columns are headed ¢, where p is equal to 0.995, (xX — LL) 
0.99, 0.975, ..., 0.55. For a confidence level of, say, t= é VN —1, 
Table 43.2 Percentile values (t,) for Student’s ¢ distribution with v degrees of freedom (shaded area = p) 
v to.995 to.99 t0.975 to.95 to.90 to.80 to.75 to.70 to.60 10.55 
1 63.66 31.82 12.71 6.31 3.08 1.376 1.000 0.727 0.325 0.158 
2 9.92 6.96 4.30 2.92 1.89 1.061 0.816 0.617 0.289 0.142 
3 5.84 4.54 3.18 2.35 1.64 0.978 0.765 0.584 0.277 0.137 
4 4.60 3.75 2.78 2.13 1.53 0.941 0.741 0.569 0.271 0.134 
5 4.03 3.36 2.57 2.02 1.48 0.920 0.727 0.559 0.267 0.132 
6 3.71 3.14 2.45 1.94 1.44 0.906 0.718 0.553 0.265 0.131 
7 3.50 3.00 2.36 1.90 1.42 0.896 0.711 0.549 0.263 0.130 
8 3.36 2.90 2.31 1.86 1.40 0.889 0.706 0.546 0.262 0.130 
9 3.25 2.82 2.26 1.83 1.38 0.883 0.703 0.543 0.261 0.129 
10 3.17 2.76 2.23 1.81 1.37 0.879 0.700 0.542 0.260 0.129 
11 3.11 2.72 2.20 1.80 1.36 0.876 0.697 0.540 0.260 0.129 
12 3.06 2.68 2.18 1.78 1.36 0.873 0.695 0.539 0.259 0.128 
13 3.01 2.65 2.16 1.77 1.35 0.870 0.694 0.538 0.259 0.128 
14 2.98 2.62 2.14 1.76 1.34 0.868 0.692 0.537 0.258 0.128 
15 2.95 2.60 2.13 1.75 1.34 0.866 0.691 0.536 0.258 0.128 
16 2.92 2.58 2.12 1.75 1.34 0.865 0.690 0.535 0.258 0.128 
17 2.90 2.57 2.11 1.74 1.33 0.863 0.689 0.534 0.257 0.128 
18 2.88 2.55 2.10 1.73 1.33 0.862 0.688 0.534 0.257 0.127 
19 2.86 2.54 2.09 1.73 1.33 0.861 0.688 0.533 0.257 0.127 
20 2.84 2.53 2.09 1.72 1.32 0.860 0.687 0.533 0.257 0.127 
21 2.83 2.52 2.08 1.72 1.32 0.859 0.686 0.532 0.257 0.127 
22 2.82 2.51 2.07 1.72 1.32 0.858 0.686 0.532 0.256 0.127 
23 2.81 2.50 2.07 1.71 1.32 0.858 0.685 0.532 0.256 0.127 
24 2.80 2.49 2.06 1.71 1.32 0.857 0.685 0.531 0.256 0.127 
25 2.79 2.48 2.06 1.71 1.32 0.856 0.684 0.531 0.256 0.127 
26 2.78 2.48 2.06 1.71 1.32 0.856 0.684 0.531 0.256 0.127 
27 2.77 2.47 2.05 1.70 1.31 0.855 0.684 0.531 0.256 0.127 
28 2.76 2.47 2.05 1.70 1.31 0.855 0.683 0.530 0.256 0.127 
29 2.76 2.46 2.04 1.70 1.31 0.854 0.683 0.530 0.256 0.127 
30 2.75 2.46 2.04 1.70 1.31 0.854 0.683 0.530 0.256 0.127 
40 2.70 2.42 2.02 1.68 1.30 0.851 0.681 0.529 0.255 0.126 
60 2.66 2.39 2.00 1.67 1.30 0.848 0.679 0.527 0.254 0.126 
120 2.62 2.36 1.98 1.66 1.29 0.845 0.677 0.526 0.254 0.126 
oe) 2.58 2.33 1.96 1.645 1.28 0.842 0.674 0.524 0.253 0.126 
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it is necessary to know the sample parameters x and 
s and the population parameter w. X and s can be 
calculated for the sample, but usually an estimate 
has to be made of the population mean jz, based on 
the sample mean value. The number of degrees of 
freedom, v, is given by the number of independent 
observations in the sample, NV, minus the number of 
population parameters which have to be estimated, 
k, ie. v = N —k. For the equation 


p= SO, 


only mw has to be estimated, hence k = 1, and 
v=N-1 

When determining the mean of a population based 
on a small sample size, only one population param- 
eter is to be estimated, and hence v can always be 
taken as (NV — 1). The method used to estimate the 
mean of a population based on a small sample is 
shown in Problems 8 to 10. 


Problem 8. A sample of 12 measurements 
of the diameter of a bar is made and the 
mean of the sample is 1.850 cm. The 


standard deviation of the samples is 

0.16 mm. Determine (a) the 90% confidence 
limits, and (b) the 70% confidence limits for 
an estimate of the actual diameter of the bar 


For the sample: the sample size, N = 12; 

mean, X = 1.850 cm; 

standard deviation, s = 0.16 mm = 0.016 cm 
Since the sample number is less than 30, the small 

sample estimate as given in expression (8) must be 

used. The number of degrees of freedom, i.e. sample 

size minus the number of estimations of population 

parameters to be made, is 12 — 1, i.e. 11. 


(a) The percentile value corresponding to a confi- 
dence coefficient value of fo.99 and a degree of 
freedom value of v = 11 can be found by using 
Table 43.2, and is 1.36, that is, tc = 1.36. The 
estimated value of the mean of the population 
is given by 


(1.36)(0.016) 
Vil 
= 1.850 + 0.0066 cm. 


= 1.850 + 


Thus, the 90% _ confidence 
1.843 cm and 1.857 cm. 


limits are 


This indicates that the actual diameter is likely 
to lie between 1.843 cm and 1.857 cm and that 
this prediction stands a 90% chance of being 
correct. 


(b) The percentile value corresponding to fo,79 and 
to v = 11 is obtained from Table 43.2, and is 
0.540, that is, tc = 0.540 


The estimated value of the 70% confidence 
limits is given by: 

tcs 

N-1 


x+ 


(0.540)(0.016) 
V11 
= 1.850 + 0.0026 cm 
Thus, the 70% confidence limits are 1.847 cm 
and 1.853 cm, i.e. the actual diameter of the 


bar is between 1.847 cm and 1.853 cm and this 
result has an 70% probability of being correct. 


= 1.8504 


Problem 9. A sample of 9 electric lamps 
are selected randomly from a large batch and 
are tested until they fail. The mean and 


standard deviations of the time to failure are 
1210 hours and 26 hours respectively. 
Determine the confidence level based on an 
estimated failure time of 1210 + 6.5 hours 


9; standard 
1210 hours. 


For the sample: sample size, N 
deviation, s = 26 hours; mean, x 
The confidence limits are given by: 


tcs 
N-1 


and these are equal to 1210 + 6.5 
Since x = 1210 hours, then 


x+ 


tcs 


+ 
VN-1 


= +6.5 


1.e. tc= 


=a = + 0.707 


(6.5)V/8 
26 


From Table 43.2, a tc value of 0.707, having a v 
value of N — 1, ie. 8, gives a t, value of to.75 

Hence, the confidence level of an estimated 
failure time of 1210 + 6.5 hours is 75%, i.e. it is 
likely that 75% of all of the lamps will fail between 
1203.5 and 1216.5 hours. 
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Problem 10. The specific resistance of 
some copper wire of nominal diameter 1 mm 
is estimated by determining the resistance of 
6 samples of the wire. The resistance values 
found (in ohms per metre) were: 


2.16, 2.14, 2.17, 2.15, 2.16 and 2.18 


Determine the 95% confidence interval for 
the true specific resistance of the wire 


For the sample: sample size, N = 6 mean, 


- 216 + 2.144217 2.15 $2.16 + 2.18 
- 6 


=2.162m! 


standard deviation, 


(2.16 — 2.16)* + (2.14 — 2.16)” 
4+(2.17 = 216y +215 = 2.16) 
+(2.16 — 2.16)? + (2.18 — 2.16)? 
6 


[0.001 
= A = 0.0129 2 mr" 


The percentile value corresponding to a confidence 
coefficient value of to.95 and a degree of freedom 
value of N—1, i.e. 6—1 = 5 is 2.02 from Table 43.2. 
The estimated value of the 95% confidence limits is 
given by: 


t 

par (2.02)(0.0129) 
J5 

= 2.16+0.01165 2 m"! 


2 
| 


Thus, the 95% confidence limits are 2.148 Q m7! 
and 2.172 2 m7! which indicates that there is a 
95% chance that the true specific resistance of the 
wire lies between 2.148 Q m7! and 2.172 Q m“!. 
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Now try the following exercise 


Exercise 146 Further problems on esti- 
mating the mean of a popu- 
lation based on a_ small 
sample size 


The value of the ultimate tensile strength 
of a material is determined by measure- 
ments on 10 samples of the material. The 
mean and standard deviation of the results 
are found to be 5.17 MPa and 0.06 MPa 
respectively. Determine the 95% confi- 
dence interval for the mean of the ultimate 
tensile strength of the material. 


[5.133 MPa to 5.207 MPa] 


Use the data given in Problem 1 above 
to determine the 97.5% confidence inter- 
val for the mean of the ultimate tensile 
strength of the material. 


[5.125 MPa to 5.215 MPa] 


The specific resistance of a reel of 
German silver wire of nominal diameter 
0.5 mm is estimated by determining the 
resistance of 7 samples of the wire. These 
were found to have resistance values (in 
ohms per metre) of: 


1.12 1.15 1.10 1.14 1.15 1.10 and 1.11 


Determine the 99% confidence interval 
for the true specific resistance of the reel 
of wire. [1.10 Q m7! to 1.15 Qm'] 


In determining the melting point of a 
metal, five determinations of the melting 
point are made. The mean and standard 
deviation of the five results are 132.27°C 
and 0.742°C. Calculate the confidence 
with which the prediction ‘the melting 
point of the metal is between 131.48°C 
and 133.06°C’ can be made. [95%] 
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Assignment 11 


This assignment covers the material in 
Chapters 40 to 43. The marks for each 


question are shown in brackets at the 
end of each question. 


Some engineering components have a 
mean length of 20 mm and a standard 
deviation of 0.25 mm. Assume that the 
data on the lengths of the components is 
normally distributed. 


In a batch of 500 components, determine 
the number of components likely to: 


(a) have a length of less than 19.95 mm 
(b) be between 19.95 mm and 20.15 mm 
(c) be longer than 20.54 mm. (12) 


In a factory, cans are packed with an 
average of 1.0 kg of a compound and the 
masses are normally distributed about the 
average value. The standard deviation of 
a sample of the contents of the cans is 
12 g. Determine the percentage of cans 
containing (a) less than 985 g, (b) more 
than 1030 g, (c) between 985g and 
1030 g. (10) 


The data given below gives the experi- 
mental values obtained for the torque out- 
put, X, from an electric motor and the 
current, Y, taken from the supply. 


Torque X Current Y 


RWNFR OO 
ONDNDN YW 


Torque X Current Y 


5 11 
6 12 
7 12 
8 14 
9 13 


Determine the linear coefficient of corre- 
lation for this data. (16) 


Some results obtained from a tensile test 
on a steel specimen are shown below: 


Tensile 
force (kN) 4.8 9.3 12.8 17.7 21.6 26.0 


Extension 
(mm) 3.5 8.2 10.1 15.6 18.4 20.8 


Assuming a linear relationship: 


(a) determine the equation of the regres- 
sion line of extension on force, 


(b) determine the equation of the regres- 
sion line of force on extension, 


(c) estimate (i) the value of extension 
when the force is 16 kN, and (ii) the 
value of force when the extension is 
17 mm. (21) 


1200 metal bolts have a mean mass 
of 7.2 g and a standard deviation of 
0.3 g. Determine the standard error of the 
means. Calculate also the probability that 
a sample of 60 bolts chosen at random, 
without replacement, will have a mass 
of (a) between 7.1 g and 7.25 g, and 
(b) more than 7.3 g. (11) 


A sample of 10 measurements of the 
length of a component are made and 
the mean of the sample is 3.650 cm. The 
standard deviation of the samples is 
0.030 cm. Determine (a) the 99% confi- 
dence limits, and (b) the 90% confidence 
limits for an estimate of the actual length 
of the component. (10) 
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Multiple choice questions on 


chapters 27—43 


All questions have only one correct answer (answers on page 526). 


1. 


A graph of resistance against voltage for an 
electrical circuit is shown in Figure M3.1. The 
equation relating resistance R and voltage V is: 


(a)R=145V+40 (b)R=0.8V+4+20 
(c)R=145V+20 (d)R=1.25V+20 


120 + 


Resistance R 


0! 20 40 60 80 100120 
Voltage V 


Figure M3.1 


Dd, : 
=; 1s equivalent to: 
J 


(a) j5 (b)-5  (©-j5 @5 


Two voltage phasors are shown in Fig- 
ure M3.2. If V; =40 volts and V2=100 volts, 
the resultant (i.e. length OA) is: 


(a) 131.4 volts at 32.55° to V; 

(b) 105.0 volts at 32.55° to V, 

(c) 131.4 volts at 68.30° to V, 

(d) 105.0 volts at 42.31° to Vy 

Which of the straight lines shown in Fig- 
ure M3.3 has the equation y + 4 = 2x? 

(a) (i) (b) (ai) (c) Gili) (d) (av) 


Vo = 100 volts 


0 B 
V, = 40 volts 
Figure M3.2 
y 
ax 60 6 x 
-6 
(ii) 
y 
6x 6  O| 72 6x 


(iii) (iv) 
Figure M3.3 


A pie diagram is shown in Figure M3.4 where 
P, Q, R and S represent the salaries of four 
employees of a firm. P earns £24000 p.a. 
Employee S earns: 


(a) £40000 
(c) £20000 


(b) £36 000 
(d) £24,000 


A force of 4.N is inclined at an angle of 
45° to a second force of 7 N, both forces 
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10. 


11. 
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Pas 


1084 
R 


Figure M3.4 


acting at a point, as shown in Figure M3.5. 
The magnitude of the resultant of these two 
forces and the direction of the resultant with 
respect to the 7 N force is: 


(a) 3 N at 45° (b) 5 N at 146° 
(c) 11 Nat 135° (d) 10.2 N at 16° 


4N 


Figure M3.5 
Questions 7 to 10 relate to the following infor- 
mation: 


The capacitance (in pF) of 6 capacitors is as 
follows: {5, 6, 8,5, 10, 2} 


The median value is: 


(a) 36 pF (b)6pF (c)5.5 pF (d)5 pF 
The modal value is: 

(a) 36 pF (b)6pF (c)5.5 pF (d)5 pF 
The mean value is: 

(a) 36 pF (b)6pF (c)5.5 pF (d)5 pF 
The standard deviation is: 

(a) 2.66 pF (b) 2.52 pF 

(c) 2.45 pF (d) 6.33 pF 


A graph of y against x, two engineering quan- 
tities, produces a straight line. 


A table of values is shown below: 


x 2 -1 
y 9 3 


The value of p is: 


1 
(a= 5 (b) —2 


Questions 12 and 13 relate to the following 
information. The voltage phasors vy and v2 
are shown in Figure M3.6. 


(c) 3 (d) 0 


V;=15V 


> 


Vp = 25 V 


Figure M3.6 


The resultant V; + V2 is given by: 
(a) 38.72 V at —19° to Vj 

(b) 14.16 V at 62° to Vy 

(c) 38.72 V at 161° to V; 

(d) 14.16 V at 118° to V; 

The resultant V; — V2 is given by: 
(a) 38.72 V at —19° to Vj 

(b) 14.16 V at 62° to Vy 

(c) 38.72 V at 161° to V; 

(d) 14.16 V at 118° to V; 

The curve obtained by joining the co-ordinates 


of cumulative frequency against upper class 
boundary values is called; 


(a) a histogram (b) a frequency polygon 


(c) a tally diagram  (d) an ogive 


A graph relating effort E (plotted vertically) 
against load L (plotted horizontally) for a set of 
pulleys is given by L+ 30 = 6E. The gradient 
of the graph is: 
1 1 
(a) (b) 5 (c) 6 (d) 5 
Questions 16 to 19 relate to the following 
information: 


x and y are two related engineering variables 
and p and q are constants. 
For the law y — p = a to be verified it is 


necessary to plot a graph of the variables. 
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16. 


Li. 


18. 


19. 


20. 


21. 


22; 


23. 


24. 


25; 


26. 


On the vertical axis is plotted: 


(ayy (b) p (c)q (d) x 
On the horizontal axis is plotted: 
qd 1 
(a) x (b) — (c) — (d) p 
x x 
The gradient of the graph is: 
(a) y (b) p (c) q (d) x 
The vertical axis intercept is: 
(ayy (b) p (c)q (d) x 


Questions 20 to 22 relate to the following 
information: 


A box contains 35 brass washers, 40 steel 
washers and 25 aluminium washers. 3 wash- 
ers are drawn at random from the box without 
replacement. 


The probability that all three are steel wash- 
ers is: 


(a) 0.0611 (b) 1.200 (c) 0.0640 (d) 1.182 


The probability that there are no aluminium 
washers is: 


(a) 2.250 (b) 0.418 (c) 0.014 (d) 0.422 


The probability that there are two brass 
washers and either a steel or an aluminium 
washer is: 


(a) 0.071 (b) 0.687 (c) 0.239 
(—4 — j3) in polar form is: 

(a) 5Z — 143.13° (b) 52126.87° 
(c) 52143.13° (d) 5Z — 126.87° 


The magnitude of the resultant of velocities of 
3 m/s at 20° and 7 m/s at 120° when acting 
simultaneously at a point is: 


(a) 21 m/s (b) 10 m/s 
(c) 7.12 m/s (d) 4 m/s 


The coefficient of correlation between two 
variables is —0.75.This indicates: 


(d) 0.343 


(a) a very good direct correlation 
(b) a fairly good direct correlation 
(c) a very good indirect correlation 
(d) a fairly good indirect correlation 


Here are four equations in x and y. When x is 
plotted against y, in each case a straight line 


27. 


28. 


29. 


30. 


31. 


32. 
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results. 

Gi) y+3 = 3x Gi) y+ 3x = 3 
3 2 

Gi) S- 5 =x (iv) Sa x45 


Which of these equations are parallel to each 
other? 


(a) (4) and (ii) (b) (i) and (iv) 
(c) (ii) and (iii) (d) (ii) and (iv) 
The relationship between two related engineer- 
ing variables x and y is y — cx = bx” where b 


and c are constants. To produce a straight line 
graph it is necessary to plot: 


(a) x vertically against y horizontally 


(b) y vertically against x? horizontally 
(c) - vertically against x horizontally 
x 


(d) y vertically against x horizontally 


The number of faults occurring on a produc- 
tion line in a 9-week period are as shown: 


32 29 27 26 29 39 33 29 37 
The third quartile value is: 


(a) 29 (b) 35 (c) 31 (d) 28 
(1+ j)* is equivalent to: 
(a) 4 (b) —j4  (c) j4 (d) —4 


2% of the components produced by a manu- 
facturer are defective. Using the Poisson dis- 
tribution the percentage probability that more 
than two will be defective in a sample of 100 
components is: 


(a) 13.5% (b) 32.3% 
(c) 27.1% (d) 59.4% 


The equation of the graph shown in Fig- 
ure M3.7 is: 


15 2 
(a) xx+1)= 7 (b) 4x-—4x-—15 =0 


(c) x* —4x -5=0 (d) 4x7+4x-15 =0 


In an experiment demonstrating Hooke’s law, 
the strain in a copper wire was measured for 
various stresses. The results included 


Stress 
(megapascals) 18.24 24.00 39.36 


0.00019 0.00025 0.00041 


When stress is plotted vertically against strain 
horizontally a straight line graph results. 


Strain 
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35. 


36. 
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Figure M3.7 

Young’s modulus of elasticity for copper, 
which is given by the gradient of the graph, is: 
(a) 96 x 10° Pa (b) 1.04 x 107!! Pa 
(c) 96 Pa (d) 96000 Pa 


Questions 33 and 34 relate to the following 
information: 


The frequency distribution for the values of 
resistance in ohms of 40 transistors is as follows: 


15.5 -15.9 3 16.0-16.4 10 
16.5 -16.9 13 17.0 -17.4 8 
17.5 -17.9 6 


The mean value of the resistance is: 


(a) 16.75 Q (b) 1.0 Q 
(c) 15.85 Q (d) 16.95 Q 
The standard deviation is: 

(a) 0.335 Q (b) 0.251 Q 
(c) 0.682 Q (d) 0.579 Q 


To depict a set of values from 0.05 to 275, 
the minimum number of cycles required on 
logarithmic graph paper is: 

(a) 2 (b) 3 (c) 4 (d) 5 


A manufacturer estimates that 4% of compo- 
nents produced are defective. Using the bino- 
mial distribution, the percentage probability 
that less than two components will be defective 
in a sample of 10 components is: 


(a) 0.40% (b) 5.19% 
(c) 0.63% (d) 99.4% 


Questions 37 to 40 relate to the following 
information. 


37. 


38. 


39. 


40. 


Al. 


42. 


43. 


44, 


45. 


A Straight line graph is plotted for the equation 
y = ax", where y and x are the variables and 
a and n are constants. 


On the vertical axis is plotted: 


(a) y (b) x ()Iny (da 
On the horizontal axis is plotted: 

(a) Inx (b) x (c) x” (d) a 
The gradient of the graph is given by: 

(a) y (b) a (c) x (d) n 
The vertical axis intercept is given by: 

(a) n (b) Ina (c) x (d) Iny 


Questions 41 to 43 relate to the following 
information. 


The probability of a component failing in one 


year due to excessive temperature is 16’ due to 
; no ee : 
excessive vibration is 0 and due to excessive 
ae oe 
humidity is —. 
40 


The probability that a component fails due 
to excessive temperature and excessive vibra- 
tion is: 


285 1 1 
(a) 320 (b) 320 (d) 800 


The probability that a component fails due to 
excessive vibration or excessive humidity is: 


(a) 0.00125 (b) 0.00257 
(c) 0.0750 (d) 0.1125 


9 
(c) 80 


The probability that a component will not fail 
because of both excessive temperature and 
excessive humidity is: 


(a) 0.914 
(c) 0.00156 


Three forces of 2 N, 3 N and 4 N act as shown 
in Figure M3.8. The magnitude of the resultant 
force is: 


(a) 8.08 N 


(b) 1.913 
(d) 0.0875 


(b)9N  (c)7.17N (A)IN 


pease + a7 in polar form is: 
3 6 

1 

(a) os (b) 4.8420.84 


(c) 620.55 (d) 4.8420.73 
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46. 


47. 


48. 


4N 


2N 


Figure M3.8 

Questions 46 and 47 relate to the following 
information. 

Two alternating voltages are given by: 


vy = 2sinwt and v2 = 3sin (or + =) volts. 


Which of the phasor diagrams shown in Fig- 
ure M3.9 represents vr = v1} + U2? 


(a) (i) (b) Gi) (c) Gi) — (d+) (av) 
Vo i VBy Vo 
@ 4 (i) 
Vy Vv, 
. a ; ; 
(iii) (iv) 
Figure M3.9 


Which of the phasor diagrams shown repre- 
sents ve = V1 — V2? 


(a) () (b) (i) (c) (ii) (d) (av) 
The two square roots of (—3 + j4) are: 

(a) (1 + j2) (b) £(0.71 + j2.12) 
(c) £0 — j2) (d) (0.71 — j2.12) 


Questions 49 and 50 relate to the following 
information. 


49. 


50. 


ob. 


a2. 


53. 


54. 


55. 


56. 
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A set of measurements (in mm) is as follows: 
{4, 5, 2, 11, 7, 6,5, 1,5, 8, 12, 6} 


The median is: 

(a)6 mm (b)5 mm _ (c) 72 mm (d) 5.5 mm 
The mean is: 

(a)6 mm (b)5 mm _ (c) 72 mm (d) 5.5 mm 


The length of 2000 components are normally 
distributed with a mean of 80 mm and a stan- 
dard deviation of 4 mm. If random samples are 
taken of 50 components without replacement, 
the standard error of the means is: 


(a) 0.559 mm (b) 8 mm 
(c) 0.566 mm (d) 0.088 mm 


The graph of y = 2 tan 36 is: 

(a) a continuous, periodic, even function 

(b) a discontinuous, non-periodic, odd function 
(c) a discontinuous, periodic, odd function 

(d) a continuous, non-periodic, even function 


Questions 53 to 55 relate to the following 
information. 


The mean height of 400 people is 170 cm and 
the standard deviation is 8 cm. Assume a nor- 
mal distribution. (See Table 40.1 on page 341) 


The number of people likely to have heights 
of between 154 cm and 186 cm is: 


(a) 390 (b) 380 (c) 190 (d) 185 


The number of people likely to have heights 
less than 162 cm is: 


(a) 133 (b) 380 (c) 67 (d) 185 


The number of people likely to have a height 
of more than 186 cm is: 


(a) 10 (b) 67 (c) 137 (d) 20 
[2230°]* in Cartesian form is: 
(a) (0.50 + j0.06) (b) (—8 + j13.86) 


(c) (—4+ j6.93) (d) (13.86 + 78) 
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Part 8 Differential Calculus 


44 


Introduction to differentiation 


44.1 Introduction to calculus 


Calculus is a branch of mathematics involving or 
leading to calculations dealing with continuously 
varying functions. 

Calculus is a subject that falls into two parts: 


(i) differential calculus (or differentiation) and 
(ii) integral calculus (or integration). 


Differentiation is used in calculations involving 
velocity and acceleration, rates of change and max- 
imum and minimum values of curves. 


44.2 Functional notation 


In an equation such as y = 3x? + 2x—5, y is said to 

be a function of x and may be written as y = f(x). 
An equation written in the form 

f () = 3x? + 2x —5 is termed functional notation. 

The value of f(x) when x = 0 is denoted by f (0), 

and the value of f (x) when x = 2 is denoted by f (2) 

and so on. Thus when f(x) = 3x* + 2x — 5, then 


f (0) = 3(0) + 2(0) —5 =—5 


and =f (2) = 3(2)? + 2(2) —5 = 11 and 50 on. 


Problem 1. 
£0), fG3), fC) and f(3) — f(-1) 


If f(x) = 4x? — 3x +2 find: 


fx) = 4x? — 3x42 
f() =4(0)? —3(0) +2 =2 


f(3) = 43)? — 3(3) +2 


= 36-942=29 
f(-1) =4(-1) - 3(-1) +2 
=44+3+2=9 


fGB)-— f(-1) = 29-9 = 20 


Problem 2. Given that f(x) = 5x* +x —7 
determine: 


@ f@)> FQ) 
Gi) fGB+a) (iv) 


(iii) fGB+a)— f(3) 
fG+a~f@) 


a 


f@)=5x? +x-7 
(i) f2)=52)+2-7=15 
fd) =S50yr+1-7=-1 
fQ)+ f= =-18 
(ii) fG+a)=5B+a?+B+a)—-7 
= 59+ 6a+a’)+ (3+a)—7 
= 45+ 30a+5a7+3+a-—7 
= 414+ 31a + 5a? 
iii) §G)=56%+3-7=41 
fG+a)— f(G) = (41 +3la + 5a’) — (41) 
= 31a + 5a? 


fora) =f) .. 3la+ 5a? 
a 7 a 


(iv) = 31+ 5a 
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Now try the following exercise 


Exercise 147 Further problems on func- 
tional notation 
If f(x) = 6x* — 2x41 find f(0), f(), 
f(@2), f(—1) and f(—3). 
[1, 5, 21, 9, 61] 


If f(x) = 2x? + 5x —7 find f(1), f(2), 
f(-1), f(@) — f(-1). 


[0, 11, —10, 21] 


Given f (x) = 3x* + 2x? — 3x + 2 prove 
that f(1) = 5 f (2) 


If f(x) = —x2-43x-46 find f (2), f (24a), 
2 — f(2 
f(2+a)— f(2) and perenne’ 


a+ 8, 


44.3 


The gradient of a curve 


(a) Ifa tangent is drawn at a point P on a curve, 
then the gradient of this tangent is said to be 
the gradient of the curve at P. In Fig. 44.1, 
the gradient of the curve at P is equal to the 
gradient of the tangent PQ. 


f(x) 


0 x 


Figure 44.1 


(b) For the curve shown in Fig. 44.2, let the 
points A and B have co-ordinates (x;, y,) and 
(x2, y2), respectively. In functional notation, 
y, = f (x1) and y. = f (x2) as shown. 


The gradient of the chord AB 
_ BC _ BD—CD 
AC ED 

f @2) — Ff @1) 


(x2 — x1) 


JNTUWORLD 


f(x) 
B 
A 
f(x,) 
E D 
0 x, Xp x 

Figure 44.2 
f(x) 


Figure 44.3 


For the curve f(x) = x” shown in Fig. 44.3: 
(i) the gradient of chord AB 
£7) 2=1 


— i IK 
3-1 2 
(ii) the gradient of chord AC 
2 fO)270)_ 4-1 _s 
~ 2-1 1 
(iii) the gradient of chord AD 
1.5)—fd) 2.25-1 
_ f05)-fO _ — 


15-1  } }»#05 


(iv) if E is the point on the curve 
(1.1, f(.1)) then the gradient of 


chord AE 
_ fayn-f@ 
a 
1.21-1 
= —— =2.1 
0.1 


(v) if F is the point on the curve 
(1.01, f(1.01)) then the gradient of 
chord AF 
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f (1.01) — Ff) 
~ 101-1 
_ 1.0201 —1 
0.01 
Thus as point B moves closer and closer to point A the 
gradient of the chord approaches nearer and nearer to 
the value 2. This is called the limiting value of the 


gradient of the chord AB and when B coincides with 
A the chord becomes the tangent to the curve. 


= 2.01 


Now try the following exercise 


Exercise 148 A further problem on the 
gradient of a curve 


Plot the curve f(x) = 4x* — 1 for values 
of x from x = —1 to x = +4. Label the 
co-ordinates (3, f(3)) and (1, f(1)) as 


J and K, respectively. Join points J and 
K to form the chord JK. Determine the 
gradient of chord JK. By moving J nearer 
and nearer to K determine the gradient of 
the tangent of the curve at K. [16, 8] 


44.4 Differentiation from first 
principles 
(i) In Fig. 44.4, A and B are two points very 
close together on a curve, dx (delta x) and 
dy (delta y) representing small increments 
in the x and y directions, respectively. 


¥: 


B(x+6x, y+dy) 


0 x 
Figure 44.4 
. by 
Gradient of chord AB= a 
x 
However, dy = f (x + dx) — fx) 
H dy — f(x +dx) — f(x) 
ence ee 


Ox Ox 


As 6x approaches zero, — approaches 


a limiting value and the gradient of the 
chord approaches the gradient of the tangent 
at A. 


(ii) When determining the gradient of a tangent 
to a curve there are two notations used. The 
gradient of the curve at A in Fig. 44.4 can 
either be written as: 


5 
limit — or mit { 


a 


éx>0 6x 6x0 Ox 
ad 6 
In Leibniz notation, cl = limit ced 
dx dx—0 bx 


In functional notation, 


Sf safe} 
ox 


F¢2)= limi | 


d 
(iii) ed is the same as f’(x) and is called the dif- 
x 
ferential coefficient or the derivative. The 
process of finding the differential coefficient 
is called differentiation. 
Summarising, the differential coefficient, 


Sa a 
Gore = ee 
7 {ee 
= hmit < ——————_ 
bx>0 bx 


Problem 3. Differentiate from first 


2 and determine the value 


principles f(x) =x 
of the gradient of the curve at x = 2 


To ‘differentiate from first principles’ means ‘to find 
f'(x)’ by using the expression 


a_i 
Ox 


£0) = imi 
foOsSe 


Substituting (x + 6x) for x gives 
f (x + 6x) = (x + dx)? = x? + 2x6x + 8x, hence 
2 2x8 5 2) 2 
f'@) = limit { eset 
6x0 Ox 
2x5x + dx? 
x 


= limit 


\ = limit {2x + dx} 
6x0 dx>0 
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As 6x + 0, [2x+ 6x] > [2x+0]. Thus f’(x) = 2x, 
i.e. the differential coefficient of x” is 2x. At x = 2, 
the gradient of the curve, f’(x) = 2(2) =4 


Problem 4. Find the differential coefficient 
of y= 5x 


By definition, 4% = f’@) 
dx 
ee jcees 16) 
= hmit ¢ ———_—____- 
ox 


dx—>0 


The function being differentiated is y = f(x) = 5x. 
Substituting (x + dx) for x gives: 
f(x + 6x) = Sx + 6x) = 5x + 55x. Hence 


d 5x + 5dx) — (5 
a f'(x) = limit (x + 58x) — Ox) 
dx 3x0 bx 
.. f 5dx ee 
= limit « — > = limit{5} 
8x0 | dx dx>0 
Since the term 6x does not appear in [5] the limiting 
d 
value as 6x — O of [5] is 5. Thus a = 5, Le. 


x 
the differential coefficient of 5x is 5. The equation 
y = 5x represents a straight line of gradient 5 (see 


d 
Chapter 27). The ‘differential coefficient’ (i.e. = or 
x 


f’(x)) means ‘the gradient of the curve’, and since 
the slope of the line y = 5x is 5 this result can be 
obtained by inspection. Hence, in general, if y = kx 
(where k is a constant), then the gradient of the line 


. dy ee 
is k and — or f'(x)=k. 
dx 


Problem 5. Find the derivative of y = 8 


y = f(x) = 8. Since there are no x-values in the 
original equation, substituting (x + 6x) for x still 
gives f(x + 6x) = 8. Hence 


aie limit | AO TO} 


dx Ox 
= limit { =} =o 
éx>0 Ox 
dy 
Thus, wh = 8, — —0 
us, when y re 


The equation y = 8 represents a straight horizontal 
line and the gradient of a horizontal line is zero, 


hence the result could have been determined by 
inspection. ‘Finding the derivative’ means ‘finding 
the gradient’, hence, in general, for any horizontal 


d 
line if y = k (where k is a constant) then = =, 
x 


Problem 6. Differentiate from first 
principles f(x) = 2x? 


Substituting (x + 6x) for x gives 
f (x + bx) = 2(x + bx) 
= 2(x + 5x)(x? + 2xdx + 5x7) 
= 2(x? + 3x7dx + 3xdx7 + dx7) 
= 2x? + 6x7 Sx + 6xdx? + 26x3 


d dx) — 
dy prey = jimin f LE + I = SO 
dx 5x0 bx 
(2x3 + 6x75x + 6x5x? + 26x3) 
3 
aint “2h 
6x0 bx 
a { 6x25x + 6xdx? + 26x3 \ 
= limit ¢< ——__HT___. 
éx—>0 Ox 


= limit {6x? + 6xdx + 25x} 


Hence f’(x) = 6x”, i.e. the differential coefficient 
of 2x? is 6x”. 


Problem 7. Find the differential coefficient 
of y = 4x* + 5x —3 and determine the 


gradient of the curve at x = —3 


y= f(x) = 4x? + 5x -—3 
f (x + 6x) = 4(x + dx)? + 5(x + bx) — 3 


= A(x? + 2xdx + dx”) 
45x 50% =3 
= 4x? + 8xdx + 45x? 
+5x+56x —3 
za fe= tin 


(4x7 + 8xdx + 46x? + 5x 
— 3) — (4,2 _ 
—_Apmik + 56x — 3) — (4x7 + 5x — 3) 
dx>0 ox 
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= limit 
dx—>0 


8xdx + 45x? + 55x 
Ox 


= limit {8x + 46x + 5} 
d 
ie @=7'we) SEAS 
dx 
At x = —3, the gradient of the curve 


dy 
= — = f(x) = 8(-3) +5 = -19 
dx 


Now try the following exercise 


Exercise 149 Further problems on differ- 
entiation from first princi- 
ples 


In Problems 1 to 12, differentiate from first 
principles. 


y=x [1] 
y= 7x [7] 
yaad [8x] 
y = 5x? [15x?] 
y = —2x? + 3x — 12 [—4x + 3] 
y = 23 [0] 
F(x) = 9x [9] 


2x 
f@= 3 


f (x) = 9x? 
f@=-7x [—21x7] 
f(@&) =x? + 15x—4 [2x + 15] 
fa@=4 [0] 


d 
Determine i (4x3) from first principles 
x 


[18x] 


[12x7] 


d 
Find rica + 5) from first principles 
x 
[6x] 


44.5 Differentiation of y = ax” by the 


general rule 


From differentiation by first principles, a general 
rule for differentiating ax” emerges where a and n 
are any constants. This rule is: 


ad 
if y = ax” then & — anx™! 
dx 
or, if f (x) = ax" then f’(x) = anx”—! 


(Each of the results obtained in worked problems 3 

to 7 may be deduced by using this general rule). 
When differentiating, results can be expressed in 

a number of ways. 

For example: 


d 
(i) if y = 3x2 then = Gx, 
dx 


(ii) if f(x) = 3x? then f’(x) = 6x, 
(iii) the differential coefficient of 3x7 is 6x, 
(iv) the derivative of 3x* is 6x, and 


2 3x) = 6 
W) 2G) = 6x 


Problem 8. Using the general rule, 
differentiate the following with respect to x: 


eee 5257 Oo 


x2 


(a) Comparing y = 5x’ with y = ax” shows that 
a = 5 and n = 7. Using the general rule, 


a 
a anx"—! = (5)(7)x7-! = 35x® 
dx 


i 1 
(b) y = 3yx = 3x2. Hence a = 3 and n = 5 


4 
(c) y= =4x*. Hence a = 4 and n = —2 
x 


= = anx""! = (4)(—2)x7! 
_8 


x3 


Problem 9. Find the differential coefficient 


4 
of y= =x? — = + 4035 +7 
5 8 


2 3 


A 
Vag ae 
5 Xe 


2 
ie. y= ra a4 fay? 7 
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dy 


oe 


(=) (3)x*-! — (4)(—3)x 7! 
5 7 
+ (3) 90440 


6 
— ral 412%"? 4 10x°/7 


1 
Problem 10. If f() =5t+ 5 find f’(t) 
t 


Fe 


1 3 
fO=5t+ 53 =5t+ = 5¢'4+7°2 
t 


3 
VB a 


3 _5 
= 5° i462 
2 
3 3 
ie. Oe 
55 2B 


Problem 11. 


with respect to x 


Differentiate y = 


(x + 2)° 
x 


(Qe+2)? x7+4x4+4 
= . = —— 
x? Ax 
4 & 


ie. y=xt4+4 


Hence as =1404+(4(-LDax!! 


4 
x 
-1 


4 
=1-447%=1-— > 
x 


Now try the following exercise 


Exercise 150 Further problems on differ- 
entiation of y = ax” by the 
general rule 


In Problems | to 8, determine the differential 


coefficients with respect to the variable. 


10. 


12. 


y= ThA [28x3] 

1 

vee al 

jaalB Fed 

3 

neh +3 
y= Ox Vx . 

ore 

O/x8 x 

5 _— 10 y) 

=a-ygt bata 

y = 3(t — 2)? [6r—12] 

y=(a4+1) [3x2 + 6x + 3] 


Using the general rule for ax” check the 
results of Problems 1 to 12 of Exercise 
149, page 379. 


Differentiate f(x) = 6x? — 3x +5 and 
find the gradient of the curve at 
(a) x = —1, and (b) x = 2. 

[12x — 3 (a) —15 (b) 21] 
Find the differential coefficient of 
y = 2x? + 3x? — 4x — 1 and determine 
the gradient of the curve at x = 2. 


[6x* + 6x — 4, 32] 


Determine the derivative of 
y = —2x3 + 4x +7 and determine the 
gradient of the curve at x = —1.5 


[—6x7 + 4, —9.5] 


44.6 


Differentiation of sine and cosine 
functions 


Figure 44.5(a) shows a graph of y = sin@. The 

gradient is continually changing as the curve moves 

from O to A to B to C to D. The gradient, given 
d 

by a may be plotted in a corresponding position 

below y = sin@, as shown in Fig. 44.5(b). 


(i) At 0, the gradient is positive and is at its 


steepest. Hence 0’ is a maximum positive 
value. 
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@ radians 


‘ 
| 
| 
| 


es 
2 
t 
| 
| 1 
Miia pnt | 
qa (sin 0) =cos 6 | 
| | | 
A’ | (04 


@ radians 


Figure 44.5 


(ii) 


(iii) 


(iv) 


Between O and A the gradient is positive but 
is decreasing in value until at A the gradient 
is zero, shown as A’. 

Between A and B the gradient is negative but 
is increasing in value until at B the gradient 
is at its steepest. Hence B’ is a maximum 
negative value. 

If the gradient of y = sin@ is further investi- 
gated between B and C and C and D then the 


d 
resulting graph of = is seen to be a cosine 
wave. 


Hence the rate of change of sin @ is cos 9, i.e. 


if 


d 
y = sin 6 then - = cos 0 


It may also be shown that: 


if 


= sinadé dy = acosadé 
y= 76 


(where a is a constant) 


d 
andif y—sin(@ad+a), i —acos(ad +a) 


(where a and @ are constants). 


If a similar exercise is followed for y = cos@ 


d 
then the graphs of Fig. 44.6 result, showing = to 


be a graph of sin 0, but displaced by z radians. 
If each point on the curve y = sin@ (as shown in 


Fig. 44.5(a)) were to be made negative, (i.e. +5 is 


3 3 
made = a= is made foe and so on) then the 


graph shown in Fig. 44.6(b) would result. This latter 
graph therefore represents the curve of — sin@. 


Fi 
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|21 0 radians 


| 
I i i 


1 
1 
a {3x \2x @ radians 
12 1 
! | 
i | 
at { | 
apt°os 6) =-sin @ 
| 
| 


gure 44.6 


ad 
Thus, if y = cos 6, = = —sind 


It may also be shown that: 


d 
if y = cosa, = =—a sinad 
(where a is a constant) 
d 
and if y = cos(a6-+a), = — —asin(aé + a) 


(b) 


(where a and @ are constants). 


Problem 12. Differentiate the following 
with respect to the variable: (a) y = 2 sin 56 


(b) f(t) = 3cos 2r 
y = 2sin56 
at = (2)(5) cos 50 = 10cos 50 
dé 
f (t) = 3cos 2t 
f'() = (3)(—2) sin 2r = —6 sin 2t 


Problem 13. Find the differential coefficient 
of y= 7sin2x — 3 cos 4x 


y = 7sin2x — 3cos4x 
d 
& = (1)(2)cos 2x ~ (3)(—4) sin x 
Xx 
= 14cos 2x + 12 sin 4x 


Problem 14. Differentiate the following 
with respect to the variable: 


(a) f (0) = 5 sin(10076 — 0.40) 
(b) f(t) = 2cos(S5t + 0.20) 
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(a) Iff(@) = 5sin(10070 — 0.40) 
f' (6) = 5[100z cos(10026 — 0.40)] 
= 5002 cos(10070 — 0.40) 
(b) If f(t) = 2cos(5t + 0.20) 
f'(@t) = 2[—5 sin(S¢ + 0.20)] 
= —10sin(5¢ + 0.20) 


Problem 15. An alternating voltage is given 
by: v = 100 sin 200¢ volts, where ¢ is the 


time in seconds. Calculate the rate of change 
of voltage when (a) t = 0.005 s and 
(b) t= 0.01 s 


v = 100sin 200f volts. The rate of change of v is 
dv 
i by —. 
given by . 
d 
— = (100)(200) cos 200t = 20 000 cos 200t 
(a) When t = 0.005 s, 


d 
— = 20000 cos(200)(0.005) = 20000 cos 1 


cos | means ‘the cosine of 1 radian’ (make sure 
your calculator is on radians — not degrees). 


d 
Hence = 10806 volts per second 


(b) When t= 0.01 s, 
dv 


a 20 000 cos(200)(0.01) = 20000 cos 2. 


d 
Hence a —8$323 volts per second 


Now try the following exercise 


Exercise 151 Further problems on the dif- 
ferentiation of sine and co- 
sine functions 


1. Differentiate with respect to x: 
(a) y=4sin3x (b) y= 2cos 6x 
[(a) 12cos3x  (b) —12 sin 6x] 


2. Given f(0) = 2sin30 — 5cos20, find 
f') [6 cos 36 + 10 sin 26] 


3. An alternating current is given by 
i = 5 sin 100¢ amperes, where f is the time 
in seconds. Determine the rate of change 
of current when t = 0.01 seconds. 


[270.2 A/s] 


4. v= 50sin40¢ volts represents an alternat- 
ing voltage where ¢ is the time in seconds. 
At a time of 20 x 10-3 seconds, find the 
rate of change of voltage. 


[1393.4 V/s] 


5. If f(t) = 3 sin(4t+0.12)—2 cos(3t—0.72) 
determine f’(t) 


[12 cos(4t + 0.12) + 6 sin(3t — 0.72)] 


44.7 Differentiation of e“ and Inax 


A graph of y = e* is shown in Fig. 44.7(a). The gra- 
dient of the curve at any point is given by = and 
x 


is continually changing. By drawing tangents to the 
curve at many points on the curve and measuring 


d 
the gradient of the tangents, values of at for corre- 


x 
sponding values of x may be obtained. These values 
are shown graphically in Fig. 44.7(b). The graph of 
d 


ad against x is identical to the original graph of 


dx 
. dy 
y = e*. It follows that: if y = e*, then a e* 
Ix 


Pye 


Figure 44.7 
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It may also be shown that 


d 
ify =e, then oO — ae 
dx 


d 
Therefore if y = 2e®", then = = (2)(6c%) = 12e™ 
xX 


A graph of y = Inx is shown in Fig. 44.8(a). 
The gradient of the curve at any point is given 


d 
by = and is continually changing. By drawing 


x 
tangents to the curve at many points on the curve 
and measuring the gradient of the tangents, values of 


d 
at for corresponding values of x may be obtained. 


x 

These values are shown graphically in Fig. 44.8(b). 
d d 

The graph of = against x is the graph of oe 
dx dx 


d 
It follows that: if y = Inx, then ie 


Figure 44.8 


It may also be shown that 


d 1 
if y = Inax, then ee 
dx x 
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(Note that in the latter expression ‘a’ does not appear 


d 
in the = term). 
dx 


d 
Thus if y = In4x, then = — 
dx x 


Problem 16. Differentiate the following 
with respect to the variable: (a) y = 3e” 


b th= a‘ 
ee ar 


(a) If y =3e* then o = (3)(2e**) = 6e** 


(b) If fom= = 2 tii 
ae vee 
4 20 20 
U —St =—3F 
Problem 17. Differentiate y = 5 In 3x 


1\ 5 
if y= Sse tien = @) (~) =a 
dx x x 


Now try the following exercise 


Exercise 152 Further problems on the dif- 
ferentiation of e* and Inax 


Differentiate with respect to x: 


; 2 
(a) y=Se™ (bb) y= ae ; 
a 15e** (b) = a 


Given f (0) = 51n26 — 41n36, determine 
5 


f'(® F = 


If f(t) = 4Int + 2, evaluate f’(t) when 
t = 0.25 [16] 


d 
Evaluate atid when x = 1, given 
dx 


y = 3e"%— Se +8 In 5x. Give the answer 
ex 


correct to 3 significant figures. [664] 
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45 


Methods of differentiation 


45.1 Differentiation of common 
functions 


The standard derivatives summarised below were 
derived in Chapter 44 and are true for all real values 


of x. 
dy ; 
y or f(x) tm 
x 


anx"—! 


a COS ax 


—asinax 


ae™ 


1 
x 
The differential coefficient of a sum or difference 


is the sum or difference of the differential coeffi- 
cients of the separate terms. 


Thus, if f(x) = p(x) + g@) — r(x), (where f, p, g 
and r are functions), then f’(x) = p’(x)+q'(x)-r' (x) 
Differentiation of common functions is demon- 
strated in the following worked problems. 


Problem 1. Find the differential coefficients 


12 
b) y= > 
X 


of: (a) y = 12x? 


d 
If y = ax” then ae anx"—! 
dx 


(a) Since y = 12x?, a = 12 and n = 3 thus 
& = (12)(3)x3-! = 36x? 
dx 


12 
(b) y= = is rewritten in the standard ax” form 
x 


as y = 12x~> and in the general rule a = 12 
and n = —3 


Thus a =({12 (30>? 


xX 
36 
= A 
= —36x = ya 


Problem 2. Differentiate: (a) y = 6 
(b) y = 6x 


(a) y = 6 may be written as y = 6x”, i.e. in the 
general rule a = 6 and n = 0. 


d 
Hence ues (6)(0)x°-! = 0 
dx 


In general, the differential coefficient of a 
constant is always zero. 


(b) Since y = 6x, in the general rule a = 6 and 
n=1 


d 
Hence —~ = (6)(1)x!~! = 6x° =6 
dx 


In general, the differential coefficient of kx, 
where k is a constant, is always k. 


Problem 3. Find the derivatives of: 


(a) y=3/x (b) y= 


(a) y = 3,/x is rewritten in the standard differen- 
tial form as y = 3x!/? 


1 
In the general rule, a = 3 and n = 5 


d 1\ ! a 
Thus 2 = (3) (5) x27) = ix? 
x 


d 2 2 
2 8.8 
~ 2xl/2 Whe 
5 ‘ 


= 5x~*/3 in the standard 


(b) y= Fa — oR 
differential form. 


4 
In the general rule, a= 5 and n = -3 


dy 4 _473)— 
Th — = (5) { —= | x43"! 
dx ( ( ya 


—20 = 
— IB — = = 
3 3x7/3 


—20 


3 
3./x7 
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Problem 4. Differentiate: 


y = 5x44 4x — oa a 3 with respect 
5xt + 4 : + : 3 is rewritten as 
= 5x x — —— + — — 3 is rewri 
2x2 x 


1 
y = 5x4 + 4x — a ee —3 


When differentiating a sum, each term is differenti- 
ated in turn. 


Thus y= Gx + @an? + May cP! 
dx 2 


me Soe 
1.€ _ = IX = = 
2/x3 


dx x3 
Find the differential coefficients 


Problem 5. 


of: (a) y= 3sin4x (b) f(t) = 2cos 3r with 


respect to the variable 


d 
(a) When y = 3sin4x then = = (3)(4cos 4x) 
x 
= 12 cos 4x 


(b) When f(t) = 2cos 3¢ then 
f'@) = (2)(-3 sin 3t) = —6 sin 3t 


Problem 6. Determine the derivatives of: 


(a) y= 3e* (b) f@) = (©) y= 6in 2x 
e 


5x dy 5 
(a) When y = 3e™ then a (3)(5)e>* 
x 


= 15e* 


2 —30 
(b) f (0) =a = 2e , thus 
e 


f'O) = 2)(—3)e-? = —6e-89 = = 
e 


dy 1 6 
(c) When y= 61n2x then — = 6{ -—} = — 
dx x x 


Problem 7. Find the gradient of the curve 


y = 3x4 — 2x? + 5x — 2 at the points (0, —2) 
and (1, 4) 
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The gradient of a curve at a given point is given 
by the corresponding value of the derivative. Thus, 
since y = 3x* — 2x” + 5x — 2 then the 


d 
gradient = “* = 12x3 —4x+4 5 
dx 
At the point (0, —2), x = 0. 
Thus the gradient = 12(0)? — 4(0) +5 =5 


At the point (1, 4), x = 1. 
Thus the gradient = 12(1)> — 4(1) +5 = 13 


Problem 8. Determine the co-ordinates of 


the point on the graph y = 3x2 —7x+ 2 


where the gradient is —1 


The gradient of the curve is given by the derivative. 
d 
When y = 3x? — 7x +2 then 7 = 6x —7 
x 


Since the gradient is —1 then 6x — 7 = —1, from 
which, x = 1 

When x = 1, y= 3(1)? —7(1) +2 = —2 

Hence the gradient is —1 at the point (1, —2) 


Now try the following exercise 


Exercise 153 Further problems on differ- 
entiating common functions 


In Problems | to 6 find the differential coef- 
ficients of the given functions with respect to 
the variable. 
1 
1. (a)5x°> (6) 2.405 ()- 
x 
1 
a 25x* (b) 8.427" (c) — =| 
x 


= (b)6 © 2% 


8 
a = )0 ©) | 
xX 


3 4 
35 ou 
3. (a)2/x (b)3 Vx (c) ar: 
1 7 2 
lo ONF O- Fe 
—3 > ; 
4. (a) Wi (b) @—1)* (Cc) 2sin3x 


(b) 2(x—1) (c) 6cos 2 


BI 


C Ye 
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5. (a) —4cos2x (b) 2e* (c) i 
ex 


6 8sin2x (b) 12e (c) = | 


6. mise Go = ov 
4 e*+e~* =I I 
a = 6) S— © ++ <= 


7. Find the gradient of the curve 
y = 2t+ +32? —t+4 at the points (0, 4) 
and (1, 8). 
[—1, 16] 
8. Find the co-ordinates of the point on 
the graph y = 5x” — 3x + 1 where the 


1 3 
2’ 4 
9. (a) Differentiate 


2 : 2 
y= ZR + 21n 20 — 2(cos 56 + 3 sin 20) — 330 


gradient is 2. 


d 
(b) Evaluate = when 6 = > correct to 


4 significant figure. 
[ (a) —* ¢- eibeinse ] 
—4+- i 
eB  @ 


6 
—12cos 20+ a (b) 22.30 | 
e 


ds 
10. Evaluate Th correct to 3 significant 


figures, when t = = given 
s=3sint-—34+ 1 


[3.29] 


45.2 Differentiation of a product 


When y = wv, and u and v are both functions of x, 


then 


This is known as the product rule. 


Problem 9. Find the differential coefficient 
of: y = 3x? sin 2x 


3x? sin 2x is a product of two terms 3x? and sin 2x 
Let u = 3x? and v = sin2x 


Using the product rule: 


dy dv du 
—-— u ey + U ee 
dx dx dx 
‘a 1 4 
gives: ra (3x7)(2 cos 2x) + (sin 2x)(6x) 
x 
d 
1.e. mes = 6x” cos 2x + 6x sin 2x 
dx 


= 6x (x cos 2x + sin 2x) 


Note that the differential coefficient of a product is 
not obtained by merely differentiating each term and 
multiplying the two answers together. The product 
rule formula must be used when differentiating 
products. 


Problem 10. Find the rate of change of y 
with respect to x given: y = 3,/x In2x 


The rate of change of y with respect to x is given 
dy 
y ae 
y = 3./x In2x = 3x!/* In 2x, which is a product. 
Let u = 3x!/? and v = In2x 


Then a u ao + oY” du 
dx dx 
v v + 4 
=iGx) (=) + (In 2x) [3 (5) al 
x 2 


3 
= 3x"/-1 4 (in 2x) (5) x H/2 


1 
= 3x7 1/2 (1 zs 5 In2r) 
3 1 
i.e. = 1 In 2x 
= dx = ( i aes ) 


Problem 11. Differentiate: y = x° cos 3x Inx 


Let u = x* cos 3x (i.e. a product) and v = Inx 
dy dv du 
—=u v 


Then = u— — 

dx dx dx 

du 3 : 2 
where ie = (x°)(—3 sin 3x) + (cos 3x)(3x") 

x 

and de = d 

dx x 

1 

Hence dy = (x° cos 3x) (<) 

dx x 


+ (Inx)[—3x°? sin 3x + 3x7 cos 3x] 
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= x’ cos 3x+3x7 Inx(cos 3x — x sin3x) 


ad 
i.e. = x? {cos 3x +3 Inx (cos 3x —x sin 3x)} 


Problem 12. Determine the rate of change 


of voltage, given v = S5tsin 2¢ volts, when 
t=0.2s 


Rate of change of voltage 


= & = (5t)(2 cos 2t) + (sin 2t)(5) 


= 10tcos 2t + 5 sin 2t 
When t= 0.2, 
d 
— = 10(0.2) cos 2(0.2) + 5 sin 2(0.2) 
= 2cos0.4+ 5sin0.4 


(where cos0.4 means the cosine of 0.4 radians = 
0.92106) 


d 
Hence — = 2(0.92106) + 5(0.38942) 
— 1.8421 + 1.9471 = 3.7892 


i.e. the rate of change of voltage when ¢ = 0.2 s 
is 3.79 volts/s, correct to 3 significant figures. 


Now try the following exercise 


Exercise 154 Further problems on differ- 
entiating products 


In Problems 1 to 5 differentiate the given 
products with respect to the variable. 


[6x?(cos 3x — x sin 3x)] 


(3) 


[e*(4 cos 4t + 3 sin 4r)] 


1 
i» (4 +430) 
5. e'Intcost 


1 
le{ (; +1n ) cost — inrsins}| 


di ee 
6. Evaluate —, correct to 4 significant 


1. 2x3 cos 3x 
2. Vx3In3x 
3. e* sin 4t 


4, e”1n36 


figures, when ¢t = 0.1, and i = 15tsin 3t 
[8.732] 
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Zz fot 
7. Evaluate —, correct to 4 significant 


figures, when ¢t = 0.5, given that 
z = 2e* sin 2t 


[32.31] 


45.3 Differentiation of a quotient 


u 
When y = -, and u and v are both functions of x 
Uv 


then 


Problem 13. Find the differential coefficient 


is a quotient. Let u = 4sin5x and v = 5x4 


(Note that v is always the denominator and u the 
numerator) 


du dv 
die: ae ae 
dx v2 
du 
where ce = (4)(5) cos 5x = 20cos 5x 
x 
dv 3 3 
and — = (5)(4)x° = 20x 
dx 
dy  (5x*)(20 cos 5x) — (4 sin 5x)(20x?) 
Hence 9 = = ST 
dx (5x*)2 
_ 100x* cos 5x — 80x? sin 5x 
7 25x8 
__ 20x°[5x cos 5x — 4sin 5x] 
7 25x8 
ad 4 
i.e. ~ — 5,5 O* cos 5x — 4sin 5x) 


Note that the differential coefficient is not obtained 
by merely differentiating each term in turn and then 
dividing the numerator by the denominator. The 
quotient formula must be used when differentiating 
quotients. 


Problem 14. Determine the differential 
coefficient of: y = tanax 
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sin ax 


y = tanax = . Differentiation of tanax is 
cosax . ; ; 
thus treated as a quotient with u = sinax and 
v = cos ax 
du dv 
— u— 
dy _ _dx dx 
dx v- 


(cos ax)(a cos ax) — (sin ax)(—a sin ax) 
~ (cos ax)? 
acos? ax + asin* ax 
(cos ax)? 
a(cos? ax + sin? ax) 


cos? ax 
a 


~ cos2 ax’ 
since cos” ax + sin? ax = 1 
(see Chapter 25) 


1 


cos? ax 


2 2 


dy 
Hence — = asec’ ax since secy ax = 


x 
(see Chapter 21) 


Problem 15. Find the derivative of: 
y = secax 
y = secax = (i.e. a quotient). Let uw = 1 and 
OS ax 
v= cos ax 
du dv 
vu— — u— 
dy — _dx dx 
dx v2 
(cos ax)(0) — (1)(—a sin ax) 
7 (cos ax) 


asin ax 1 sin ax 
=a — 
cos? ax COs ax cos ax 


; dy 
1e. —m— =asecax tan ax 


dx 


Problem 16. Differentiate: y = 


2cost 


ett 


The function ae is a quotient, whose numerator 


is a product. 


Let u = te* and v = 2 cost then 


d d 
= (2c) + (@)(1) and — = —2sin t 


du dv 
dy_ an" 
x wv 
(2 cos t)[2te* + e*] — (te”’)(—2 sin t) 
= (2 cos t)? 
__ 4te* cost + 2e” cost + 2te” sint 
_ 4 cos? t 
2e*[2t cost + cost + tsinf] 
4 cos? t 


Hence 


dy 2 2t 


dx —_2cos?t 


(2t cost + cost +¢ sint) 


Problem 17. Determine the gradient of the 


at the point [s v3 


curve y= 


5x 
2x? +4 


Let y = 5x and v= 2x7 +4 


du dv 
dy "ay de (2x? + 4)(5) — Gx)(4x) 
dx vw a (2x? + 4)2 
10x? + 20 — 20x? 20 — 10x? 
~ QOxe4+4e x2 +4P 
At the point [4 + eo J3, 


20-1 : 
hence the gradient = ay = a: 
dx [2(V3P +4P 

_ 20-30 = 1 


Te (1) 


Now try the following exercise 


Exercise 155 Further problems on differ- 


entiating quotients 


In Problems 1 to 5, differentiate the quotients 
with respect to the variable. 


2 cos 3x —6 . 
1. 2 Pre sin 3x + cos 3x) 
e 
2x 2(1 — x’) 
2. —— 
x24) (x2 +1)? 
3 3/03 3./0(3 sin 20 — 46 cos 26) 
" 2sin26 4 sin? 20 
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1 
F In2t 1— 5 In 2t 
ot VB 
2xe™ 2e* . 
5. - —— {C1 + 4x) sinx — x cos x} 
sin x sin” x 
. : 2x 
6. Find the gradient of the curve y = 2s 
m4 _ 
at the point (2, —4) [—18] 


d 
7. Evaluate 7 at x = 2.5, correct to 3 
x 
2x? +3 
In 2x 
[3.82] 


significant figures, given y = 


45.4 Function of a function 


It is often easier to make a substitution before 
differentiating. 


If y is a function of x then wd = o x ae 
dx du dx 


This is known as the ‘function of a function’ rule 
(or sometimes the chain rule). 

For example, if y = (3x — 1)? then, by making the 
substitution u = (3x — 1), y = uw’, which is of the 
‘standard’ form. 


d d 
Hence “” = 98 and ““ =3 
du dx 


d d 
Then alls — = 
dx du 


du 
x — = (9u8)(3) = 27u8 
dx 
a ; dy 8 
Rewriting u as (3x — 1) gives: ik = 27(3x — 1) 
x 


Since y is a function of u, and u is a function of x, 
then y is a function of a function of x. 


Problem 18. Differentiate: 
y = 3cos(5x? + 2) 


Let u = 5x? + 2 then y=3cos u 
d d 

Hence a = 10x and = = —3sinu 
dx du 


Using the function of a function rule, 


dy dy du ; : 
er x a (—3 sinu)(10x) = —30x sinu 


Rewriting wu as 5x? +2 gives: 


dy = —30x sin(5x? + 2) 
dx 


Problem 19. Find the derivative of: 
y = (48 — 32)® 


Let u = 4¢° — 3t, then y = u® 
d d 

Hence = 12? —3 and @ = 6u5 
dt dt 


Using the function of a function rule, 


dy dy du 5 > 
Sa gee 121? — 
dx du . dx oe 4) 
Rewriting wu as (41° — 3r) gives: 
dy 


— = 6(48 — 32)° (122? — 3 
a (4t ty (12t ) 


= 18(4¢? — 1)(4t7 — 3r)> 


Problem 20. Determine the differential 
coefficient of: y= /3x? + 4x — 1 
y = V3x2 + 4x — 1 = (Bx? +40 -— 1)? 
Let u = 3x7 + 4x — 1 then y= uy!” 


d d 1 1 
Hence aie 6x + 4 and an fy? — 
dx du 2 


Using the function of a function rule, 


d d d 1 3x +2 
a eee: 


=—_—x—= 
dx due ax 
_. dy 3x +2 
ie. — = 


dx = /3x2+4x —1 


Problem 21. Differentiate: y = 3 tan* 3x 


Let u = tan 3x then y = 3u* 


d 
Hence - = 3sec” 3x, (from Problem 14), 
x 
and Oe P 
du 
d d d 
Then A = = x ~ = (12u°)(3 sec” 3x) 
= 12(tan 3x) (3 sec” 3x) 
: dy 3 2 
ec. — = 36tan’ 3 3. 
ie x an” 3x sec 3x 
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Problem 22. Find the differential coefficient 


of: y= 


(213 — 5)4 
y= a 2(213 — 5)-4. Let uw = (243 — 5) 
(283 — 5)4 , 
then y = 2u~* 
d = 
Hence a 6 md 2 Se = : 
dt du uw 
dy dy du —8 —481? 
The —— = — x — = | — | 62) = ———_ 
ae ae a (=) « )= ops 


Now try the following exercise 
Exercise 156 Further problems on _ the 


function of a function 


In Problems 1 to 8, find the differential 
coefficients with respect to the variable. 


(2x3 — 5x)? 
2 sin(30 — 2) 


[5(6x? — 5)(2x3 — 5x)*] 
[6 cos(30 — 2)] 
[—10cos* a sina] 


1 5(2 — 3x) 
(x3 — 2x + 1) esa 


5e2ttl 


2cos° a 


[10e2+!] 
2 cot(5t? + 3) [—20t cosec? (5t* + 3)] 
6tan(3y + 1) [18 sec?(3y + 1)] 


Jeane [2 sec2 Ge! P] 


Differentiate: 9 sin (6 oa =) with respect 


to 6, and evaluate, correct to 3 significant 


figures, when 0 = us [1.86] 


2 


45.5 Successive differentiation 


When a function y = f(x) is differentiated with 
respect to x the differential coefficient is written as 


d 
ae or f’(x). If the expression is differentiated again, 


the second differential coefficient is obtained and is 


2 

written as =a (pronounced dee two y by dee x 
x 

squared) or f”(x) (pronounced f double—dash x). 


By successive differentiation further higher deriva- 
3 4 


d 
tives such as a2 and oe may be obtained. 
dx3 dx* 
Thus if y = 3x‘, 
d d* 
oY = 12x3, <2 = 362, 
dx dx? 
3 4 ad 
OP a a 
dx3 dx4 dx 
Problem 23. If f(x) = 2x° — 4x3 + 3x —5, 


find f(x) 
f(X) = 2” — 49° 4+ 3x -—5 
f(x) = 10x* — 12x7 +3 
f(x) = 40x? — 24x = 4x (10x? — 6) 


Problem 24. If y= cosx — sinx, evaluate 


: TT y. 
x, in the range 0 < x < —, when — Is zero 
2 dx 


, : dy ; 
Since y = cosx — sinx, — = —sinx —cosx and 
dx 
a 


— = —cosx + sinx 
dx? 


2 
ys a 
When 2 is zero, —cosx + sinx = 0, 
rs 


; : sin x 
i.e. Sinx = cosx or = 
cos 


Hence tanx = 1 and x = tan7!1 = 45° or ; rads 


. IX 
in the range O<x< 5 


Problem 25. 


Given y = 2xe~>* show that 


y = 2xe~** (i.e. a product) 


Hence Gy = (2x)(—3e7**) + (e7**)(2) 
dx 


= —6xe7* + 2e-* 
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2 
y = 25 =X =D. 
ao [COx)H3e™) +(e )CO)1+ C6e*) Now try the following exercise 


= 18xe~** — 6e~** — 6e~** 
da 
ie. a = 18xe73* — 12¢-3* 


. _, dy dy 
Substituting values into —> + 6— + 9y gives: 
dx? dx 
122") +4 6(—txe * 43e-%)} 
+ 9(2xe73") 
= 18xe7** — 12e7** — 36xe7** 
Aus 12e7>* + 18xe-** = 0 
d d 
Thus when y = 2xe~**, ade a ae 9y=0 
dx? dx 


(axe = 


d’y 
Problem 26. Evaluate ae when 06 = 0 


given: y = 4sec 20 


Since y = 4sec 26, then 


d 
= = (4)(2) sec 20 tan 20 (from Problem 15) 
= 8 sec 26 tan 20 (i.e. a product) 
dy = (8 sec 26)(2 sec” 26) 
de> 
+ (tan 26)[(8)(2) sec 26 tan 20] 
= 16sec’ 26 + 16sec 26 tan? 20 
When 6 = 0, 
da 
5 = 16sec? 0+ 16sec 0 tan’ 0 


= 16(1) + 16(1)(0) = 16 


Exercise 157 Further problems on succes- 
sive differentiation 


1. If y= 3x4+2x3 —3x +42 find 


[(a) 36x27 + 12x (b) 72x + 12] 


2, 1 3 
2. (a) Given f(t) = Fa aren Loa 


determine f”(t) 
(b) Evaluate f”(t) when t = 1. 
(a) 4 12 . 6 % 1 
a —_ — <i — 
5 P BB 4/8 | 
(b) — 4.95 


In Problems 3 and 4, find the second differen- 
tial coefficient with respect to the variable. 


3. (a) 3sin2t+cost (b) 21n46 


: 3 
a —(12sin2t-+ cost) (b) = 


(a) 2cos*x (b) (2x — 3)4 
[(a) 4(sin? x — cos?) (b) 48(2x — 3)°] 


Evaluate f”(0) when 6 = 0 given 
f (0) =2 sec30 [18] 


Show that the differential equation 

ay a +4 0 is satisfied when 
— -—-4— =0i i w 
dx? dx 2 


y = xe* 
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Some applications of differentiation 


46.1 Rates of change 


If a quantity y depends on and varies with a quantity 
x then the rate of change of y with respect to x 
d 
is a 
dx 
Thus, for example, the rate of change of pressure 
d 
p with height h is . 
A rate of change with respect to time is usually 


just called ‘the rate of change’, the ‘with respect to 
time’ being assumed. Thus, for example, a rate of 


. di 
change of current, i, is — and a rate of change of 


temperature, 0, is 7 and so on. 


Problem 1. The length / metres of a certain 


metal rod at temperature 60°C is given by: 
1 = 1 + 0.000056 + 0.000000467. Determine 


the rate of change of length, in mm/°C, when 
the temperature is (a) 100°C and (b) 400°C 


dl 
The rate of change of length means 6 


Since length / = 1 + 0.000056 + 0.00000046”, 


dl 
then aa = 0.00005 + 0.00000086 
(a) When 6 = 100°C, 
dl 
76 = 0.00005 + (0.0000008 )(100) 


= 0.00013 m/°C = 0.13 mm/°C 
(b) When 6 = 400°C, 
dl 
76 = 0.00005 + (0.0000008 )(400) 


= 0.00037 m/°C = 0.37 mm/°C 


Problem 2. The luminous intensity / 
candelas of a lamp at varying voltage V is 


given by: 1] =4 x 10-* V’. Determine the 
voltage at which the light is increasing at a 
rate of 0.6 candelas per volt 


The rate of change of light with respect to voltage 


is given by av 


dl 
Since J = 4 x 1074 V’, Tn (4 x 107*)(2)V 
=8x1l0"*V 
When the light is increasing at 0.6 candelas per 
volt then +0.6 = 8 x 1074 V, from which, voltage 


0.6 
= ——— = 0.075 x 104 = 750 volt 
V ae 0.075 x 10 0 volts 


Problem 3. Newtons law of cooling is 
given by: 6 = 6je~™, where the excess of 


temperature at zero time is 0) °C and at time 


t seconds is 0°C. Determine the rate of 
change of temperature after 40 s, given that 
6 = 16°C and k = —0.03 


dé 
The rate of change of temperature is F 


do 
Since 6 = Oe—" then an (9) (—k)e~™ 


=> =k” 
When 6 = 16, k = —0.03 and t = 40 then 


do 
in —(—0.03)(16)e7 99) 


= 0.48 e!? = 1.594°C/s 
Problem 4. The displacement s cm of the 


end of a stiff spring at time ¢ seconds is 
—* sin 27 ft. Determine the 


given by: s = ae 
velocity of the end of the spring after | s, if 
a=2,k=0.9 and f =5 


ds 
Velocity v = FP where s = ae~" sin2mft (i.e. a 


product) 


Using the product rule, 
ds =H 
a (ae ™~ )(2nf cos 27 f t) 


+ (sin 27 f t)(—ake—™) 
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When a=2,k=0.9, f =5 andt=1, 


velocity, v = (2e~°?)(275 cos 275) 
+ (sin 2775)(—2)(0.9)e~®” 
= 25.5455 cos 10a — 0.7318 sin 102 
= 25.5455(1) — 0.7318(0) 
= 25.55 cm/s 


(Note that cos 10a means ‘the cosine of 10z radi- 
ans’, not degrees, and cos 10m = cos 2z = 1). 


Now try the following exercise 


Exercise 158 Further problems on rates 
of change 


An alternating current, i amperes, is given 
by i = 10sin27ft, where f is the fre- 
quency in hertz and f the time in seconds. 
Determine the rate of change of current 
when ¢ = 20 ms, given that f = 150 Hz. 


[3000z A/s] 


The luminous intensity, J candelas, of 
a lamp is given by J = 6 x 10-4 V’, 
where V is the voltage. Find (a) the rate of 
change of luminous intensity with voltage 
when V = 200 volts, and (b) the voltage 
at which the light is increasing at a rate 
of 0.3 candelas per volt. 


[(a) 0.24 cd/V (b) 250 V] 


The voltage across the plates of a capac- 
itor at any time ¢ seconds is given by 
v=Ve/CR where V, C and R are con- 
stants. Given V = 300 volts, 
C =0.12 x 10~ farads and 
R=4 x 10° ohms find (a) the initial rate 
of change of voltage, and (b) the rate of 
change of voltage after 0.5 s. 


[(a) —625 V/s (b) —220.5 V/s] 


The pressure p of the atmosphere at 
height 4 above ground level is given by 
p= po e"/°, where po is the pressure at 
ground level and c is a constant. Deter- 
mine the rate of change of pressure with 
height when po = 1.013 x 10° Pascals 
and c = 6.05 x 10* at 1450 metres. 


[—1.635 Pa/m] 


46.2 Velocity and acceleration 


When a car moves a distance x metres in a time ¢ 
seconds along a straight road, if the velocity v is 


x : : 
constant then v = A m/s, i.e. the gradient of the 


distance/time graph shown in Fig. 46.1 is constant. 


® 
° 
Cc 
Bs] 
2 
a 


Figure 46.1 


If, however, the velocity of the car is not constant 
then the distance/time graph will not be a straight 
line. It may be as shown in Fig. 46.2. 


oO 
oO 
(a4 
s 
2 
a 
B 
5x 
A 
ét 
> 
Time 
Figure 46.2 


The average velocity over a small time dt and 
distance 6x is given by the gradient of the chord 


; _ Ox 
AB, i.e. the average velocity over time dt is —. As 


6t — 0, the chord AB becomes a tangent, such that 
. fseiee, cok dx 
at point A, the velocity is given by: v = ai 
t 
Hence the velocity of the car at any instant is 
given by the gradient of the distance/time graph. If 
an expression for the distance x is known in terms of 
time ¢ then the velocity is obtained by differentiating 
the expression. 
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al Distance ¥=3F =— 2 + 4¢—1 m, 
5S dx a 
Velocity v= ai = 91° —4t+4 m/s 
D ‘ d°x 2 
Acceleration a= —~ = 18t—4m/s 
dx? 
3v (a) When time ¢ = 0, 
velocity v = 9(0)? — 4(0) +4 = 4 m/s 
C and acceleration a = 18(0) —-4 = —4 m/s” 
a : (i.e. a deceleration) 
Time (b) When time t = 1.5 s, 
: velocity v = 9(1.5)* —4(1.5) +4 = 18.25 m/s 
Figure 46.3 and acceleration a = 18(1.5) — 4 = 23 m/s? 


The acceleration a of the car is defined as the 
rate of change of velocity. A velocity/time graph is 
shown in Fig. 46.3. If dv is the change in v and dt 


Problem 6. Supplies are dropped from a 
helicopter and the distance fallen in a time tf 


—_ by seconds is given by: x = $f”, where 
the corresponding change in time, then a = me As g = 9.8 m/s2. Determine the velocity and 
d5t — 0, the chord CD becomes a tangent, such that acceleration of the supplies after it has fallen 
d for 2 seconds 


: : go VU 
at point C, the acceleration is given by: a = ai 


Hence the acceleration of the car at any instant is ; lg 4 5 
given by the gradient of the velocity/time graph. If | Distance pe 50.8) = 4.91°m 
an expression for velocity is known in terms of time ais 
t then the acceleration is obtained by differentiating Velocity v= — =9.8t m/s 
the expression. dt 

dv : d°x 2 
Agsdiemten. w= oa and acceleration a= 7 = 9.8 m/s 

de When time t = 2 s, 
However, = ae velocity v = (9.8)(2) = 19.6 m/s 

, ‘ and acceleration a = 9.8 m/s” (which is accelera- 

Hance oe d (dx _ d*x tion due to gravity). 

dt \ dt dx? 
The acceleration is given by the second differential Problem 7. The distance x metres travelled 
coefficient of distance x with respect to time ¢ by a vehicle in time ¢ seconds after the 

ue . . brakes are applied is given by: 
Summarising, if a body moves a distance x 
metres in a time ¢ seconds then: x = 20t — =1°. Determine (a) the speed of 
(i) distance x =f (¢) the vehicle (in km/h) at the instant the brakes 
_ ; ; dx iy : are applied, and (b) the distance the car 
(ii) velocity v =f"(t) or a which is the gradi- travels before it stops 
ent of the distance/time graph a 
d d*x i = ee 
(iii) acceleration a = oe f” or —,, which a 3! , 
. . . . d 10 
is the gradient of the velocity/time graph. Hence velocity v = = aye = } 

Problem 5. The distance x metres moved At the instant the brakes are applied, time = 0 

by a car in a time f seconds is given by: Henwa 

x = 34° — 217 + 4t — 1. Determine the ; 20 x 60 x 60 

velocity and acceleration when (a) t = 0, and velocity v = 20 m/s = 7000. km/h 


(b) t= 1.58 
=72 km/h 
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(Note: changing from m/s to km/h merely 
involves multiplying by 3.6). 
(b) When the car finally stops, the velocity is zero, 


: 10 . 10 
le. v = 20 — —t = 0, from which, 20 = ah 


giving t = 6s. Hence the distance travelled 
before the car stops is given by: 


5 5 
x = 20t ar = 20(6) 306) 
= 120-60 =60m 


Problem 8. The angular displacement 6 
radians of a flywheel varies with time t 
seconds and follows the equation: 

6 = 91? — 217. Determine (a) the angular 


velocity and acceleration of the flywheel 
when time, ¢t = 1 s, and (b) the time when 
the angular acceleration is zero 


(a) Angular displacement 6 = 917 — 2r° rad. 
dé 
Angular velocity w = ae 181 — 61? rad/s. 


When time t = 1 s, 


= 18(1) — 6(1)? = 12 rad/s. 
: d’6 
Angular acceleration a = ae 18—12t rad/s. 
When time t = 1 s, a = 18 — 12(1) 
= 6 rad/s” 


(b) When the angular acceleration is zero, 
18 — 12t = 0, from which, 18 = 12f, giving 
time,¢ = 1.55 


Problem 9. The displacement x cm of the 
slide valve of an engine is given by: 


x = 2.2 cos 5zt + 3.6 sin 5zt. Evaluate the 
velocity (in m/s) when time ¢t = 30 ms 


Displacement x = 2.2 cos St + 3.6 sin 5zt 


d 
Velocity v = — — (2.2)(—5z) sin Sat 
+ (3.6)(5z) cos 52t 


= —l1lasin5zt + 182 cos 5zt cm/s 
When time t = 30 ms, 


velocity = —11msin(5a x 30 x 107°) 
+ 18m cos(5m x 30 x 1073) 


= —11m7sin 0.4712 + 187 cos 0.4712 
= —I1msin27° + 182 cos 27° 

= —15.69 + 50.39 

= 34.7 cm/s = 0.347 m/s 


Now try the following exercise 


Exercise 159 Further problems on veloc- 
ity and acceleration 


1. A missile fired from ground level rises 
x metres vertically upwards in ¢t seconds 


25 : a 
and x = 100¢ — —??. Find (a) the initial 


velocity of the missile, (b) the time when 
the height of the missile is a maximum, 
(c) the maximum height reached, (d) the 
velocity with which the missile strikes the 
ground. 


(a) 100 m/s (b) 4s 
(c) 200 m_  (d) —100 m/s 


2. The distance s metres travelled by a car 
in t seconds after the brakes are applied 
is given by s = 25t — 2.517. Find (a) the 
speed of the car (in km/h) when the brakes 
are applied, (b) the distance the car travels 
before it stops. 


[(a) 90 km/h (b) 62.5 m] 


3. The equation 6 = 107+241—3?? gives the 
angle 9, in radians, through which a wheel 
turns in tf seconds. Determine (a) the time 
the wheel takes to come to rest, (b) the 
angle turned through in the last second of 
movement. [(a) 4s (b) 3 rads] 


4. At any time ¢ seconds the distance x 

metres of a particle moving in a straight 
line from a fixed point is given by: 
x = 4t+1n(1—1r). Determine (a) the initial 
velocity and acceleration (b) the velocity 
and acceleration after 1.5 s (c) the time 
when the velocity is zero. 


[@ 3 m/s; —1 m/s* 
(b) 6 m/s;—4 m/s? (c) F's 
5. The angular displacement 6 of a rotating 
t 
disc is given by: 6 = 6sin—, where ¢ 


is the time in seconds. Determine (a) the 
angular velocity of the disc when ¢ is 
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1.5 s, (b) the angular acceleration when t 
is 5.5 s, and (c) the first time when the 
angular velocity is zero. 


(a) w = 1.40 rad/s 
(b) w = —0.37 rad/s” 
(c) t = 6.28 s 


2007 = 2327 
fa 2 ae + 6¢ + 5 represents 
the distance, x metres, moved by a body 
in ¢t seconds. Determine (a) the veloc- 
ity and acceleration at the start, (b) the 
velocity and acceleration when t = 3 s, 
(c) the values of t when the body is at 
rest, (d) the value of t when the accel- 
eration is 37 m/s’, and (e) the distance 
travelled in the third second. 
(a) 6 m/s, —23 m/s” 
(b) 117 m/s, 97 m/s? 


(c) + sor2s 


(d) 148 (e) 754m 


L 
2 


46.3 Turning points 


In Fig. 46.4, the gradient (or rate of change) of the 
curve changes from positive between O and P to 
negative between P and Q, and then positive again 
between Q and R. At point P, the gradient is zero 
and, as x increases, the gradient of the curve changes 
from positive just before P to negative just after. 
Such a point is called a maximum point and appears 
as the ‘crest of a wave’. At point Q, the gradient 
is also zero and, as x increases, the gradient of 
the curve changes from negative just before Q to 
positive just after. Such a point is called a minimum 
point, and appears as the ‘bottom of a valley’. Points 
such as P and Q are given the general name of 
turning points. 

It is possible to have a turning point, the gradient 
on either side of which is the same. Such a point is 
given the special name of a point of inflexion, and 
examples are shown in Fig. 46.5. 

Maximum and minimum points and points of 
inflexion are given the general term of stationary 
points. 


Procedure for finding and distinguishing between sta- 
tionary points 


(i) Given y = f(x), determine 2 (i.e. f’(x)) 
x 


y 
R 
P 
Negative Positi 
Positive gradient sane 
gradient giadicnt 
O Q 


Figure 46.4 


Maximum 
point 
Maximum 
point 


Points of 
inflexion 


/ 


Minimum point 


Figure 46.5 


d 
(ii) = Let ~ = 0 and solve for the values of x 
x 
(iii) Substitute the values of x into the original 
equation, y = f (x), to find the corresponding 
y-ordinate values. This establishes the co- 
ordinates of the stationary points. 


To determine the nature of the stationary 
points: Either 
2 


(iv) Find a and substitute into it the values of 
x 


x found in (ii). 
If the result is: (a) positive —the point is a 
minimum one, 
(b) negative —the point is a 
maximum one, 
(c) zero—the point is a 
point of inflexion 
or 


(v) Determine the sign of the gradient of the curve 
just before and just after the stationary points. 
If the sign change for the gradient of the 
curve is: 


(a) positive to negative — the point is a max- 
imum one 
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(b) negative to positive — the point is a min- 
imum one 

(c) positive to positive or negative to 
negative—the point is 
inflexion. 


Problem 10. Locate the turning point on 
the curve y = 3x” — 6x and determine its 


nature by examining the sign of the gradient 
on either side 


Following the above procedure: 


(i) 


(ii) 


(iii) 


(iv) 


Problem 11. 


d 
Since y = 3x” — 6x, eee ey 
dx 


d 
At a turning point, a 0, hence 6x—6 = 0, 
from which, x = 1. 
When x = 1, y= 3(1)? — 6(1) = —3 


Hence the co-ordinates of the turning point 
is (1, —3) 


If x is slightly less than 1, say, 0.9, then 
d 

a 6(0.9) — 6 = —0.6, i.e. negative 

dx 


If x is slightly greater than 1, say, 1.1, then 
d 

f¥ — 6(1.1) — 6 = 06, ie. positive 

dx 

Since the gradient of the curve is negative 
just before the turning point and positive just 


after (i.e. —U+), (1, —3) is a minimum 
point 


Find the maximum and 


minimum values of the curve y = x° —3x+5 


by (a) examining the gradient on either side 
of the turning points, and (b) determining the 
sign of the second derivative 


d 
Since y= x3 — 3x45 then = 3x? —3 
Xx 


. tas y 
For a maximum or minimum value rm =0 
x 


Hence 3x7 —-3 = 0, 
from which, 3x? = 3 
and x=+1 


When x = 1, y= (1)? —3(1) +5 =3 


When x = 


1, y= (-18 —3(-I)4+5=7 


Hence (1, 3) and (—1, 7) are the co-ordinates of the 
turning points. 


a point of 


(a) 


(b) 


Considering the point (1, 3): 
If x is slightly less than 1, say 0.9, then 
dy 


— = 3(0.9)* — 3, which is negative. 
dx 


If x is slightly more than 1, say 1.1, then 


d 
©” — 3(1.1)? — 3, which is positive. 
dx 


Since the gradient changes from negative to 
positive, the point (1, 3) is a minimum point. 


Considering the point (—1, 7): 
If x is slightly less than —1, say —1.1, then 
d 
= = 3(—1.1)? — 3, which is positive. 
x 


If x is slightly more than —1, say —0.9, then 


d 

Y — 3(—0.9)2 — 3, which is negative. 
dx 
Since the gradient changes from positive to 
negative, the point (—1, 7) is a maximum 
point. 

dy d*y 

Since — = 3x* — 3, then —— = 6 

ince ax x en 72 x 

oS ee , 
When x = 1, 7 is positive, hence (1, 3) is a 
x 
minimum value. 
2 


When x = —1, = is negative, hence (—1, 7) 
x 
is a maximum value. 


Thus the maximum value is 7 and the min- 
imum value is 3. 


It can be seen that the second differential method 
of determining the nature of the turning points is, in 
this case, quicker than investigating the gradient. 


Problem 12. Locate the turning point on the 
following curve and determine whether it is 


a maximum or minimum point: y = 46 + e~® 


: ~0 dy ~6 
Since y = 40+ .e hen og = 0 fora 


maximum or minimum value. 


a) 


1 
Hence 4 = e~°, — = e®, giving 


"4 


1 
6=I1n = —1.3863 (see Chapter 13). 


When 6 = —1.3863, 
y = 4(—1.3863) + e~ 13863) — 5.5452 + 4.0000 


= —1.5452 
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Thus (—1.3863, —1.5452) are the co-ordinates of 
the turning point. 


d*y _ 4-6 
de 
d*y 1.3863 . 
When 6 = —1.3863, Te = et! = 4.0, which 


is positive, hence 
(—1.3863, —1.5452) is a minimum point. 


Problem 13. Determine the co-ordinates of 
the maximum and minimum values of the 


x x 5 SeCrere 
graph y= — — ~—6x+ 3 and distinguish 


between them. Sketch the graph 


Following the given procedure: 


(i) Si ae ee 
i ince y= — — — — 6x+ — then 
ee eae 3 
d 
7 =x?-x-6 
7 : _, ay 
(ii) At a turning point, — = 0. 
dx 
Hence x -x-6= 0, 
i.e. (x +2) — 3) =0, 
from which x=-—2orx=3 
(iii) When x = —2, 
(-2) (-2) 5 
y 3 5 (—2)+ 3 
Gy Gy 5 
Wh =3,y=— —-— -63)4+- 
en x y 3 5 (3)+ 5 
— oie 
6 


Thus the co-ordinates of the turning points 
5 
are (—2, 9) and (a. -112) 


iy Sica =? Pe ee 
1V ince — =X" -x—- en —— SS ZX 
dx dx2 
Wh ea 2(—2) 
enx = —2, — = 
dx? 


which is negative. 


1iSi=5; 


Hence (—2, 9) is a maximum point. 
2 


d*y 
When x = 3, qe = 2(3) 


1 = 5, which is 


positive. 


5 
Hence (3. -117) is a minimum point. 


Knowing (—2, 9) is a maximum point (i.e. 
5 

crest of a wave), and (3. -112) is a mini- 

mum point (i.e. bottom of a valley) and that 


when x = 0, y= -, a sketch may be drawn 


as shown in Fig. 46.6. 


Figure 46.6 


Problem 14. Determine the turning points 
on the curve y = 4sinx — 3 cosx in the 
range x = 0 to x = 2m radians, and 


distinguish between them. Sketch the curve 
over one cycle 


Since y = 4sinx — 3cosx then 


d 
= = 4cosx + 3 sinx = 0, for a turning point, 
x 


: . —4 sinx 

from which, 4cosx = —3 sinx and — = —— 
3 cos x 

= tanx. 


4 
Hence x = tan”! (=) = 126.87° or 306.87°, 


since tangent is negative in the second and fourth 
quadrants. 


When x = 126.87°, 
y = 4sin 126.87° — 3 cos 126.87° = 5 
When x = 306.87", 


y = 4sin 306.87° — 3 cos 306.87° = —5 
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126.87° = (125.87° x a) radians 
= 2.214 rad 
306.87° = (306.87° x —) radians 
180 


= 5.356 rad 


Hence (2.214, 5) and (5.356, —5) are the co- 
ordinates of the turning points. 


d2 

= = —4sinx + 3cosx 

When x = 2.214 rad, 

d’*y : ae ; 
ae —4sin 2.214+3 cos 2.214, which is negative. 


Hence (2.214, 5) is a maximum point. 
When x = 5.356 rad, 

d*y 
dx? 


Hence (5.356, —5) is a minimum point. 


= —4sin5.356+3 cos 5.356, which is positive. 


A sketch of y = 4 sin x—3 cos x is shown in Fig. 46.7. 


y=4 sin x-3 cos x 


Figure 46.7 


Now try the following exercise 


Exercise 160 Further problems on turn- 
ing points 


In Problems | to 7, find the turning points and 
distinguish between them. 


1 y=3x7-4x42 


oe 2 2 
Minimum at | —, = 
| € 5) 


2. x =06(6-8) [Maximum at (3, 9)] 


3. y= 4x3 + 3x? — 60x — 12 
Minimum (2, —88); 


1 1 
Maximum | —2-, 94—- 
2 4 


4. y=5x—2Inx 
[Minimum at (0.4000, 3.8326] 
5. y=2x-e* 
[Maximum at (0.6931, —0.6137] 


2 


t 
6 y=P—-——2r+4 
2: 
1 
Minimum at (1.25) 


. 2 22 
Maximum at 3455 


1 1 
7. x=8tt+ a2 [Minimum at (5. 6) 


8. Determine the maximum and minimum 
values on the graph y = 12cos@—5sin@ 
in the range 6 = 0 to 6 = 360°. Sketch 
the graph over one cycle showing relevant 
points. 


Maximum of 13 at 337.38°, 
fein of —13 at nn 

9. Show that the curve 
y= 3¢ — 1)?+2t(t— 2) has a maximum 


2 
value of 3 and a minimum value of —2. 


46.4 Practical problems involving 
maximum and minimum values 


There are many practical problems involving max- 
imum and minimum values which occur in science 
and engineering. Usually, an equation has to be 
determined from given data, and rearranged where 
necessary, so that it contains only one variable. 
Some examples are demonstrated in Problems 15 
to 20. 


Problem 15. A rectangular area is formed 
having a perimeter of 40 cm. Determine the 


length and breadth of the rectangle if it is to 
enclose the maximum possible area 
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Let the dimensions of the rectangle be x and y. Then 

the perimeter of the rectangle is (2x + 2y). Hence 

2x + 2y = 40, orx+ y = 20 

Since the rectangle is to enclose the maximum 

possible area, a formula for area A must be obtained 

in terms of one variable only. 

Area A = xy. From equation (1), x = 20 — y 

Hence, area A = (20 

dA : . : 

a 20 — 2y = 0 for a turning point, from which, 
y 

y= 10cm. 

d’A 

dy? 

point. 


y)y = 20y — y* 


= —2, which is negative, giving a maximum 


When y = 10 cm, x = 10 cm, from equation (1). 
Hence the length and breadth of the rectangle 
are each 10 cm, i.e. a square gives the maximum 
possible area. When the perimeter of a rectangle 
is 40 cm, the maximum possible area is 10 x 10 = 
100 cm’. 


Problem 16. A rectangular sheet of metal 
having dimensions 20 cm by 12 cm has 
squares removed from each of the four 


corners and the sides bent upwards to form 
an open box. Determine the maximum 
possible volume of the box 


The squares to be removed from each corner are 
shown in Fig. 46.8, having sides x cm. When the 
sides are bent upwards the dimensions of the box 
will be: length (20 — 2x) cm, breadth (12 — 2x) cm 
and height, x cm. 


12cm 


Figure 46.8 
Volume of box, V = (20 — 2x)(12 — 2x)(x) 
= 240x — 64x? + 4x3 
dV 
me 240 — 128 x + 12x? = 0 for a turning point. 
ie 
Hence 4(60—32x+3x7) = 0, i.e. 3x*—32x+60 = 0 


Using the quadratic formula, 


32 + \/ (—32)2 — 4(3)(60) 
XK2F- 20 ————— 
2(3) 
= 8.239 cm or 2.427 cm. 
Since the breadth is (12 — 2x) cm then 
x = 8.239 cm is not possible and is neglected. 
Hence x = 2.427 cm. 
d°v 
al = —128 + 24x. 


2 


When x = 2.427, ay. 


ae 1s negative, giving a maxi- 


mum value. 


The dimensions of the box are: 

length = 20 — 2(2.427) = 15.146 cm, 
breadth = 12 — 2(2.427) = 7.146 cm, and 
height = 2.427 cm. 


Maximum volume = (15.146)(7.146)(2.427) 
= 262.7 cm? 


Problem 17. Determine the height and 


radius of a cylinder of volume 200 cm? 
which has the least surface area 


Let the cylinder have radius r and perpendicular 
height h. 


Volume of cylinder, V=arh=200 (1) 


A = 2nrh + 2nr° 


Least surface area means minimum surface area 
and a formula for the surface area in terms of one 


variable only is required. 
200 
are 


Surface area of cylinder, 


(2) 


From equation (1), h = 


Hence surface area, 
200 
A= 2zr (=) + Qnr? 
qr 


400 
= — 4 2nr* = 400r7! + 2nr? 


- 
dA  -—400 F : 
—= + 4zxr = 0, for a turning point. 
dr r2 
400 
Hence Aur = a 
- 
400 
and r= —, 
An 
100 
from which, r= 4/— =3.169 cm. 
4 
d*A 800 
ae = er + 4c. 


JNTUWORLD 


www.jntuworld.com 


aA ae _. 
When r = 3.169 cm, 7 is positive, giving a 
r 

minimum value. 
From equation (2), when r = 3.169 cm, 

Se 6.339 cm 

703.169)? 
Hence for the least surface area, a cylinder of 
volume 200 cm> has a radius of 3.169 cm and 
height of 6.339 cm. 


Problem 18. Determine the area of the 
largest piece of rectangular ground that can 


be enclosed by 100 m of fencing, if part of 
an existing straight wall is used as one side 


Let the dimensions of the rectangle be x and y as 
shown in Fig. 46.9, where PQ represents the straight 
wall. 


From Fig. 46.9, 


Area of rectangle, 


x+2y = 100 (1) 
A= xy (2) 


Figure 46.9 


Since the maximum area is required, a formula for 
area A is needed in terms of one variable only. 
From equation (1), x = 100 — 2y 

Hence, area A = xy = (100 — 2y)y = 100y oy 


a 100—4y = 0, for a turning point, from which, 
y 
y= 25 m. 


7a —4, which is negative, giving a maximum 
y 

value. 

When y = 25 m, x = 50 m from equation (1). 
Hence the maximum possible area 

= xy = (50)(25) = 1250 m? 


Problem 19. An open rectangular box with 
square ends is fitted with an overlapping lid 


which covers the top and the front face. 
Determine the maximum volume of the box 
if 6 m? of metal are used in its construction 


A rectangular box having square ends of side x and 
length y is shown in Fig. 46.10. 
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x y 
Figure 46.10 


Surface area of box, A, consists of two ends and five 
faces (since the lid also covers the front face). 


Hence A= 2x?+5xy=6 (1) 


Since it is the maximum volume required, a formula 
for the volume in terms of one variable only is 
needed. Volume of box, V = x’y 

From equation (1), 


_ 6 — 2x? 6 2x 


=—-— 2 
ye Sx xO @) 
2 > [{ 6 2x 
Hence volume V = x*y =x* | — —- — 
5x 5 
_ 6x 2x3 
~3 5 
dV 6 6x? - 
— = — — — = 0 for a maximum or minimum 
dx 5 5 
value. 
Hence 6 = 6x’, giving x = 1m (x = —1 is not 


possible, and is thus neglected). 
d’V _ ax 
dx 5 
av... : vos ; 
When x = 1, D2 is negative, giving a maximum 
x 


value. 
. 6 2d) 4 
From equation (2), whenx = 1, y= ——--——= = 
5(1) 5 5 
Hence the maximum volume of the box is given by 
V=x*y=(1P ce m? 
5 5 


Problem 20. Find the diameter and height 
of a cylinder of maximum volume which can 


be cut from a sphere of radius 12 cm 


A cylinder of radius r and height A is shown 
enclosed in a sphere of radius R= 12cm in 
Fig. 46.11. 


Volume of cylinder, V= mr°h (1) 
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Using the right-angled triangle OPQ shown in 


Fig. 46.11, 


AY? 
r+ (3) = R* by Pythagoras’ theorem, 


h2 
ive. r+—=144 
4 


Figure 46.11 


Since the maximum volume is required, a formula 
for the volume V is needed in terms of one variable 


only. 
2 


From equation (2), r? = 144 — re 


Substituting into equation (1) gives: 


h2 
V=a (144 =) h = 144sth 


— = 1447 — —— = (QO, for a maximum or 
dh 4 


minimum value. 


hi 
Hence 1447 = = from which, 


/(144)(4 
h= a“ = 13.86 cm. 
d°V _ —6zh 
dhe 4 
vo an . ia F 
When h = 13.86, Whe is negative, giving a maxi- 
mum value. 
From equation (2), 
I 13.867 
r? = 144—-— = 144 
r = 9.80 cm 


Diameter of cylinder = 2r = 2(9.80) = 19.60 cm. 


, from which, radius 


Hence the cylinder having the maximum vol- 
ume that can be cut from a sphere of radius 
12 cm is one in which the diameter is 19.60 cm 
and the height is 13.86 cm. 


Now try the following exercise 


Exercise 161 Further problems on practi- 
cal maximum and minimum 
problems 


1. The speed, v, of a car (in m/s) is related to 
time f s by the equation v = 34+ 12r—3?r’. 
Determine the maximum speed of the car 
in km/h. [54 km/h] 


2. Determine the maximum area of a 
rectangular piece of land that can be 
enclosed by 1200 m of fencing. 


[90000 m7] 


3. A shell is fired vertically upwards and 
its vertical height, x metres, is given by: 
x = 24t — 3t*, where ¢ is the time in 
seconds. Determine the maximum height 
reached. [48 m] 


4. A lidless box with square ends is to 
be made from a thin sheet of metal. 
Determine the least area of the metal for 
which the volume of the box is 3.5 m?. 


[11.42 m7] 


5. A closed cylindrical container has a 
surface area of 400 cm”. Determine the 
dimensions for maximum volume. 


[radius = 4.607 cm, 
height = 9.212 cm] 


6. Calculate the height of a cylinder of 
maximum volume that can be cut from a 
cone of height 20 cm and base radius 
80 cm. [6.67 cm] 


7. The power developed in a resistor R by a 


battery of emf E and internal resistance r 
2 


R 
is given by P = ———. Differentiate P 
(R+ ry? 
with respect to R and show that the power 
is a maximum when R = r. 


8. Find the height and radius of a closed 
cylinder of volume 125 cm? which has 
the least surface area. 


[height = 5.42 cm, radius = 2.71 cm] 
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9. Resistance to motion, F, of a moving 
5 

vehicle, is given by: F = —-+ 100x. 
x 


Determine the minimum value of resis- 
tance. [44.72] 


10. An electrical voltage E is given by: 
E = (15sin50zt + 40cos50zt) volts, 
where f is the time in seconds. Determine 
the maximum value of voltage. 
[42.72 volts] 


46.5 Tangents and normals 
Tangents 


The equation of the tangent to a curve y = f(x) at 
the point (x;, y,) is given by: 


y—y1 =m — x1) 


d 
where m = = = gradient of the curve at (x), y)). 
x 


Problem 21. Find the equation of the 


tangent to the curve y = x* — x — 2 at the 
point (1, —2) 


Gradient, m = dy =2x-1 
At the point (1, —2), x= 1 and m=2(1)-1=1 
Hence the equation of the tangent is: 
y- y= moa — x1) 
ie. y——-2=1@-1) 
ie. y+2=x-1 
or y=x—-3 
The graph of y = x? —x—2 is shown in Fig. 46.12. 


The line AB is the tangent to the curve at the point C, 
i.e. (1, —2), and the equation of this line is y = x—3. 


Normals 


The normal at any point on a curve is the line that 
passes through the point and is at right angles to 
the tangent. Hence, in Fig. 46.12, the line CD is the 
normal. 

It may be shown that if two lines are at right 
angles then the product of their gradients is —1. 
Thus if m is the gradient of the tangent, then the 

1 


gradient of the normal is ——. 
m 


JNTUWORLD 


SOME APPLICATIONS OF DIFFERENTIATION 403 


Hence the equation of the normal at the point 
(x1, ¥,) is given by: 


Figure 46.12 


Problem 22. Find the equation of the 


normal to the curve y = x* — x — 2 at the 
point (1, —2) 


m = 1 from Problem 21, hence the equation of the 


1 
normal is y — yp = ——(x — x) 
m 


1 
ie. y-—-2= —7@ —1) 


ie. yt2=-x4+1 


Thus the line CD in Fig. 46.12 has the equation 
y=-x-1 


or y=-x-1 


Problem 23. 


Determine the equations of the 
3 
x 
tangent and normal to the curve y = 7 at 


the point (—1, —+) 
x 
Gradient m of curve y = > is given by 


dy — 3x? 
dx 5 


m= 


ie. yt 
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or Syt1l=3x+3 
or S5y—3x =2 


Equation of the normal is: 


1 
y-y=—-—(%— x) 
m 


ie. y 5 73y & 1) 
(5) 
i.e mls Gen 
5 3 
I. 5 
ae NES a a 


Multiplying each term by 15 gives: 


Sy +3 = —25x — 25 
Hence equation of the normal is: 
15y + 25x +28 = 0 


Now try the following exercise 


Exercise 162 Further problems on tan- 
gents and normals 


For the following curves, at the points given, 
find (a) the equation of the tangent, and (b) the 


equation of the normal 


1. y= 2x? at the point (1, 2) 


(a) y=4x—-—2 (b) 4y+x=9] 
y = 3x? — 2x at the point (2, 8) 
[(a) y= 10x —12 (b) 10y+x = 82] 


6 
y= oi at the point (-1 - 


(@) y= 5x41 (b) 6y+4x+7=0] 


y=1+x-—x’ at the point (—2, —5) 
[(a) y=5x+5 (b) S5y+x+27=0] 


1 1 
6 = — at th int | 3, - 
- e€ poin ( 5) 
a 


(b) 6 = 91 — 265 or 36 = 271 — 80 


46.6 Small changes 


If y is a function of x, i.e. y = f(x), and the 
approximate change in y corresponding to a small 
change 6x in x is required, then: 


dy dy 
bx dx 


d 
and dyn = «Bx or dby Sf" (x) - ox 
x 


Problem 24. Given y = 4x” — x, determine 


the approximate change in y if x changes 
from 1 to 1.02 


d 
Since y = 4x” — x, then Os iad 
dx 
Approximate change in y, 


d 
by & Om. 8x (Bx — 1)8x 
dx 


When x = 1 and 5x = 0.02, sy ¥ [8(1) — 1](0.02) 


~ 0.14 
[Obviously, in this case, the exact value of dy may 
be obtained by evaluating y when x = 1.02, i.e. 
y = 4(1.02)? — 1.02 = 3.1416 and then subtracting 
from it the value of y when x = 1, Le. 
y = 4(1)?-1 = 3, giving dy = 3.1416—-3 = 0.1416. 


Using dy = = - dx above gave 0.14, which shows 
x 


that the formula gives the approximate change in y 
for a small change in x]. 


Problem 25. The time of swing T of a 
pendulum is given by T = k/7, where k is a 


constant. Determine the percentage change in 
the time of swing if the length of the 
pendulum / changes from 32.1 cm to 32.0 cm 


If T =kVJ1 = k1"/?, 

dT 1 k 
then —=k (Gr'”) = —— 
dl 2 a/1 


Approximate change in T, 


dT k k 
éT & —él ~ (| —— | 8 » | —- ) (=0.1 
dl (57) (a) 


(negative since / decreases) 
Percentage error 


approximate change in T 
= a 100% 
original value of T 
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k 
—— } (-0.1) 
(<7) 
= ~-Y4_—__ x 100% 
kJ . 


— (=!) oom = (2) 100% 
21 2(32.1) 


= —0.156% 


Hence the percentage change in the time of swing 
is a decrease of 0.156% 


Problem 26. A circular template has a 
radius of 10 cm (0.02). Determine the 


possible error in calculating the area of the 
template. Find also the percentage error 


Area of circular template, A = mr”, hence 


Approximate change in area, 
dA 

6A & —- dr & (2zr)6r 
dr 


When r = 10 cm and dr = 0.02, 
6A = (27110)(0.02) © 0.477 cm? 


i.e. the possible error in calculating the template 
area is approximately 1.257 cm”. 


0.47 
100% = 0.40% 
1 =) 7 : 


Percentage error ~ ( 


SOME APPLICATIONS OF DIFFERENTIATION 


Now try the following exercise 


Exercise 163 Further problems on small 


changes 


Determine the change in f (x) if x changes 

from 2.50 to 2.51 when (a) y = 2x — x? 
5 

(b) y= — [(a) —0.03 (b) —0.008] 
x 

The pressure p and volume v of a mass of 

gas are related by the equation pv = 50. 

If the pressure increases from 25.0 to 

25.4, determine the approximate change 

in the volume of the gas. Find also the 


percentage change in the volume of the 
gas. [—0.032, —1.6%] 


Determine the approximate increase in 
(a) the volume, and (b) the surface area 
of a cube of side x cm if x increases from 
20.0 cm to 20.05 cm. 


[(a) 60 cm? (b) 12 cm?] 


The radius of a sphere decreases from 
6.0 cm to 5.96 cm. Determine the approx- 
imate change in (a) the surface area, and 
(b) the volume. 


[(a) —6.03 cm? 


(b) —18.10 cm?] 
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Assignment 12 


This assignment covers the material in 
Chapters 44 to 46. The marks for each 


question are shown in brackets at the 
end of each question. 


Differentiate the following with respect to 
the variable: 


1 
(a) y=5+2Vx3—— (b) s= 4e”? sin 30 
x 


~ cos 2t =F 
(15) 


If f(x) = 2.5x? — 6x + 2 find the co- 
ordinates at the point at which the gradi- 
ent is —1. (5) 


The displacement s cm of the end of a 
stiff spring at time ¢ seconds is given 


by: s = ae sin2xft. Determine the 
velocity and acceleration of the end of the 
spring after 2 seconds if a = 3, k = 0.75 
and f = 20. (10) 
Find the co-ordinates of the turning points 


on the curve y = 3x? + 6x? + 3x — 1 and 
distinguish between them. (9) 


The heat capacity C of a gas varies with 
absolute temperature 6 as shown: 


C = 26.50 + 7.20 x 10°74 — 1.20 x 10°67 


Determine the maximum value of C and 
the temperature at which it occurs. (7) 


Determine for the curve y = 2x” — 3x at 
the point (2, 2): (a) the equation of the 
tangent (b) the equation of the normal 
(7) 
A rectangular block of metal with a square 
cross-section has a total surface area of 
250 cm?. Find the maximum volume of 
the block of metal. (7) 
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Part 9 Integral Calculus 


47 


Standard integration 


47.1 The process of integration 


The process of integration reverses the process of 
differentiation. In differentiation, if f(x) = 2x? then 
f'(x) = 4x. Thus the integral of 4x is 2x7, ice. 
integration is the process of moving from f’(x) to 
f (x). By similar reasoning, the integral of 2t is 1’. 

Integration is a process of summation or adding 
parts together and an elongated S, shown as |, is 
used to replace the words ‘the integral of’. Hence, 
from above, f 4x = 2x? and f 2t is 17. 


d 
In differentiation, the differential coefficient me 


indicates that a function of x is being differentiated 
with respect to x, the dx indicating that it is ‘with 
respect to x’. In integration the variable of integra- 
tion is shown by adding d(the variable) after the 
function to be integrated. 


Thus / 4x dx means ‘the integral of 4x 
with respect to x’, 


and / 2tdt means ‘the integral of 2t 
with respect to ?’ 


As stated above, the differential coefficient of 2x? is 
4x, hence 7 4x dx = 2x”. However, the differential 
coefficient of 2x2 +7 is also 4x. Hence i 4x dx is 


also equal to 2x” + 7. To allow for the possible 
presence of a constant, whenever the process of 
integration is performed, a constant ‘c’ is added to 
the result. 


Thus [dra =2P +c and [rrar=P +e 


‘c’ is called the arbitrary constant of integration. 


47.2 The general solution of integrals 
of the form ax” 


The general solution of integrals of the form 
f ax"dx, where a and n are constants is given by: 


ax"t 
pata =" +c 


This rule is true when n is fractional, zero, or a 
positive or negative integer, with the exception of 
n=-l. 


Using this rule gives: 


3 4+1 3 
(i) [otav= Po te= Bite 


~ 441 5 
Qx72+1 
_ —2 = 
(ii) [axa fo ae ls 
ve ae 
= aq = and 
wt! 
(iii) [Mara [Pax = i +c 
-+1 
5 a 
3 2 
2 
= > +c= rh +c 
2 
Each of these three results may be checked by 


differentiation. 


(a) The integral of a constant k is kx + c. For 
example, 


[sax ast 
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(b) When a sum of several terms is integrated the 
result is the sum of the integrals of the separate 
terms. For example, 


[ox 2x? — 5) dx 


= fsvax+ freax— [sax 


ae ee 5x +c 
~ 3 3 


47.3 Standard integrals 


Since integration is the reverse process of 
differentiation the standard integrals listed in 
Table 47.1 may be deduced and readily checked by 
differentiation. 


Table 47.1 Standard integrals 


n+l 
(i) po dx = = +e 
n+1 


(except when n = —1) 


1 
(ii) [cs axdx = —sinax+c 
a 


1 
(iii) | sinavdx = —-—cosax+c 
a 


1 
(iv) : sec? ax dx = —tanax+c 
a 
2 1 
(v) | cosec* axdx = ——cotax+c 
a 
; 1 
(vi) cosec ax cot ax dx = ——cosecax +c 
a 
a 1 
(vii) sec ax tanax dx = —secax+c 
a 
1 ax 


(viii) je dx=-e“+c 
a 


1 
(ix) [earainxte 
x 


Problem 1. Determine: (a) ; 5x? dx 


(b) i oF at 


ax't! 
The standard integral, / ax" dx = 
n 


(a) When a =5 and n = 2 then 


5x2t1 5 
[se ax= a +c= ae be 


2+1 3 
(b) When a= 2 and n = 3 then 
4 p+! ort Ls 
2t? dt = = — = _f 
/ 341° m +c 5 +c 


Each of these results may be checked by differenti- 
ating them. 


Problem 2. Determine 


/ (4+ = - 6x") dx 


J(4+ 2x — 6x”) dx may be written as 

f4dx+ ftxdx — f 6x? dx, 

i.e. each term is integrated separately. (This splitting 
up of terms only applies, however, for addition and 
subtraction). 


3 
Hence / (4 + 5% - 6x") dx 


3 xl! x2t! 
= ae 
r4(3) Wiggs 


ee a es 
mae o> a. * 


3 
= 4x + x? — 2x? +e 


Note that when an integral contains more than one 
term there is no need to have an arbitrary con- 
stant for each; just a single constant at the end is 
sufficient. 


Problem 3. Determine 


2x3 
@ {= 


(a) Rearranging into standard a form gives: 


Se (b) fo-» dt 
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Orit! pti 


(b) Rearranging [(1 —1)* dt gives: 5 a oer 
= a) 7 re= =) jt +e 


1 


1-2t+?)dt=t— 
ik ue iat og 


- af 4 rad : 
_ 2 3 
1 (+0) 
=(—-P4_—6 Problem 7. Determine / do 
— V6 


This problem shows that functions often have to be 
rearranged into the standard form of ‘i ax" dx before 7 (1+6)? 
0 


1+ 20+ 67 
ag= | 22" 19 


it is possible to integrate them. JO JO 
3 1. 26. 
Problem 4. Determine / — dx = ae ak Oa dé 
x 62 62 @2 
1 (Ss) 2-(5 
3 = om 2 2 
J sax = J 3x~?. Using the standard integral, ~ [( 2 +26 ( dso ( ) dé 
x 
J ax" dx when a = 3 and n = —2 gives: Y ; ‘ 
3x72+1 3x7! = i Ga + 262 + 02) dé 
[oetax= St = are 
-1 1 3 
3 > +H 2 +H 5 +H 
= -3x1+ce=—+e _al ) aol?) ol?) es 
x 


1 1 3 
—341 541 441 


1 3 5 
‘ 62 202 92 
Problem 5. Determine [vax aft +e 
2 2 


5 
2 
i it i i 1 43 25 
For fractional powers it is necessary to appreciate 90k 02 or Ae 
afan =aqn 3 5 
4 2 
ay3t! = 2/6+-V8 + Ve +e 
[ovzar= [30'P ax = i +c 3 5 
<+1 
2 Problem 8. Determine 
3 
= cami te=We te (a) [ 4cos3rax (>) | ssin20do 
2 


(a) From Table 47.1(ii), 
[400s 3x dx = (4) (5) sin 3x +c 


4 in 3 + 
= >sin3x +c 
3 


—5 —5 5 3 
[se-[se= | (2) t 4dt (b) From Table 47.1 (iii 
ad 3 rom Table 47.1 (iii), 
ov Or4 9 1 
[ssinz0a0 = (5) (-;) cos 20+ ¢ 


( =) pat! 
— -— +c 
9 3 5 
—E] oe 20 
ries a +c 
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Problem 9. Determine (a) 7 7 sec? 4t dt 


(b) 3 y cosec” 26 dé 


(a) From Table 47.1(iv), 
1 
ia sec” 4t dt = (7) (3) tan4t+c 


7 
= 4 tan 4t +c 
(b) From Table 47.1(v), 


1 
3 | cosec’ 20d0 = (3) (-;) cot20+c 


3 
= —~cot20+c 
°} + 


Problem 10. Determine (a) / Se ax 


2 
(b) [oe 
(a) From Table 47.1(viii), 
[se%ax= (5) (=) er eS > 53 +c 
3 3 


4 oy 


Problem 11. Determine 


2m? +1 2m? 1 
(b) I( )am = [ (A+ =) am 
m m m 
1 


=m*+Inm +c 


Now try the following exercise 


Exercise 164 Further problems on stan- 
dard integrals 


Determine the following integrals: 


1. (a) [ 4ax 0) | tax 


Tx? 
a 4x+c (b) a + | 


2. @ [ Zeax ) [ras 


2 = a 
a 15" +c (b) aA" +e] 


2 
3. (a) [= dx (b) [e+or as 


3x2 
(a) oa 5x +c 


Qe 
(b) 46+ 26° + > +e 
4 dx (b z d 
. @ | Sax o) | ax 
=| | 
l@ +e w te 
5. @2 [ Vax ) [ Sax 


6 aV8 + c (b) 5VB + | 


—5 3 
6. —d b ——d 
@ [= : © [= 7 


10 is, 
a ate }) Fite 


7. (a) [ 3cos2xax (>) | 7sin30do 
3 
(a) 5 sinax +¢ 


7 
(b) — q sae 
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8. (a) [zee 3x dx (b) J 2eosee” 46 dé 
1 1 
6 ta 3x+c (b) — 5 e0t40-+¢ 
9. (a) 5 | cot2tcosee 2r dt 
4 
(b) J Gsccdttandrat 
5 1 
(a) =3 cosec 2t-+c (b) 3 sec 4t + c| 


10. (a [ Fe%ax wf 


Oa —2 
a mig +c (b) 150m +e] 


2 w— 
11. (@ | Sax w | ( 7 ) au 


| i = | 
(a 3 nx+c ( 5 nu+c 


2 
12. @ [> dx wo f (5 +2")Par 


[ @) 8VEtEVE + ove te | 


1 413 
a oraie re 


47.4 Definite integrals 


Integrals containing an arbitrary constant c in their 
results are called indefinite integrals since their 
precise value cannot be determined without further 
information. Definite integrals are those in which 
limits are applied. If an expression is written as [x]’, 
‘b’ is called the upper limit and ‘a’ the lower limit. 

The operation of applying the limits is defined as: 
[x] = (b) — @) 

The increase in the value of the integral x” as x 
increases from | to 3 is written as [ : x dx 


Applying the limits gives: 


3 3 3 33 (3 
[ve= [+d =(G4)-(F49) 
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Note that the ‘c’ term always cancels out when limits 


are applied and it need not be shown with definite 
integrals. 


2 
Problem 12. Evaluate (a) / 3x dx 
1 


3 
o) | (4 —x?)dx 
—2 


7 3x27? 
(a) [ xax=[F] 


3 iyy2 _ 3 2 
2a} Lar} 


4/642 
Problem 13. Evaluate — 


1\ Vo 


taking positive square roots only 


4/642 4f 6 2 
/ — ao= | ra fae 
1 JO 1 92 92 


ll 
= 
A 
—~ 
D 
NI- 
+ 
N 
D 
nf 
NV 
Q 
D 


+ 
| 


4 


1 
202 2 ‘ 
+ = ve +4v5] 
1 


DS 
| Lo| Nin Nl] 


WIN po 


VOR + aval — {2 Vor + avi} 


|S 
+ 
ioe} 
er 
| 
——s 
wire 
+ 
A 
ne 
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"3 
Fina = —[In4—In]1] 
i 4 


m/2 
Problem 14. Evaluate: | 3 sin 2x dx 
0 


3 
= 7.3863 — 0] = 1.040 


Now try the following exercise 


1 7 7 3 2 
= 3) ay a rate ox Exercise 165 Further problems on defi- 
nite integrals 


3 
cos 2 (5) \ — {-3 cos 20} In Problems | to 8, evaluate the definite inte- 
grals (where necessary, correct to 4 significant 


{ 3 
2 
{ 3 \ { 3 \ figures). 
= 4—=cosm > — 4 —=~cos0 
4 ‘ : 2 ; 3 9 
1. @ | 5x° dx o) | —-t dt 
3 3 3 3 4 
= a ie 1 -1 
{ 5 ( v} { sh aS43=3 


a 105 (b) — ;| 


2 
Problem 15. Evaluate | 4cos 3tdt 
1 


2 3 
2. (a) i (3—x*)dx (b) / (x?—4x+3) dx 
—1 1 


2, 1 2 A 2 1 
i 4cos3tdt = 4) (5) sin | = E sin | (a)6 (b)— I3 
1 3 1 13 1 
4. 4. 3 5 
= 3 sino a 30 3. (a) | —cos@dd  (b) | 4cos0dé 
0 2 0 
Note that limits of trigonometric functions are [(a) 0 (b) 4] 


always expressed in radians—thus, for example, 
sin 6 means the sine of 6radians = —0.279415... z 2 

2 4 4. (a) /. 2sin20d0 (b) | 3 sint dt 
Hence / 4cos3tdt = {3-0.279415...} 6 ° 

1 


= {30.141120...} 


= (—0.37255) — (0.18816) = —0.5607 


[(a) 1 (b) 4.248 ] 


1 zz 
5. @ | 5 god Sxdx 0) [° 3seo?2xas 
0 0 


[(a) 0.2352 (b) 2.598] 
Problem 16. Evaluate 


2 
°3 6. | > At dt 
(a) / 4e* dx o) | —du, (a) ee 
1 1 4u 


each correct to 4 significant figures 


(b) /. ” (3 sin 2x — 2cos 3x) dx 
a 


2 


2 4 

(a) / 4e* dx = Fal 
1 2 1 Wes ode 2 9 

= 2[e*P = 2[e4— e2] ve @ | 3e" dt (b) base 


= 2[54.5982 — 7.3891] = 94.42 [(a) 19.09 (b) 2.457] 


[(a) 0.2572 (b) 2.638] 
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8. @ [2 = ax » [= ax +1, 


[(a) 0. 2703 (b) 9.099] 


9. The entropy change AS, for an ideal gas 
is given by: 


To dT Vo 
as= | go -R | sa 
qT T vy, V 


STANDARD INTEGRATION = 413 


where T is the thermodynamic tempera- 
ture, V is the volume and R = 8.314. 
Determine the entropy change when a gas 
expands from 1 litre to 3 litres for a tem- 
perature rise from 100K to 400K given 
that: 


C, =45+6x 10°74 8 x 10°°T? 


[55.65] 
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Integration using algebraic 


substitutions 


48.1 Introduction 


Functions that require integrating are not always in 
the ‘standard form’ shown in Chapter 47. However, 
it is often possible to change a function into a form 
which can be integrated by using either: 

(i) an algebraic substitution (see Section 48.2), 


(ii) trigonometric substitutions (see Chapters 49 
and 51), 


(iii) partial fractions (see Chapter 50), or 


(iv) integration by parts (see Chapter 52). 


48.2 Algebraic substitutions 


With algebraic substitutions, the substitution usu- 
ally made is to let u be equal to f(x) such that 
f (u) du is a standard integral. It is found that inte- 
grals of the forms: 


FQ)" 
Lf @)] 


dx 


k ftreor's'e dx and k 


(where k and n are constants) can both be integrated 
by substituting u for f (x). 


48.3. Worked problems on integration 
using algebraic substitutions 


Problem 1. Determine: [cosGx + Tax 


ri cos(3x+7) dx is not a standard integral of the form 
shown in Table 47.1, page 408, thus an algebraic 
substitution is made. 


d 
Let u = 3x+7 then 7m = 3 and rearranging gives 
x 
du 


3 


dx 


d 
Hence [cosas +7)dx= Jos w= 


1 
= / —cosudu, 
3 


which is a standard integral 
1, és 
= -sinu+c 
3 
Rewriting u as (3x + 7) gives: 
1 
[cs (3x + 7)dx = 3 sin(3x +7) +c, 


which may be checked by differentiating it. 


Problem 2. Find: / (2x — 5)! dx 


(2x — 5) may be multiplied by itself 7 times and 
then each term of the result integrated. However, this 
would be a lengthy process, and thus an algebraic 
substitution is made. 


du du 
Let u = (2x — 5) then — = 2 and dx = — 
dx 2 


Hence 


ie 4 
fox-staxa fw Bas frau 


Rewriting u as (2x — 5) gives: 


Ke —5)dx = ee — 58 +¢ 
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4 
Problem 3. Find: / ——— dx 
(5x — 3) 


du du 
Let u = (5x — 3) then — = 5 and dx = — 
dx 5 


4 4du 4 fl 
Hence fomere [eS [eu 
(5x — 3) u 5 s/o ou 


af F 
=—Inu+c 
5 


4 
=. In(5x — 3) +¢ 


1 
Problem 4. Evaluate: 7 2e°—! dx, correct 


0 
to 4 significant figures 


du du 
Let u = 6x — 1 then — = 6 and dx = — 
dx 6 


d 1 
Hence prsrtar= [rer = = fetdu 


1 wy 1 Geol 
= -e c= —-e Cc 
3 3 
: 6x—1 I sepa 
Thus | 2e%' dx = =[e" "Jo 
0 3 
= -[e? —e7'] = 49.35, 


correct to 4 significant figures. 


Problem 5. Determine: / 3x(4x7 + 3) dx 


d d 
Let u = (4x? +3) then < = 8x and dx = 
dx 8x 


Hence 
2 5 5du 
3x(4x° +3) dx = | 3x(uyy— 
8x 
3 5 . 
= u> du, by cancelling 


The original variable ‘x’ has been completely 
removed and the integral is now only in terms of 
u and is a standard integral. 
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3 3 (ue 1 
H — | wWdu= =(—)+ce= suo + 
ence 7c u (=) Cc 16° Cc 


1 
a rrAGail +3)% +c 


/6 
Problem 6. Evaluate: [ 24 sin? 0 cos 0d6 
0 


du 
cos 0 


d 
Let u = sin@ then a = cosé@ and d@ = 


Hence / 24 sin? Ocos6d0 


= [an cos 0 du 
cos 0 


= 24 | u> du, by cancelling 


6 
= 24 +0 = 4u® +¢ = 4(sind)° +¢ 


=4sin°O+c 


m/6 
Thus | 24 sin? Ocos 0 d6 
0 


= [4sin® eyn’* =4 (sin *) — (sin oy| 


gh (2 26 a ecu gas 
SING = 


Now try the following exercise 


Exercise 166 Further problems on inte- 
gration using algebraic sub- 
stitutions 


In Problems 1 to 6, integrate with respect to 
the variable. 


1 
1. 2sin(4x + 9) |-> cos(4x +9) + (| 


2. 3cos(20 —5) E sin(20 — 5) + ¢ 


4 
3. 4sec?(3t + 1) [5 tants +1)+ ¢ 
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4 Lis 3)6 : (5x —3)74+ 

i 5) X 70 X Cc 
=3 3 

ae =— ja(e—= Tt 

5 xD | 5 In@x +e 

6. 3e30+5 [eer +c] 


In Problems 7 to 10, evaluate the definite 
integrals correct to 4 significant figures. 


1 
7: | (3x + 1)° dx [227.5] 
0 
2 
8. | xV 2x? + Ldx [4.333] 
0 
m/3 ; 1 
9. ‘i 2 sin (31 + =) dt [0.9428] 
1 
10. 3 cos(4x — 3) dx [0.7369] 
0 


48.4 Further worked problems on 
integration using algebraic 
substitutions 


Problem 7. Find: / ere 


x du 1 1 : 
-/*2 = = f <u, by cancelling, 
u 6x 6 u 


1 2 
Pe )+e 


: 2x 
Problem 8. Determine: / 


——— dx 
V/V 4x2 — 1 


a 
Let w= 4x? — 1 then = 8x and dx = = 
Xx 


2x 
Hence | ———dx 
/ V 4x2 — 1 


ade | : du, by cancellin 
= = U, i 
Juss 4) fa” : 


1 
— 5 fwd 


1 | ycl/2)41 1 | 2 


4 | 
= 


+1 ! 

2 2 
1 1 

= avis GVart a1 te 


Problem 9. Show that: 


[ssnoae = In(sec 0) +c 


sin @ 
[rsnoao= | dé. Let u = cos@ 
cos 0 


—du 
sin @ 


du . 
then — = —sin@ and d@ = 
do 


Hence 


sin@ sind (/—du 
/ Ge / coe 
cos 0 u sind 


1 
== f -du=-inu te 
u 


= —In(cos@)+c 
= In(cos6) | +c, 
by the laws of logarithms 


Hence [ian 6d = In(sec 6) +c, 


1 
since (cos@) | = —— = secé 
cos @ 


48.5 Change of limits 


When evaluating definite integrals involving substi- 
tutions it is sometimes more convenient to change 
the limits of the integral as shown in Problems 10 
and 11. 
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3 
Problem 10. Evaluate: / 5xvV/ 2x? + 7 dx, 


1 
taking positive values of square roots only 


d d 
Let u = 2x? +7, then > =—wandes 
dx 4x 


It is possible in this case to change the limits of 
integration. Thus when x = 3, u = 2(3)? + 7 = 25 
and when x = 1,u = 2(1)?) +7=9 


x=3 
Hence / S5xvV 2x? + 7dx 
x=1 


u=25 d 5 25 
=i 5x./u oe ; | Judu 
u=9 Ax 4 9 
25 
= > | ul? du 
4 Jo 


Thus the limits have been changed, and it is unnec- 
essary to change the integral back in terms of x. 


x=3 
Thus ‘| 5x 2x2 + 7dx 


=] 


2 a le 
AN S72 5 6 9 


2 
= 215 VB] = 2125 27) = 815 


2 3x 
Problem 11. Evaluate: | ——- dx, 
0 


J 2x? +1 
taking positive values of square roots only 


d d 
Let u = 2x? +1 then — = 4x and dx = — 
dx Ax 


W = 3x ar= [eM 
ence 
0 V2x2+1 x0 Ju 4x 
2 = wold 
‘f 7 


Since u = 2x? +1, when x = 2, u = 9 and when 
x=0,u=1 


3 x=2 3 u=9 
Thus a uo? du= ;f u—'/? du, 
4 x=0 4 u=1 
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i.e. the limits have been changed 


9 


3 3 
7a = 5lv9 V1] =3, 


241 


taking positive values of square roots only. 
Now try the following exercise 


Exercise 167 Further problems on inte- 
gration using algebraic sub- 
stitutions 


In Problems | to 7, integrate with respect to 
the variable. 


1 
[. 2xQx? =3/° [Ger =i) es ” 


5 
5 cos tsint |-2 cos® t + | 
3 sec? 3x tan 3x 


1 
[5 sec! 3x +c or stan? 3x +c 


In@ 


| 
or/3—1 E VGF=TF + ¢ 
| 


E (Ind)? +¢ 
E In(sec 2t) + (| 


Fea [4/e7 +44 c] 


In Problems 8 to 10, evaluate the definite 
integrals correct to 4 significant figures. 


1 
i. 3xe2"—D dy [1.763] 
0 
7/2 
9. | 3 sint @cos 0d0 [0.6000] 
0 


3x 
10. —_____ 092 
0 / G1 dx [0.09259] 
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49 


Integration using trigonometric 
substitutions 


49.1 Introduction 49.2 Worked problems on integration 
of sin?.x, cos? x, tan’x and cot?x 


Table 49.1 gives a summary of the integrals that 
require the use of trigonometric substitutions, and 
their application is demonstrated in Problems 1 


mu 
Problem 1. Evaluate: i 2cos* 4t dt 
to 19. “i 


Table 49.1 Integrals using trigonometric substitutions 


Jse cos 2x = 2cos? x — 1 


Jse cos 2x = 1 — 2sin? x 


tanx —x+c Jse 1 + tan? x = sec? x 


—cotx—x+ec Jse cot? x + 1 = cosec” x 


cos” x sin” x (a) If either m or n is odd (but not both), use 
cos?x + sin’ x = 1 
(b) If both m and n are even, use either 
cos 2x = 2cos?x — 1 or cos 2x = 1 — 2 sin’ x 


1 
sinA cos B Jse —[sin(A + B) + sin(A — B)] 


cosA sinB Jse —[sin(A + B) — sin(A — B)] 


cosAcos B Jse ~—[cos(A + B)+ cos(A — B)] 


1 
sinA sinB Jse =p lees + B)—cos(A — B)] 


Use x = asin@ 


substitution 
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Since cos 2t = 2.cos* t — 1 (from Chapter 26), 


1 
then cos*t = 5 + cos 2t) and 
5 1 
cos* 4t = 5A + cos 8f) 


a 
Hence 2 cos’ 4t dt 
0 


14 


41 
aa —(1 + cos 8t) dt 
o 2 


_ + ane 
= = |, 


ll 
+ 
o 


Problem 2. Determine: / sin? 3x dx 


Since cos 2x = 1 — 2 sin? x (from Chapter 26), 


1 
then sin?x = AG — cos 2x) and 
a) 1 
sin* 3x = 30 — cos 6x) 


1 
Hence [sn 3xdx = / ic — cos 6x) dx 


| fe sin 6x a 
~~ 6 


Problem 3. Find: 3 / tan? 4x dx 


Since 1 + tan?.x = sec?.x, then tan?.x = sec?x — 1 
and tan? 4x = sec” 4x — 1 


Hence 3 | tan’ 4x dx = 3 [ sec? 4x — 1)dx 


(= 4x ) 
=3 4 —x)]te 


4 


Problem 4. Evaluate i; : 


1 2 
7 5 cot 6dé 


6 


Since cot” @ + 1 = cosec? 6, then 
cot? 6 = cosec” 6 — 1 and cot” 26 = cosec” 26 — 1 


71° 
Hence i — cot“ 26d 

z 2 

6 


ae 229—1)dé a ies 
= — cosec _ S— 
2 Jz > 


é 
1 — cot 2 (5) - — cot2(F) < 
“sil 2  3|| &@ 6 


1 
= 51(— — 0.2887 — 1.0472) 


— (—0.2887 — 0.5236)] 
= 0.0269 


Now try the following exercise 


Exercise 168 Further problems on inte- 


2 


gration of sin’x, cos2x, 


tan*x and cot?x 


In Problems 1 to 4, integrate with respect to 
the variable. 


1. sin? 2x : x— ae +c 
, 2 4 
3 sin 2t 

2. 24 —(t 

3.cos (+ 5 ) +4 

1 

3. Stan? 30 [5 ( tan30 ~ 0 +e] 
4. 2cot* 2r [—(cot 2t + 2t) + c] 


In Problems 5 to 8, evaluate the definite inte- 
grals, correct to 4 significant figures. 


m/3 
5. | 3 sin? 3x dx 
0 


m/4 
6. | cos” 4x dx 
0 


[5 or 1.571] 


E or 0.3927] 
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1 

7. i 2 tan? 21 dt [—4.185] 
0 
1/3 

s. | cot” 6d6 [0.3156] 
1/6 


49.3. Worked problems on powers of 
sines and cosines 


Problem 5. Determine: / sin? 6d0 


Since cos? 6 + sin? 6 = 1 then sin’ @ = (1 — cos? 6). 
Hence / sin? 0 dO 
= / sin 0(sin? 6)? do = / sin 0(1 — cos” 6)* dé 
= [sinoa —2cos’ 9 + cos* 6) da 


= [ine — 2sin@cos* 6 + sin @cos* 6) dé 


2cos*@ ~—cos°0 


3 5 


= —cosé + 


[Whenever a power of a cosine is multiplied by a 
sine of power 1, or vice-versa, the integral may be 
determined by inspection as shown. 


a —cos"+! 9 
In general, {| cos" @sin6d@ = =————+c 
(n+ 1) 
: sin’t! 9 
and sin” Ocos0d0@ = +c] 
(n+ 1) 


Alternatively, an algebraic substitution may be used 
as shown in Problem 6, chapter 50, page 415]. 


4 


2 
Problem 6. Evaluate: | sin? x cos* x dx 
0 


cia x 

2, 2 +s 
| sin? xoos' xdx = | sin? x cos” x cos xdx 
0 0 


= [Poin x)(1 — sin? x)(cos x) dx 
0 


a 
2 - 2 74 
= (sin* x cos. x — sin™ x cos x) dx 
0 


4s 
sintx sin? x | 2 
3 5 


2 
ae em tae 


x 
Problem 7. Evaluate: | . Acos* 6 dd, 


0 
correct to 4 significant figures 


i. 4eostodo =4 | * (cos? 0) do 
0 0 
771 4 
=4/ —(1+cos20)| dé 
o [2 
x 
= [+ 2c0520-+ cos? 20) d6 
0 


as 
4 1 
-[° [1+ 2e0528 + 5(1 +-cos4| dé 
0 


7 (3 1 
i —+2co0s260+ —cos46} dé 
0 2 2 


x 
sin “| 4 
8 


30 ; 
= |—+s81n20+ 
2 0 


3/1 _ 2m ~~ sin4(7/4) 
= | (5) + sin 4 S| — [0] 


= 2.178, correct to 4 significant figures. 


Problem 8. Find: i sin? tcos* t dt 
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| sit? roost edt = [se t(cos? t)? dt 
/ 1 — cos 2t 1+.cos2r\? 
= ——— ———_]} dt 
2 2 
1 
= ; — cos 2t)(1 + 2cos 2t + cos* 21) dt 


1 
= ; [o + 2cos 2t + cos” 2t — cos 2t 
— 2cos? 2t — cos? 2t) dt 


1 
= ; [o + cos 2t — cos” 2t — cos? 2r) dt 


1 At 
= 5 | [t+ cosa ( a ) 


— cos 27(1 — sin’ 20) dt 


/ 1 oo pan? ar\ di 
5 5 cos 2t sin 


t sin 4t ie sin? 2t " 
= — — c 
2 8 6 


Now try the following exercise 


Exercise 169 Further problems on_ inte- 
gration of powers of sines 
and cosines 


Integrate the following with respect to the 
variable: 
cos? 0 m 
c 
3 


s sin? 2x 
sin 2x — 3 +c 


1. sin’ @ a —coséd+ 


2 cos? 2x 


. 2 
2 sin? t cos? t | cos" 1+ Ecos! t+e 


aed 
4 i 


A cos’ x 
sin’ x cos" x 5 


——t+e 


in 8O0+c¢ 


301 


sin? t cos? t 


| 
‘ | 
| 
| 


t 
—— —sin4t 
ra sin4t +c 
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49.4 Worked problems on integration 


of products of sines and cosines 


Problem 9. Determine: / sin 3t cos 2t dt 


; sin 3t cos 2t dt 


1 
= / 3 lsin(e + 2t) + sin(3t — 2r)] dt, 


from 6 of Table 49.1, which follows from Sec- 
tion 26.4, page 221, 
1 
= 5 (sinse+ sin t) dt 


1 (“= 5t 


—cost]+c 
ae) 


1 
Problem 10. Find: [x 5x sin 2x dx 


1 
/ 3 cos 5x sin 2x dx 


1 1 
— 3 / qlsinSx + 2x) — sin(5x — 2x)] dx, 
from 7 of Table 49.1 
1 
— ra [ia 7x — sin 3x) dx 


1 /—cos 7x _ cos 3x 
—— +c 


6 7 3 


1 

Evaluate: 2 cos 66 cos 6 dé, 
0 

correct to 4 decimal places 


Problem 11. 


1 
| 2 cos 66 cos6 dé 
0 


1 
1 
= 2 f 3 leos(6d + 6) + cos(66 — 6)] dé, 
0 
from 8 of Table 49.1 


: sin7@  sin50]! 
= | (cos 70 + cos 50) dé = 
0 7 5 Jo 


7 sin 7 * sin 5 sin 0 ra sinO 
ie. | 5 ‘i 5 
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‘sin 7’ means ‘the sine of 7 radians’ (= 401.07°) and 
sin5 = 286.48°. 


1 
Hence : 2 cos 60 cos 6d 
0 


= (0.09386 + —0.19178) — (0) 
= —0.0979, correct to 4 decimal places 


Problem 12. Find: 3 | sin 5x sin 3x dx 


3 / sin 5x sin 3x dx 
1 
=3 / —zloosGx + 3x) — cos(5x — 3x)] dx, 
from 9 of Table 49.1 


= -5 [os 8x — cos 2x) dx 


sin 2x is 
3 3 c or 


2 


3 (= 8x 
2 (4 sin 2x in 8x) + 
16 s sin c 


Now try the following exercise 


Exercise 170 Further problems on _ inte- 
gration of products of sines 
and cosines 


In Problems 1 to 4, integrate with respect to 


the variable. 
re cos =) 4 | 
Cc 
3 


sin 4x | 
+c 


1. sin 5tcos2t 
cos 7t 


2 sin 3x sinx 


sin 2x 
2 4 


3 cos 6x cos x 
3 /sin 7x sin 5x 4: 
2\ 9 5 . 
1 ; 
4. 5 cos 46 sin 20 


1 f/cos26  cos60@ ‘ 
4\ 2 6 c 


In Problems 5 to 8, evaluate the definite inte- 
grals. 


m/2 
5: | cos 4x cos 3x dx E or 0.4286] 
0 
1 
6. | 2 sin 7t cos 3t dt [0.5973] 
0 
m/3 
7. —4 [ sin 54 sin 20 dé [0.2474] 
0 
2 
8. v 3 cos 8¢ sin 3t dt [—0.1999] 
1 


49.5 Worked problems on integration 
using the sin 0 substitution 


Problem 13. Determine: 


1 
iz — x? ae 


; dx 
Let x = asin#@, then — = acos@ and 


dx = acos@dé. 


1 
Hence | —— dx 
=u | 
7 Va? — a? sin’ 6 
acos0d@ 
V@(1 = sin? 4) 
acos@dé 


er 
a2 cos? 6 


-je_— 
~ acos@ 


acos@dé 


since sin?6+cos?6 = 1 


[ae=o+e 


if 


‘ ‘ ; x ee 
Since x = asin@, then sind = — and 0= sin — 
a a 
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2 
a 
From Problem 13, i Thus Va — x2 dx = —[0+ sin@cos 6] 
a! / : 
3 2 
2 a a a 


= (sin™! 1 — sin! 0) = = or 1.5708 


Problem 15. Find: [V@=Fax 


. dx 
Let x = asin@ then — = acos@ and 


4 
From Problem 15, | V 16 — x2 dx 
0 


dx = acos@d0 
4 
Hence / Va? — x2 dx = E sin7! 7 + sv 16 =| 
0 


=) V a — a sin’ 6 (acos 0 d6) _ [Ssin! 1 +29] = [8sin- 0+ 0] 
= [ Vera = sin’ 0) (acos6d6) —8sin-! 1 =8(5) 


=4 12.57 
= | Ve c0s*6 (acos 00) lis 
Now try the following exercise 
= Jo cos 9)(acos 6 dé) 
Exercise 171 Further problems on inte- 
2 2 2 1 + cos 26 ration using the sine 6 sub- 
=a’ | cos’ 0d0=a ——— ] dé grauo g 
2 stitution 
am = 2 = 5 
(since cos 26 = 2cos“ 6 — 1) i peciaies / : re 
a (0+ 3") + Vato 
= Cc 
t 
2 [5 sin! 5 + " 
a 2 sin @ cos @ 
=> |6+ —— ]+c 
a 2 2. Determine: / ———_ dx 
since from Chapter 26, sin20 = 2 sin@ cos@ af D =a" 


mare 
[3 sin ste] 
1% 3. Determine: [ V4 ds 
a 
[2sin! = + svi =# +e 


Pe 
= 3 le + sin @cos @] +c 


Since x = asin@, then sind = ad and 6 = sin 
a 
Also, cos? 6 + sin? 6 = 1, from which, 
cos6 = V1 —sin?@ = 4/1 (*) 4. Determine: / V16 — 922 dt 
a 


8 3t ot 
a—x Mee E sin”! 7 + 5V 16 oF + «| 
a a 
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5. Evaluate: — 
V16— Viena! 


f or 1.571] 


1 
6. Evaluate: | V9 — 4x2 dx [2.760] 
0 


49.6 Worked problems on integration 
using the tan 0 substitution 


Problem 17. Determine: la 
(a? 


a") - 


dx 3 
Let x = atan@ then 76 = asec’ 6 and 


dx = asec’ 6d0 


1 
Hence l=" 
1 
. / (a2 + a? tan? 0) 
asec’ 6d0 
a / a2(1 + tan? 0) 


asec*6d0 i 2 
= | ————., since | + tan“ 6 = sec’ 0 
a’ sec? 6 


(asec? 6d0) 


1 1 
= [ -a9=-@+e 
a a 


. x 
Since x = atan@, 6 = tan7! — 
a 


1 1 
Hence / dx = —tan7! * +c 
(a2 +x?) a a 


Problem 18. Evaluate: i 
(4+ 


as 


2 
1 
From Problem 17, - ——— dx 
0 (44+) 


1 2 
== [tan =| since a= 2 
2 210 


= (tan! 1—tan-!0) = 2 (= = 0) 


= ; or 0.3927 


5 
———— dx 
(3 + 2x?) 


1 
Problem 19. Evaluate: | 
0 


> 


correct to 4 decimal places 


1 5 1 5 
i G+ 2) ax= | WG/Dy+2 


5 ff! 1 
. a Wei he 


4 1 ; x : 
la rl, 


= (2.0412)[0.6847 — 0] 
= 1.3976, correct to 4 decimal places. 


Now try the following exercise 


Exercise 172 Further problems on inte- 
gration using the tand@ sub- 
stitution 


. 3 
Determine: / rw) dt 
: tan! ~ +c 
2, 2 


5 
——~ dé 
16 + 96? 


2 tan7! a0 +c 
12 4 


Determine: i; 


1 
Evaluate: : =a? [2.356] 
o 1+ 2 


3 
5 
Evaluate: i fap dx [2.457] 


JNTUWORLD 


www.jntuworld.com 


1. 


Assignment 13 


This assignment covers the material in 
Chapters 47 to 49. The marks for each 


question are shown in brackets at the 
end of each question. 


Determine: 


(a) / 3/5 dt 


2 
© [ye 
(c) i (2+ 6) do (9) 


Evaluate the following integrals, each cor- 
rect to 4 significant figures: 


/3 
(a) | 3 sin 2t dt 
0 


b *(2 : : d 10 
| (S+2+3) (10) 


Determine the following integrals: 


(a) [5 +5)’ dt 


INTEGRATION USING TRIGONOMETRIC SUBSTITUTIONS 
31 
(b) i a dx 
x 
© | > ag 0) 
J (26 — 1) 
Evaluate the following definite integrals: 
7/2 : 1 
(a) [ 2 sin (20+ =) dt 
! iF) 
(b) | Bre @ fade (10) 
0 
Determine the following integrals: 
(a) / cos? x sin’ x dx 
o) [=a (8) 
——_. dx 
V9 — 4x? 
Evaluate the following definite integrals, 
correct to 4 significant figures: 
m/2 
(a) | 3 sin’ t dt 
0 
1/3 
(b) | 3 cos 50 sin 30 dé 
0 
2 § 
—d 14 
(c) [ ae (14) 
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Integration using partial fractions 


50.1 Introduction 


The process of expressing a fraction in terms of sim- 
pler fractions —called partial fractions— is dis- 
cussed in Chapter 7, with the forms of partial frac- 
tions used being summarised in Table 7.1, page 51. 

Certain functions have to be resolved into partial 
fractions before they can be integrated, as demon- 
strated in the following worked problems. 


50.2 Worked problems on integration 


using partial fractions with linear 
factors 


. 11 — 3x 
Problem 1. Determine: / ——_——— dx 


x2 +2x—3 


As shown in Problem 1, page 51: 
11 — 3x 2 5 


1l—- 
Hence [ dx 
x2 +2x —3 


- een ata} 
&-1) @+3) 


=2In@ — 1) —S5In@ +3) +c 
(by algebraic substitutions — see chapter 50) 


(« —1) 
or In @ 438 +c by the laws of logarithms 
x 


2x? —9x—35 
(x+1)(@~—2)(x+3) 


Problem 2. Find: 


It was shown in Problem 2, page 52: 
2x? — 9x — 35 4 3 


2x? — 9x — 35 
@+D@=2)@+ 3) 


4 3 1 
[ein-esecinh 
@+1) @-2) @+3) 


= 4In@ +1) —3In(@ — 2) + In@ +3) +c 


{s +1)4(x +} 
oe he 


Hence 


(x — 2)3 


wt) 


Problem 3. Determine: | ——~——~d 
roblem etermine [=> x 


By dividing out (since the numerator and denomina- 
tor are of the same degree) and resolving into partial 
fractions it was shown in Problem 3, page 52: 


rt 2 5 


23x42 G= @=>) 


et) 
Hence | ——————— dx 
x? —3x+2 


2 5 
=/{! Gai ay he 


=x —2In@ — 1) + 5In(@& — 2)+¢ 


C= 27 
or x tin{ SO} +e 


Problem 4. Evaluate: 


= 
2 


dx, correct to 4 
x+x-2 
significant figures 


By dividing out and resolving into partial fractions, 
it was shown in Problem 4, page 53: 


x3—2x*-4x-4 | 4 3 
x27+x-—2 (x+2) (-1) 
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3 x3 — 2x? — 4x —4 
Hence dx 
2 x7+x-2 


= [ fr-3+ : - 2 has 
de (+2) (1) 
3 


2 
= 4 — 3x + 4In(@ + 2) — 3In(x — ) 
2 


II 


(5 -9-+41n5 ~31n2) 
—(2—6+4+41n4 — 3Inl) 


= —1.687, correct to 4 significant figures 


Now try the following exercise 


Exercise 173 Further problems on_ inte- 
gration using partial frac- 
tions with linear factors 


In Problems 1 to 5, integrate with respect 
to x 


1. / is dx 
(x? — 9) 


2In(x — 3) —2In(x +3) +c 


S5In(x + 1) — In@ — 3)+¢ 


(x+1) 
or inf ne he 


3(2x* = 8x = 1) 
—__$____—— dx 
(x + 4)(x + 1)(2x — 1) 


TIn(x + 4)—3 In(x + 1)—In(2x — 1) 


(x + 4)’ 
G+ 1iGx = =} ais 


74.9 8 
[4 


+c or inf 


x27 +x-—6 


a eo ae 
orx+In{@+3)?(«—2)*} +e 
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5 PT 
, (x — 2)(x + 2) 


2 


3x 
> — 2x + In(x — 2) 


—SIn(x+2)+c 


In Problems 6 and 7, evaluate the definite 
integrals correct to 4 significant figures. 


4 x2 —3x+6 
2a 627 
i S« [0.6275] 
(ey aaa 
[SS [0.8122] 
4 x2—2x—3 


50.3. Worked problems on integration 
using partial fractions with 
repeated linear factors 


. 2x +3 
Problem 5. Determine: / —— dx 
(x — 2)? 


It was shown in Problem 5, page 54: 


2x +3 2 7 


G=2 G2) G—IP 


2 | d 
Nast} 


= 2In@ — 2) — 


@=—23)* 


7 
/ ——.~ dx is determined using the alge- 
(x — 2) 


braic substitution u = (x — 2), see Chapter 48 


yi 
Potkng. Hud) 2 


aaG=1e 


It was shown in Problem 6, page 54: 


5x? — 2x — 19 2 3 4 


@+3)e—-12 @+3) @—-l GIP 
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5x? — 2x — 19 
Gi ajeq@o12”” 
“fst o-oo } 
(x+3) @-1) G@-1?¥ 


4 
= 2In@ +3) +3In@ — 1) + —— +c 
(x — 1) 


Hence 


or In(@x +3)72(x ofa fe 
(x — 1) 


Problem 7. Evaluate: 


[ 3x2 + 16x +15 


Gis dx, correct to 4 
2 x 
significant figures 


It was shown in Problem 7, page 55: 


3x° + 1ox+15 3 2 
(+33  ~ (+3) @+3)? 
6 
7 (x + 3)3 
Hence [ 2 AIH 4 
(x+3)3 


=[fosa-cSa oo # 
~~ J-o (+3) @H3)?) (+3) 


= [snwe+ 3) 4 ee en i 
7 (x+3) (+3)]_5 


(giao we ci 
es a iG poe 


= —0.1536, correct to 4 significant figures. 


Now try the following exercise 


Exercise 174 Further problems on _ inte- 
gration using partial frac- 
tions with repeated linear 
factors 


In Problems | and 2, integrate with respect to x. 
4x —3 
(x + 1)? 


7 
|4incx + 1)+ GED +e] 
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2 
2. / 5x* — 30x + 44 ay 


«28 
51 2 a0 — 
| ee ea aoe 


In Problems 3 and 4, evaluate the definite 
integrals correct to 4 significant figures. 


24 7x+3 
| ake nee? 
7 18+ 21x — x? 
—___—_——_ dq 1.089 
[ @—5(a+22 ee 


50.4 Worked problems on integration 
using partial fractions with 
quadratic factors 


4 2 = 2 3 
Problem 8. Find: / oie es 


a Ge 3) 


It was shown in Problem 9, page 56: 
34+ 6x+4x?—2x? 2 1 3 — 4x 


— 0243) x) 2° G43) 
2_ 9,3 
Thus i 3+ 6x + 4x 2x 
x 43) 


2 1 3 —4x 
=[(+3+ qs)” 
i 

x x2 (x2+3) (x2+3) 


3 1 
——— dx = 3 | ——— dx 
/ (x? + 3) x? + (73) 
3 _1 x 
= —~tan ~ —~, from 12, Table 49.1, page 418. 
J3 V3 i 


4 
/ 5 = 5 dx is determined using the algebraic sub- 
x 


stitution u = (x* + 3). 


yu / 2 im 1 i 3 4x d 
ence Sif 
x x2 (243) (x2+3) “ 


ae ee ae ee ee 
= x-- — —— x Cc 
x VJ J3 


2 

x 1 x 
=In{ —— | =— 44/3 tan! 4+ 
n(= ;) : J3 tan 5 c 
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1 
Problem 9. Determine: / ——~ dx 
(x2 — 


a’) 


1 _ A B 
(x2 a2) (x—a) ~ (x + a) 
_ Awt+a)+ Bx —a) 
_ (x + a)(x — a) 
Equating the numerators gives: 


1=Ay+a)+ BO —a) 


Let 


1 
Let x = a, then A = —, and let x = —a, 
2a 


1 
then B = —— 
2a 


- / 1 5 =/5 Ls. dl Ja 
— (x2 —a?) = 2a |(x—a) (x+a) * 


es [In(x — a) —In@ + a)] +c 
2a 


A 
Problem 10. Evaluate: | eae 
3 (x? — 4) 


correct to 3 significant figures 


From Problem 9, 


‘ 3 Hes 1 x—2\)4 
i G2 — 4) “= Eoultesd)s 


3 2 1 
= —-|In=—-In= 
Al 6 ;| 


= 3 In 3 = 0.383, correct to 3 


significant figures. 


1 
Problem 11. Determine: i ——— dx 
@=*) 


Using partial fractions, let 
1 1 A B 


> Gia oD Gas 
_ A@+x) + Ba—x) 
Ga Gea) 


Then 1 = A(a+x)+ Bla — x) 


1 1 
Let x = a then A = —. Let x = —a then B = — 
2a 2a 


1 
Hence | —— ds 


_ 1 1 1 d 
-/s|—5+ | * 


Eye: In(a—x)4+In(a+x)] +c 
2a 


ae 
Problem 12. Evaluate: | — dx, 
ge O=37) 
correct to 4 decimal places 


From Problem 11, 


2 2 
los ax=s| = m(5**)| 
9 (9—x?) 2(3) 3-—x/ lo 
=o jan ial = 1.3412, 
6 1 


correct to 4 decimal places 


Now try the following exercise 


Exercise 175 Further problems on inte- 
gration using partial frac- 
tions with quadratic factors 


—x-— 13 


1. Determine | ———————— dx 
(x? + 7)(x — 2) 


In(x? + 7) + = tan-! 
fT fT 
—In@ —2)+c 


In Problems 2 to 4, evaluate the definite inte- 
grals correct to 4 significant figures. 


6 _ 
| oer cet eer [0.5880] 
5 (x—4)(QX? +3) 


2 4 


? 2 
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6 oo 
The t = tan 5 substitution 


51.1 Introduction 


1 
Integrals of the form / dé, 


acos@+ bsin@ +c 
where a, b and c are constants, may be determined 


“ hee 0 ; 
by using the substitution ¢ = tan et The reason is 


explained below. 
If angle A in the right-angled triangle ABC shown 


in Fig. 51.1 is made equal to 5 then, since tangent = 


opposite 


6 
- , if BC =t and AB = 1, then tan - = ¢. 
adjacent 2 


By Pythagoras’ theorem, AC = V1 + 7? 


Figure 51.1 


6 
Therefore sin = = 
2 1+? 1+ 


Since sin2x = 2sinxcosx (from double angle 
formulae, Chapter 26), then 


. . oO 6 
sin@ = 2 sin — cos = 
2, 2, 


(1) 


OM a = 
2 


Since cos2x = cos 


2 


(2) 


1.e. 


. 6 
Also, since t = tan =, 


dt 1 70 1 
= Sec —— 
do 2 2 2 


ric identities, 


é 
(1 + tan? 5) from trigonomet- 


1.e. 


(3) 


from which, 


Equations (1), (2) and (3) are used to determine 
1 


————_—_——- do 
acos@+ bsin@+c 
where a, b or c may be zero. 


integrals of the form 


51.2 Worked problems on the 


7) 
t = tan 5 substitution 


. do 
Problem 1. Determine: — 
sin 0 
0 . 2t 2dt 
If ¢ = tan — then sind = ——~ and dé = 
2 t2 1+2 


from equations (1) and (3). 


dé 1 


Thus —— 
sind 


sind 
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— i 2dt de tan + tan ~ 
2t 1+? / a ee ee z Ze +c 
147 cos x iat fan 
; + an a an 5 
= = x 

= [ rar=mnr+e =m {tan (7 +2)} +e 

Hence ae i (1an 0 ) ies from compound angles, Chapter 26, 

sind 

. dx 
Problem 3. Determine: i ———- 
dx 1+cosx 

Problem 2. Determine: / 
cos x 


If tan = then cosx = 
2 2 14+7 1+7 


If tan = then cosx = ——— and dx = from equations (2) and (3). 
2 1+? 1+7 d 1 
equations (2) and (3). Thos , a / 
ve 1 dt 1+ cosx 1+cosx 
Thus / = / 
cos x 1-7 \14+?7 


=) 1 (3) 
~~ 2 
14+? ioe! 1+? 
2 
2 1+t 
- [sa 1 (745) 


~ J G+ 7407) 147 
Top may be resolved into partial fractions (see 1472 
Chapter 7). 
pter 7) = fa 
2 2 
Let —_ = __ 
1-2 (d-nd4+n / dx x 
Hence —— =t+c=tan-+ ec 
A B 1+ cosx 2 
= + 
(-t) (d+?) 10 
_ Ad+rn+B0—-1 Problem 4. Determine: / 5a dear 
d—nd +t) 
H 2=A(1+f)+B1-t a) 1-? 2dt 
ais rs Bh ) If t = tan — then cos@ = 5 and dx = 5 
When t = 1,2=2A, from which, A = 1 2 1+t I+t 


from equations (2) and (3). 
When t=-—1,2= 28, from which, B = 1 


( 2dt 

2dt 1 1 dé 1+ 
Hence = + dt Th = 

lS lm (1 +1) a l= ‘i (5) 


5+4 
=—-In(il—-n+In(l+n+c 1+? 
(14+ 1) 2dt 
= ing ———= —— 
"lion te - (a) 
~ f S047) +40 =? 
re ane (Lr a ) 
Thus / =In ——— +c I+t 
maa 1— tan > =2 dt =2 dt 
OP PH+90 OS 243? 


Note that since tan ne 1, the above result may be 1 t 
4 2 (5 tan x) +c, 


written as: 
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from 12 of Table 49.1, page 418. Hence Thus 
dé 2 1 7) act 
| es Fe (Fang) +6 /==-/—°S 
5+4cos@ 3 3 2 sinx + cosx 2t A 1-7? 
14+? 1+? 
Now try the following exercise dt 
1+ 2 2dt 
Exercise 176 Further ae on the a eee ae 
t = tan 5 substitution 14+?7 
— dt —2dt 
Integrate the following with respect to the ae a oe = @=17-2 
variable: 
dé “| opt 
1 / — —- 
i 1 2+(t-1 
1+ sind 6 9 In V2 + ( ) a3 
2 ia |. G1) 
2. / ee (see problem 11, Chapter 50, page 429), 
1 —cosx + sinx P 
; x 
ie. ———— 
/ sin x + COS x 
x 
1 et —1 + tan 3 
= — In, ————} p> +e 
x 
i da v2 J/2+1-— tan 4 
3+2cosa 


Problem 6. Determine: 


I= tan~! (= tan 5) + " 


dx 


/ dx 
7 —3sinx+ 6cosx 


3sinx — 4cosx 
From equations (1) and (3), 


/ dx 
7 —3sinx+6cosx 


2dt 
= 1+? 
2t (eee 
ps 7T- +6 
1+ 72 1+? 
51.3. Further worked problems on the sai 
0 oe Patel 
t = tan 5 substitution _ i 14+2 
7(1 +27) — 3(2t) + 6(1 — 27) 
we 14+27 
Problem 5. Determine: i — 2dt 
sin x + COS x = —— 
lw 6t + 6 — 61? 
: . 55 a: = (Se 2dt -(_— 2dt 
If tan— then sinx = —~, cosx = ——~ and —6t+ 13 (t — 3)? + 22 


1+7’ 1+ 


t—3 
5 from equations (1), (2) and (3). =2 E tan”! (>) +c 


dx = 2 2 


) 
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from 12, Table “ page 418. Hence ; 1420 8 
or —=In ( ———%p+e 
— 4— 2tan > 
tan — — 3 
= tan“! —_ Ss +c 
2 Now try the following exercise 


do Exercise 177. Further problems on the 
t = tan6/2 substitution 


Problem 7. Determine: / ————— 
4cos@ + 3 sind 


In Problems | to 4, integrate with respect to 
the variable. 


\ / dé 
, 5+4sin@ 


From equations (1) to (3), 


/ dé 
4cos6 + 3 sind 
2dt 


=F 14+7 
r 1-f 34 2t 
14+7 14+7 


-/ 2dt =i dt 
~ Jf 4-42+6 J 243r—272 


dt 


II 
| 
NIe 
~ 
he) 
1S) 


4 16 
1 / dt 
2 es? aN? 
_— = t-— — 
(3) ( 4 4. / — 
5 nie 3 3 — 4siné ; 
aA 1 ind 4 4 a 3tan > —4—V7 
32 5 5 5 3 Fi In 7 
4 4 ae 3tan5>— 44/7 
from problem 11, Chapter 50, page 429, Show that 
1 
; — ay dt sit 1 
= 2 1+3cost 2/2 ‘ 
=5 In ar +c + ro 
m3 3.d0 
Hence / dé 6. Show that | = 3.95, correct to 
4cos6+3sin0 re 0 cosé 
3 significant figures. 
1 ~ + tan — x/2 de 
= -nnd2 244, Show that / ees 
Re gee 0 2+cosd 3/3 
2 
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Integration by parts 


52.1 Introduction 


From the product rule of differentiation: 
d du dv 
a) = v Fue. 

where u and v are both functions of x. 


v u 
R i ives: u— = — —vu— 
earranging gives one re (uv) os 


Integrating both sides with respect to x gives: 


dv d du 
wtdx= | Sawydx— [vax 


or 


This is known as the integration by parts for- 
mula and provides a method of integrating such 
products of simple functions as f xe* dx, ft sint dt, 
fe®cos@d@ and f xInxdx. 

Given a product of two terms to integrate the 
initial choice is: ‘which part to make equal to w’ 
and ‘which part to make equal to dv’. The choice 
must be such that the ‘u part’ becomes a constant 
after successive differentiation and the ‘dv part’ can 
be integrated from standard integrals. Invariable, the 
following rule holds: ‘If a product to be integrated 
contains an algebraic term (such as x, ¢? or 36) then 
this term is chosen as the u part. The one exception 
to this rule is when a ‘Inx’ term is involved; in this 
case Inx is chosen as the ‘u part’. 


52.2 Worked problems on integration 
by parts 


Problem 1. Determine / xcosxdx 


From the integration by parts formula, 


fudo=w- van 


Let u = x, from which G4 = 1,i.e. du = dx and let 
x 
dv =cosx dx, from which v = [ cosxdx = sinx. 


Expressions for u, du and v are now substituted 
into the ‘by parts’ formula as shown below. 


fay dv) = twit vy {-fl ov dui 


Jl} eos eds = C0! Gsin.o} ~[isin nf do} 


le. J scosxdx = xsinx — (— 0052) + 
=x sinx + cosx +c 
[This result may be checked by differentiating the 
right hand side, 
et 
i.e. —(xsinx + cosx +c) 
dx 
= [(x)(cos x) + (sinx)(1)] — sinx +0 
using the product rule 
= xcosx, which is the function being 


integrated] 


Problem 2. Find: ‘ 3te~ dt 


d 
Let u = 3t, from which, — = 3, ie. du= 3d? and 
f 
let dv = e” dt, from which, v = fe" dt= x 


Substituting into fudv = uv — f{ vdu gives: 


[erat = (3t) (56) -| (se) (dt) 
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3 1 
Hence [xe dt = 5°. (: _ 5) +c, 


which may be checked by differentiating. 


Problem 3. Evaluate i ° 20 sind dé 
0 


Let u = 20, from which, ae = 2, ie. du = 2d0 
and let dv = sin@d86, from which, 


— [sineao = —cosd 


Substituting into fudv = uv — [ vdu gives: 


[rasinoas = (20)(— cos 8) ic cos 8)(2 dQ) 


= -20¢086-+2 | cosode 


= —26cos@+2sind+c 


Nia 


26 sin@ dé 


Hence | 
0 


= [-—20cos6+ 2sin6]2 
= [-2 (5) cos + + 2sin > — [0+ 2sin0] 
= (-0+2)—-(0+0)=2 


‘ TU . 0 
since cos 5 = 0 and sin 5 =1 


1 
Problem 4. Evaluate: | 5xe* dx, correct 


to 3 significant figures 


d 
Let u = 5x, from which — — 5, ie. du =5dx and 
Xx 
let dv = e* dx, from which, v = f e* dx = 4e* 


Substituting into [udv = uv — { vdu gives: 


4x 4x 
[sxe dx = (5x) (=) - / (=) (5 dx) 


INTEGRATION BY PARTS = 435 


I 
hal 
16 16 
= 51.186 + 0.313 = 51.499 = 51.5, 


correct to 3 significant figures. 


Problem 5. Determine: / x’ sinx dx 


d 
Lei = 22 fom whic, —- 9 1 a — ede, 


x 
and let dv = sinx dx, from which, 
v= [sinxas = —cosx 


Substituting into fudv = uv — f vdu gives: 


a sinx dx = (x”)(— cos x) ic cos x)(2x dx) 


= —x? cosx +2 | [ seosseas| 


The integral, fj xcosxdx, is not a ‘standard inte- 
gral’ and it can only be determined by using the 
integration by parts formula again. 


From Problem 1, [ xcosxdx = xsinx + cosx 


Hence / x’ sinx dx 


= —x’ cosx + 2{xsinx + cosx} +c 


= —x’cosx + 2xsinx +2cosx+c 
= (2—x7)cosx + 2x sinx +¢ 


In general, if the algebraic term of a product is of 
power n, then the integration by parts formula is 
applied n times. 


Now try the following exercise 


Exercise 178 Further problems on inte- 
gration by parts 


Determine the integrals in Problems 1 to 5 
using integration by parts. 
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x? 1 
Hence [sincax= = (ins — 5) +c 


FED 


[—x cos x + sinx + c] 


3. Je sinx dx 


0 sin 20 + cos 20 Cc 


3 1 
62 at ed ee ee 
5 [3ee 5° +5 +¢ 


Evaluate the integrals in Problems 6 to 9, 
correct to 4 significant figures. 


2, 
6. | 2xe* dx [16.78] 
0 
7. | * sin 2x dx [0.2500] 
0 
8. | * P cost dt [0.4674] 
0 
2 a. 
9. 3x7e2 dx [15.78] 
1 


52.3. Further worked problems on 
integration by parts 


Problem 6. Find: [sincax 


The logarithmic function is chosen as the ‘uw part’ 

du 1. dx 
Thus when u = Inx, then — = -, i.e. du = — 
dx x 


x2 


Letting dv = xdx gives v= [sax a 


Substituting into [ udv = uv — f{ vdu gives: 
a d an x / ae 
xInxdx = (Inx) ( — } — —}— 
2 2) x 
a | d 
= —Inx—— | xdx 
2 2 
2 
2 


aie 1 /x 7 
n ee — 
x a\5 Cc 


II 


pe 
or gabe -Dte 


Problem 7. Determine: / Inxdx 


J Inx dx is the same as [(1)Inxdx 
_ du il, dx 
Let u = Inx, from which, — = -, i.e. du = — 
dx x x 


and let dv = 1 dx, from which, v = f ldx =x 
Substituting into fudv = uv — [ vdu gives: 


[inca = (Inx)(x) — pe 
x 


=xlInx ax=xinx x+e 


Hence [ine ax =x(Inx —1)+c 


9 
Problem 8. Evaluate: | /x Inxdx, 


1 
correct to 3 significant figures 


Let u = Inx, from which du = 2 
and let du = J/xdx = 2 dx, from which, 
1 2 3 
v= [2 dx = rae 
Substituting into [ udv = uv — f[ vdu gives: 


2 3 
[vend = (Inx) Ga 


9 


2. 2 
Hence f, Velnx dx = ava (ins — >) 


1 
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alo 3)- Bee) 
-(o»-3))- 0-3) 


= 27.550 + 0.444 = 27.994 = 28.0, 


correct to 3 significant figures. 
Problem 9. Find: / e™ cos bx dx 


When integrating a product of an exponential and a 
sine or cosine function it is immaterial which part 
is made equal to ‘uw’. 


; ., du 
Let u = e™, from which — = ae”, 
dx 
le. du = ae“ dx and let dv = cosbxdx, from 
which, 
1, 
v= [costa — z sinbx 


Substituting into [ udv = uv — [ vdu gives: 


[et'cosbudx 
(e“) Pend / Line (ae“ dx) 
= (e“) | — sinbx | — — sin bx ) (ae“ dx 
b b 
gt Sih a | [et sin bud (1) 
= —e™ sin bx — — sin 
5e sinbx — 5 e™ sin bx dx 


fe sinbx dx is now determined separately using 
integration by parts again: 


Let u = e™ then du = ae“ dx, and let 
dv = sin bx dx, from which 


1 
v= [ sinbxax = — 7 008 bx 


Substituting into the integration by parts formula 
gives: 


1 
fe sin bx dx = (e) (-; cos bx) 
1 
-| (-; cos bx) (ae™ dx) 


1 
= —-e™ cos bx 
b 


+  f et cos beds 
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Substituting this result into equation (1) gives: 


1. 1 
fe cos bx dx = —e™ sin bx — . ——e™ cos bx 
b b\| b 


+ = fe cos ds 


1. 
— - sin bx + em cos bx 


2 


=a , e™ cos bx dx 
be 
The integral on the far right of this equation is the 


same as the integral on the left hand side and thus 
they may be combined. 


2 
fe cos bx dx + < few cos bx dx 


1 
= a sin bx + em cos bx 


2 
i.e. (1 + =) fe cos bx dx 


1 ax. s a ax 
= ri sin bx + pe cos bx 


b? 2 : 
i.e. ( - ie cos bx dx 


= ab sin bx + acos bx) 


Hence / e™ cos bx dx 


b2 e& 
(=) (5) (b sin bx + acos bx) 


ax 


= aap sin bx +a cosbx) +¢ 
a 


Using a similar method to above, that is, integrating 
by parts twice, the following result may be proved: 


1e sin bx dx 


ax 


— a2 pit sin bx —bcosbx)+e (2) 


Problem 10. Evaluate ‘ e' sin 2t dt, 


0 
correct to 4 decimal places 
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Comparing fe’ sin2tdt with { e“ sinbxdx shows 


thatx =t,a=1andb=2. 


Hence, substituting into equation (2) gives: 


x 
By a4 
e sin2tdt 
0 


e . 
=> et sin 2t — 2 


cos 20) 
0 


ll 
L 
— 
o 
— 

-——— 

nl — 
Fiat 
Oo 
N 
YS 

uw 

| 


= 0.8387, correct to 4 decimal places 


Now try the following exercise 


Exercise 179 Further problems on inte- 


gration by 


parts 


Determine the integrals in Problems 1 to 5 


using integration by parts. 


— 


2: [rinseas 


3. ie sin 3x dx 


cos 3x 
27 


4. / 2e* cos 2x dx 


2 1 
pe Inxdx Ea (ns - ;) +¢| 
3 3 


[2x(In 3x — 1) +c] 


2 
(2 — 9x7) + 5° sin 3x + | 


2 
mere sin 2x + 5cos 2x) + (| 


5. jp sec’ 0d6 


[2[@ tan 6 — In(sec 0)] + c] 


Evaluate the integrals in Problems 6 to 9, 
correct to 4 significant figures. 


2 
6. [i xinxax [0.6363] 
1 
1 
7 [22 sin2eax [11.31] 
0 
8. [PF ecosseat [—1.543] 
0 
4 
9. [ 8inxas [12.78] 
1 


10. In determining a Fourier series to repre- 
sent f(x) =x in the range —z to z, 


Fourier coefficients are given by: 


1 IT 
an = - | xcosnx dx 


ae ae 


1 IT 
and b,=— | x sinnx dx 
m Jn 


where 7 is a positive integer. Show by 
using integration by parts that a, = 0 


and b, = —— cosnz 
n 
11. The equations: 


i 
C= | e 98 cos 1.26d0 
0 


il 
and S= | e° sin 1.20 d0 
0 


are involved in the study of damped 
oscillations. Determine the values of C 
[C = 0.66, S = 0.41] 


and S. 
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Numerical integration 


53.1 Introduction 


Even with advanced methods of integration there are 
many mathematical functions which cannot be inte- 
grated by analytical methods and thus approximate 
methods have then to be used. Approximate meth- 
ods of definite integrals may be determined by what 
is termed numerical integration. 

It may be shown that determining the value of a 
definite integral is, in fact, finding the area between a 
curve, the horizontal axis and the specified ordinates. 
Three methods of finding approximate areas under 
curves are the trapezoidal rule, the mid-ordinate rule 
and Simpson’s rule, and these rules are used as a 
basis for numerical integration. 


53.2 The trapezoidal rule 


Let a required definite integral be denoted by rh ydx 
and be represented by the area under the graph of 
y = f(x) between the limits x = a and x = b as 
shown in Fig. 53.1. 


y=f(x) 
Vi | Yo | Ya| Ya Yoni 
- 
0 X=a x=b x 
<>< <> 
d'd'd 


Figure 53.1 


Let the range of integration be divided into n 
equal intervals each of width d, such that nd = b—a, 


. b-a 
ie.d= 
n 
The ordinates are labelled y,, yo, y3,...¥n41 as 
shown. 


An approximation to the area under the curve may 
be determined by joining the tops of the ordinates 
by straight lines. Each interval is thus a trapezium, 
and since the area of a trapezium is given by: 


1 
area = (sum of parallel sides) (perpendicular 


distance between them) then 
, 1 1 
/ ydx® rien + yo) + 32 + y3)d 
1 1 
ar 33 Paap eee 3 on + Yn+41)d 


1 
wd [Sut yt ot itt 


re 1 
5 n+l 


i.e. the trapezoidal rule states: 


” dx ~ ( Width of 1 / first + last Z aa 
ie ye \ interval 2 \ ordinate : es 
; ordinates 


Problem 1. (a) Use integration to evaluate, 


correct to 3 decimal places, 


dx 
% 


1 
(b) Use the trapezoidal rule with 4 intervals 
to evaluate the integral in part (a), correct to 
3 decimal places 
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- 32> 
P (3) as With 8 intervals, the width of each is i.e. 
eae ll [4x3] 0.25 giving ordinates at 1.00, 1.25, 1.50, 1.75, 2.00, 
1 2.25, 2.50, 2.75 and 3.00. Corresponding values of 


2 
Vi are shown in the table below: 


=4[Jx]}=4[v3 - v1] 


= 2.928, correct to 3 decimal 
places. 


(b) The range of integration is the difference 
between the upper and lower limits, i.e. 3—1 = 
2. Using the trapezoidal rule with 4 intervals 


gives an interval width d = —— = 0.5 and 
ordinates situated at 1.0, 1.5, 2.0, 2.5 and 3.0. 


Corresponding values of We are shown in the 
x 


table below, each correct to 4 decimal places 


(which is one more decimal place than required ; 
in the problem). From equation (1): 


o 2 1 
—= dx © (0.25) 4 = (2.000 + 1.1547) + 1.7889 
| Ta x Fe ( {5 oa a 
+ 1.6330 + 1.5119 + 1.4142 
+ 1.3333 + 1.2649 + 1.2060} 


= 2.932, correct to 3 decimal places 


This problem demonstrates that the greater the num- 

From equation (1): ber of intervals chosen (i.e. the smaller the interval 

width) the more accurate will be the value of the 

309 1 definite integral. The exact value is found when the 

| a = (0.5) {52.0000 + 1.1547) number of intervals is infinite, which is what the 
process of integration is based upon. 


+ 1.6330 + 1.4142 + 1.2619} 


= 2.945, correct to 3 decimal places. Problem 3. Use the trapezoidal rule to 


us 1 
. a evaluate ‘ —— dx using 6 intervals. 
This problem demonstrates that even with just 4 ; 1+ sinx 
intervals a close approximation to the true value of Give the answer correct to 4 significant 


2.928 (correct to 3 decimal places) is obtained using figures 
the trapezoidal rule. 


1X 
Problem 2. Use the Haverordal rule with 8 With 6 intervals, each will have a width of 2 e 
intervals to evaluate / ao correct to 3 ie. = rad (or 15°) and the ordinates occur at 0, 


decimal pl 5 
et ceca Lae cal and > Corresponding values of 
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1 é m/3 
— are shown in the table below: 3. | Vsin6d@ (Use 6 intervals) 
1+ sinx 0 
[0.672] 
| 14, 
1+ sinx 4. | e * dx (Use 7 intervals) 
0 
[0.843] 


0 1.0000 


0.79440 


> (or 15°) 


a 
= 30° 
6 (or 30°) 


Ls 
* (or 45° 
4 (or 45°) 


0.66667 
0.58579 
us 

3 (or 60°) 0.53590 


5 
> (or 75°) 0.50867 


5 (or 90°) 0.50000 


From equation (1): 
as 
Vg 1 
——— dx 
o il+sinx 


~ (=) 1 (100000 + 0.50000) 
12) \2\" 


+ 0.79440 + 0.66667 
+ 0.58579 + 0.53590 


a 0.50867} 


= 1.006, correct to 4 
significant figures 


Now try the following exercise 


Exercise 180 Further problems on the 
trapezoidal rule 


Evaluate the following definite integrals using 
the trapezoidal rule, giving the answers cor- 
rect to 3 decimal places: 


1 
2 
1. i —.dx (Use 8 intervals) 
0 1+x? 
[1.569] 


3 
2. / 2In3xdx (Use 8 intervals) 
1 


[6.979] 


53.3. The mid-ordinate rule 


Let a required definite integral be denoted again by 
i. y dx and represented by the area under the graph 
of y = f (x) between the limits x = a and x = b, as 
shown in Fig. 53.2. 


YA 
y= f(x) 

I 

| 

| 

| 

NY Y2 ¥3 Yn 

I 

| 

I 

| 

; > 
0 a b xX 

|< > }-< ><> 

d d d 

Figure 53.2 


With the mid-ordinate rule each interval of width 
d is assumed to be replaced by a rectangle of height 
equal to the ordinate at the middle point of each 
interval, shown as y,, y2, y3, .-- Yn in Fig. 53.2. 


b 
Thus i: ydx dy, +dyy+dy3+---+dyn 


= d(yit+y2+y3+-+++ yn) 


i.e. the mid-ordinate rule states: 


b ‘ 
~ { Width of sum of 
[ y de & ( interval ) (oe ae, (2) 
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From equation (2): 
Problem 4. Use the mid-ordinate rule with 
(a), 4 ee (b) 8 intervals, to evaluate 39 
| — dx © (0.25)[1.8856 + 1.7056 
1 


[3 We dx, correct to 3 decimal places JX 


+ 1.5689 + 1.4606 + 1.3720 


(a) With 4 intervals, each will have a width of + 1.2978 + 1.2344 + 1.1795] 
— , Le. 0.5 and the ordinates will occur = 2.926, correct to 3 
at 1.0, 1.5, 2.0, 2.5 and 3.0. Hence the mid- decimal places 
ordinates y,, y2, y3 and y4 occur at 1.25, 1.75, 
2.25 and 2.75 As previously, the greater the number of intervals 
Corresponding values of —- are shown in the ‘he nearer the result is to the true value of 2.928, 
P g /X correct to 3 decimal places. 


following table: 


4 
oe /3 


Problem 5. Evaluate dx, correct 


0 
to 4 significant figures, using the mid- 
ordinate rule with 6 intervals 


With 6 intervals each will have a width of — eZ 
i.e. 0.40 and the ordinates will occur at 0, 0.40, 0.80, 
1.20, 1.60, 2.00 and 2.40 and thus mid-ordinates at 
0.20, 0.60, 1.00, 1.40, 1.80 and 2.20. 


From equation (2): 


Corresponding values of e~*/3 are shown in the 


3 
2 

| — dx © (0.5)[1.7889 + 1.5119 
; following table: 


Vi 
+ 1.3333 + 1.2060] 


= 2.920, correct to 3 
decimal places 


‘ ; : ; 0.98676 

(b) With 8 intervals, each will have a width of 
0.25 and the ordinates will occur at 1.00, 1.25, 0.88692 
1.50, 1.75, ... and thus mid-ordinates at 1.125, ; 0.71653 
a 1.625, 1.875 ... . Corresponding values 0.52031 
of WE: are shown in the following table: : 0.33960 


0.19922 


From equation (2): 


2 


24 _2 
7 e 3 dx © (0.40)[0.98676 + 0.88692 
0 


+ 0.71653 + 0.52031 
+ 0.33960 + 0.19922] 


= 1.460, correct to 4 
significant figures. 
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Now try the following exercise 


Exercise 181 Further problems on the 
mid-ordinate rule 


Evaluate the following definite integrals using 
the mid-ordinate rule, giving the answers 
correct to 3 decimal places. 


(Use 8 intervals) [3.323] 


+? 


1 


——_— [0.997] 
1+ sind 


(Use 6 intervals) 


3] 
3. | * dx (Use 10 intervals) [0.605] 
1 Xx 


7/3 
4. | Vcos?xdx (Use 6 intervals) 
0 
[0.799] 


53.4 Simpson’s rule 


The approximation made with the trapezoidal rule 
is to join the top of two successive ordinates by a 
straight line, i.e. by using a linear approximation of 
the form a+ bx. With Simpson’s rule, the approxi- 
mation made is to join the tops of three successive 
ordinates by a parabola, i.e. by using a quadratic 
approximation of the form a+ bx + cx’. 

Figure 53.3 shows a parabola y = a+ bx + cx? 
with ordinates y,, y2 and y3 at x = —d, x = 0 and 
x = d respectively. 


A 
. y=a+ bx+ cx2 


Figure 53.3 


NUMERICAL INTEGRATION 443 


Thus the width of each of the two intervals is d. 
The area enclosed by the parabola, the x-axis and 
ordinates x = —d and x = d is given by: 


2 by ex? 
/ (a+ bx + cx”) dx = |ax + —+ — 
—d 2 3 -d 


_ pa 
ie ia eee 


bd? cd 
— ({ -ad + — -— —— 
( ad + 5) 3 ) 


2 3 
= 2ad + ge 


1 
or 3 d(6a+2cd’) (3) 


Since y=a+bx+cx’, 

at x =-—d, yj =a—bd+cd* 

at x=0,y=a 

andat x=d,y3;=a+bd+cd’ 

Hence y, + y3 = 2a + 2ca” 

And y, +4y2 + y3 = 6a + 2cd? (4) 


Thus the area under the parabola between x = 
—d and x = d in Fig. 53.3 may be expressed as 
4 d(y +4y2+ y3), from equations (3) and (4), and 
the result is seen to be independent of the position 
of the origin. 


Let a definite integral be denoted by i ydx and 
represented by the area under the graph of y = f(x) 
between the limits x = a and x = b, as shown in 
Fig. 53.4. The range of integration, b—a, is divided 
into an even number of intervals, say 2n, each of 
width d. 

Since an even number of intervals is specified, 
an odd number of ordinates, 2n + 1, exists. Let 
an approximation to the curve over the first two 
intervals be a parabola of the form y = a+bx+cx? 
which passes through the tops of the three ordinates 
y1, y2 and y3. Similarly, let an approximation to the 
curve over the next two intervals be the parabola 
which passes through the tops of the ordinates y3, 
y4 and ys, and so on. Then 


b 1 1 
[vaxe rhaed + 4y2 + y3) + 3 a9 + 4y4 + ys) 


1 
+ 3 d(yon-1 + Ayon + Yon+1) 
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YA 
Pas 
NY Y2 ¥3 V4 Yon+1 
0 a b x 
|<—__>1~«___»\«__»| 
d d d 
Figure 53.4 


1 
x 3 lO + Yonti1) + 4092 + 4 +++ + Yan) 


+ 2(93 + ys +++ + Yon-1)] 


i.e. Simpson’s rule states: 


, 
[940% 5 (fatal) (Cordinae 


44 Ges of ) 


ordinates 


sum of remaining 
+2 ( andinates ) } 


Note that Simpson’s rule can only be applied when 
an even number of intervals is chosen, i.e. an odd 
number of ordinates. 


Problem 6. Use Simpson’s rule with (a) 4 
intervals, (b) 8 intervals, to evaluate 
3 


/ —= dx, correct to 3 decimal places 
1 


Vi 


(a) With 4 intervals, each will have a width of 


, Le. 0.5 and the ordinates will occur at 
1.0, 1.5, 2.0, 2.5 and 3.0. 


The values of the ordinates are as shown in the 
table of Problem 1(b), page 440. 


Thus, from equation (5): 


39 1 
—dx © —(0.5)[(2.0000 + 1.1547 
/ Se dls % 5 (0-5) [02.0000 + 1.1547) 


+ 4(1.6330 + 1.2649) 
+ 2(1.4142)] 


1 
= 5(0.5)[3.1547 + 11.5916 


+ 2.8284] 


= 2.929, correct to 3 decimal 
places. 


(b) With 8 intervals, each will have a width of 


, 1.e. 0.25 and the ordinates occur at 1.00, 
1.25, 1.50, 1.75, ..., 3.0. 


The values of the ordinates are as shown in the 
table in Problem 2, page 440. 


Thus, from equation (5): 


a) 1 
— dx © =(0.25) [(2.0000 + 1.1547 
| Se de® (0.25) [2.0000 + 1.1547) 


+ 4(1.7889 + 1.5119 + 1.3333 
+ 1.2060) + 2(1.6330 
+ 1.4142 + 1.2649)| 


1 
= Paes | eal + 23.3604 


+ 8.6242] 


= 2.928, correct to 3 decimal 
places. 


It is noted that the latter answer is exactly the 
same as that obtained by integration. In general, 
Simpson’s rule is regarded as the most accurate of 
the three approximate methods used in numerical 
integration. 


Problem 7. Evaluate 


m/3 1 
i. 1- 3 sin? 6 d@, correct to 3 decimal 


places, using Simpson’s rule with 6 intervals 


a 
0 
3 


With 6 intervals, each will have a width of 


> 


1.e. = rad (or 10°), and the ordinates will occur at 
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zou im 2n Sa 1 
0, ’ ’ J ’ and 
189 6 9 18 3 
| 1 
Corresponding values of 1—- 3 sin’@ are 


shown in the table below: 


18 
(or 10°) (or 20°) (or 30°) 


p> ol 
1— 3 sin’ 6 1.0000 0.9950 0.9803 0.9574 


20 5 TU 
9 18 3 
(or 40°) (or 50°) (or 60°) 


1 
yl — 3 sin’e 0.9286 0.8969 0.8660 


From equation (5): 


8 
3 i 
[ ,/1——sin2@ do 
; 3 


x : (=) [(1.0000 + 0.8660) + 4(0.9950 


+ 0.9574 + 0.8969) 
+ 2(0.9803 + 0.9286)] 


=e (=) [1.8660 + 11.3972 + 3.8178) 
~ 3 \18/ °° 


= 0.994, correct to 3 decimal places. 


Problem 8. An alternating current i has the 
following values at equal intervals of 2.0 
milliseconds: 


6.0 8.0 10.0 12.0 


10.0 7.3 2.0 0O 


Charge, g, in millicoulombs, is given by 


q= — idt. Use Simpson’s rule to 


determine the approximate charge in the 
12 ms period 


From equation (5): 


12.0 
Charge, a= | idt 


So 


nD 
~w 


(2.0) [(0 + 0) + 4(3.5 + 10.0 


+ 2.0) + 2(8.2 + 7.3)] 
= 62mC 


Now try the following exercise 


Exercise 182 Further problems on Simp- 
son’s rule 


In Problems 1 to 5, evaluate the definite 
integrals using Simpson’s rule, giving the 
answers correct to 3 decimal places. 


7/2 
1. | Vsinxdx (Use 6 intervals) 
0 
[1.187] 


1.6 1 
2; / dé (Use 8 intervals) 
o 1+64 
[1.034] 


10 sind ; 
3. [ —d6 (Use 8 intervals) 
02 8 


[0.747] 


7/2 
4. | xcosxdx (Use 6 intervals) 
0 
[0.571] 


7/3 
>: | e* sin2xdx (Use 10 intervals) 
0 
[1.260] 


In Problems 6 and 7 evaluate the definite inte- 
grals using (a) integration, (b) the trapezoidal 
rule, (c) the mid-ordinate rule, (d) Simpson’s 
rule. Give answers correct to 3 decimal places. 


4 

4 

6. [se (Use 6 intervals) 
1 x 


[@ 1.875 


(b) 2.107 
(c) 1.765 


(d) 1.916 


6 
1 

7. | eal” (Use 8 intervals) 
pe 1.585 (b) 1.588 
(c) 1.583 (d) 1.585 
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In Problems 8 and 9 evaluate the definite 
integrals using (a) the trapezoidal rule, (b) the 
mid-ordinate rule, (c) Simpson’s rule. Use 6 
intervals in each case and give answers correct 
to 3 decimal places. 


3 
8. 7 V1l+x4dx 
0 


[(a) 10.194 (b) 10.007 (c) 10.070] 


0.7 1 
——- d 
o1 Vly? 2 
[(a) 0.677 (b) 0.674 (c) 0.675] 


10. A vehicle starts from rest and its velocity 
is measured every second for 8 seconds, 
with values as follows: 


9. 


11. 


The distance travelled in 8.0 seconds is 
: 8.0 
given by [) vdt. 


Estimate this distance using Simpson’s 
tule, giving the answer correct to 3 sig- 
nificant figures. [28.8 m] 


A pin moves along a straight guide so 
that its velocity v (m/s) when it is a dis- 
tance x (m) from the beginning of the 
guide at time ¢ (s) is given in the table 
below: 


Use Simpson’s rule with 8 intervals to 
determine the approximate total distance 
travelled by the pin in the 4.0 second 
period. 


[0.485 m] 
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Assignment 14 


This assignment covers the material in 
Chapters 50 to 53. The marks for each 


question are shown in brackets at the 
end of each question. 


x—11 
Determine: (a) ic ————- dx 
2_x—2 


( — es 


3 
Evaluate: [ dx correct to 4 


1 x*(x +2) 
significant figures. (12) 
. dx 
Determine: | ———_—_—_— (5) 
2sinx + cosx 


Determine the following integrals: 


(a) / 5xe* dx (b) / f° sin 2t dt 
(12) 


Evaluate correct to 3 decimal places: 


4 
i /x Inx dx (10) 


NUMERICAL INTEGRATION 


aS 
Evaluate: | = ax using 
i] Ae 


(a) integration 
(b) the trapezoidal rule 
(c) the mid-ordinate rule 


(d) Simpson’s rule. 


In each of the approximate methods use 8 
intervals and give the answers correct to 
3 decimal places. (16) 


An alternating current i has the following 
values at equal intervals of 5 ms: 


tims)}O 5 10 15 20 25 30 


048 91 12.7 88 35 O 


Charge g, in coulombs, is given by 


30x 10-7 
g= i idt. 
0 


Use Simpson’s rule to determine the app- 
roximate charge in the 30 ms period. (4) 
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Areas under and between curves 


54.1 Area under a curve 


The area shown shaded in Fig. 54.1 may be deter- 
mined using approximate methods (such as the 
trapezoidal rule, the mid-ordinate rule or Simpson’s 
rule) or, more precisely, by using integration. 


Figure 54.1 


(i) Let A be the area shown shaded in Fig. 54.1 
and let this area be divided into a number 
of strips each of width 6x. One such strip is 
shown and let the area of this strip be 5A. 


Then: 6A *% ydx (1) 


The accuracy of statement (1) increases when 
the width of each strip is reduced, i.e. area A 
is divided into a greater number of strips. 


Gi) Area A is equal to the sum of all the strips 
from x =atox=b, 


x=b 


ie. A= limit 6 2 
ae - 
St; oA 
(iii) From statement (1), i xy (3) 
x 
6A 


In the limit, as 4x approaches zero, — 


dA 
becomes the differential coefficient ae 
x 


.. [6A dA 

Hence limit | — } = — =y, 
dx0 \ dx dx 

from statement (3). By integration, 


dA 
Sax = f yds ie. A= | yas 
dx 


The ordinates x = a and x = b limit the area 
and such ordinate values are shown as limits. 
Hence 


b 
a= | ydx (4) 


(iv) Equating statements (2) and (4) gives: 


x=b b 
Area A = limit bx = 
rea ape yox i ydx 


b 
=f f(x) dx 


(v) If the area between a curve x = f(y), the 
y-axis and ordinates y = p and y = gq is 
required, then area= [% xdy 


Thus, determining the area under a curve by integra- 
tion merely involves evaluating a definite integral. 

There are several instances in engineering and 
science where the area beneath a curve needs to 
be accurately determined. For example, the areas 
between limits of a: 


velocity/time graph gives distance travelled, 
force/distance graph gives work done, 
voltage/current graph gives power, and so on. 


Should a curve drop below the x-axis, then y 
(= f(x)) becomes negative and f(x)dx is nega- 
tive. When determining such areas by integration, a 
negative sign is placed before the integral. For the 
curve shown in Fig. 54.2, the total shaded area is 
given by (area E + area F + area G). 
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AREAS UNDER AND BETWEEN CURVES = 449 


Figure 54.2 


By integration, total shaded area 


= [serar-[ perart [' rooax 


(Note that this is not the same as ba f (x) dx). 
It it usually necessary to sketch a curve in order 
to check whether it crosses the x-axis. 


54.2 Worked problems on the area 
under a curve 


Problem 1. 
y = 2x +3, the x-axis and ordinates x = 1 
and x = 4 


Determine the area enclosed by 


y = 2x +3 is a straight line graph as shown in 
Fig. 54.3, where the required area is shown shaded. 


Figure 54.3 


By integration, shaded area 


4 
=f vas 
1 


4 
= (2x + 3) dx 
1 


4 


_ 2x? 3 
la ‘| 
= [(16 + 12) — (1 + 3)] 


= 24 square units 


[This answer may be checked since the shaded area 
is a trapezium. 


Area of trapezium 


_l aa of aaa Caren ene 
2 


2 sides between parallel sides 
1 
= rie + 11)@GB) 


= 24 square units] 


Problem 2. The velocity v of a body ¢ 
seconds after a certain instant is: 


(217 + 5) m/s. Find by integration how far it 
moves in the interval from t=0tot=4s 


Since 2f* +5 is a quadratic expression, the curve 
v = 2t?+5 is a parabola cutting the v-axis at v = 5, 
as shown in Fig. 54.4. 

The distance travelled is given by the area under 
the v/t curve (shown shaded in Fig. 54.4). 

By integration, shaded area 


4 
= [var 
0 


4 
= i Of 45) dt 
0 


4 


2 E z si 
2 0 


_ & 


tage +514) — (0) 


i.e. distance travelled = 62.67 m 
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v (m/s) 3 2 1 0 1 2 
40 27 8 1 0 1 8 
18 8 2 0 2 8 

15 10 5 QO —-5 —10 

6 6 6 6 6 6 

0 4 0 -6 -8 0 


Shaded area = lie ydx — fis ydx, the minus sign 
before the second integral being necessary since the 
enclosed area is below the x-axis. 

Hence shaded area 


-1 
=i (x3 + 2x* — 5x — 6) dx 
3 


2, 
-| (x? + 2x* — 5x — 6) dx 
—l 


Figure 54.4 


Problem 3. Sketch the graph 
y =x? + 2x? — 5x — 6 between x = —3 and 


x = 2 and determine the area enclosed by the _{fi 2 5 ei 
curve and the x-axis ~/)4 3 2 


1 2 5 
y=x3 + 2x2-5x-6 am a oe 


-b3]-L9% 


1 
= 2175 or 21.08 square units 


Figure 54.5 Problem 4. Determine the area enclosed by 
the curve y = 3x” +4, the x-axis and 
ordinates x = | and x = 4 by (a) the 

A table of values is produced and the graph sketched trapezoidal rule, (b) the mid-ordinate rule, 

as shown in Fig. 54.5 where the area enclosed by the (c) Simpson’s rule, and (d) integration 


curve and the x-axis is shown shaded. 
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01.015 2.0 25 3.0 3.5 4.0 
4 7 10.7516 22.75 31 40.75 52 


Figure 54.6 

The curve y = 3x* + 4 is shown plotted in 
Fig. 54.6. 

(a) By the trapezoidal rule 


(b) 


. 1 sum of 
Area = width sa (Gan iad + | remaining 
interval / |2 \ ordinate ‘ 
ordinates 


Selecting 6 intervals each of width 0.5 gives: 
1 
Area = (0.5) 50 +52) + 10.75 + 16 


+ 22.75 + 31 + 40.75 
= 75.375 square units 


By the mid-ordinate rule, area = (width of 
interval)(sum of mid-ordinates). Selecting 6 
intervals, each of width 0.5 gives the mid- 
ordinates as shown by the broken lines in 
Fig. 54.6. 


Thus, area = (0.5)(8.5 + 13 + 19 + 26.5 
+ 35.5 + 46) 


= 74.25 square units 
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(c) By Simpson’s rule, 


1 bce 7) ( first + a) 


area = : : 
3, \ interval ordinates 


( sum of a) 
4 : 
ordinates 


+ 


sum of remaining 
v (oad ordinates ) 


Selecting 6 intervals, each of width 0.5, gives: 


1 
area = ZO 5 + 52) + 4(10.75 + 22.75 
+ 40.75) + 2(16 + 31)] 
= 75 square units 


(d) By integration, shaded area 


4 
=| yas 
1 


4 
- / (3x2 + 4) dx 
1 


= [e+ 4x] 
= 75 square units 


Integration gives the precise value for the area 
under a curve. In this case Simpson’s rule 
is seen to be the most accurate of the three 
approximate methods. 


Problem 5. Find the area enclosed by the 
curve y = sin 2x, the x-axis and the ordinates 


x =0 and x =27/3 


A sketch of y = sin 2x is shown in Fig. 54.7. 


y=sin 2x 


Figure 54.7 


2 
(Note that y = sin2x has a period of = Le. 1 


radians. ) 
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/3 
Shaded area =p ydx 
0 


/3 
= i sin 2x dx 
0 


1 20 1 
= 4 —~cos — > — 4 —=cos0 
{3008} — {309} 
1 1 Lin 
“| 2k 2 2 
1 1 3 . 
=a + -— = — square units 


Now try the following exercise 


Exercise 183 Further problems on area 


under curves 


Unless otherwise stated all answers are in 
square units. 


L 


Show by integration that the area of the 
triangle formed by the line y = 2x, the 
ordinates x = 0 and x = 4 and the x-axis 
is 16 square units. 


Sketch the curve y = 3x*+1 between x = 
—2 and x = 4. Determine by integration 
the area enclosed by the curve, the x-axis 
and ordinates x = —1 and x = 3. Use an 
approximate method to find the area and 
compare your result with that obtained by 
integration. [32] 


In Problems 3 to 8, find the area enclosed 
between the given curves, the horizontal axis 
and the given ordinates. 


y=5x; x=l1,x=4 


y= 2x* —x+4+1; x=-l, 


y=2sin20; 0=0,0= 


@=t+e'; t=0,t=2 [8.389] 


y = 5cos 3t; 


y=(— 1I)@ - 3); 


54.3. Further worked problems on the 
area under a curve 


Problem 6. A gas expands according to the 
law pv = constant. When the volume is 
3 m? the pressure is 150 kPa. Given that 


work done = f,* pdv, determine the work 


done as the gas expands from 2 m? to a 
volume of 6 m? 


pv = constant. When v = 3 m? and p = 150 kPa 
the constant is given by (3 x 150) = 450 kPa m? or 
450 kJ. 


Hence pu = 450, or p = = 
* 450 

2 v 

= [450 Inv]$ = 450[In 6 — In2] 

= 450 ns = 450 In3 = 494.4 kJ 


Work done = v 


Problem 7. Determine the area enclosed by 


7 
the curve y = 4cos (5). the 0-axis and 


ordinates 6 = 0 and 6 = > 


The curve y = 4cos(6/2) is shown in Fig. 54.8. 


Figure 54.8 


0 
(Note that y = 4cos 5 has a maximum value of 


4 and period 27/(1/2), i.e. 47 rads.) 
m/2 m/2 (a) 
Shaded area = 7 yd = i 4cos — dé 
0 0 2 


m/2 
1\ . 0 
3 2), 
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= (8 sin =) — (8 sin 0) 


= 5.657 square units 


Problem 8. 
the curve y = 3e 


Determine the area bounded by 
/4’ the t-axis and ordinates 


t = —1 and t = 4, correct to 4 significant 
figures 


A table of values is produced as shown. 


t —1 0 1 2 3 4 
y=3e/* 2.34 3.0 3.85 4.95 6.35 8.15 


Since all the values of y are positive the area 
required is wholly above the t-axis. 


4 
Hence area -| ydt 
1 


4 4 
= / 52 dt a" 
(a) Js 


= 12[e/4]*, = 12(e! — e!4) 
= 12(2.7183 — 0.7788) 
= 12(1.9395) = 23.27 square units 


Problem 9. Sketch the curve y = x7 +5 
between x = —1 and x = 4. Find the area 
enclosed by the curve, the x-axis and the 


ordinates x = O and x = 3. Determine also, 
by integration, the area enclosed by the curve 
and the y-axis, between the same limits 


A table of values is produced and the curve 
y =x’ +5 plotted as shown in Fig. 54.9. 


x —1 0 
y 6 5 6 


Kom) 
= 
ns 


3 3 
Shaded area = | ydx= | G+ 5) dx 
0 0 
+s, 
=|>— xX 
3 0 
= 24 square units 


When x = 3, y = 37+ 5 = 14, and when x = 0, 
y=. 


AREAS UNDER AND BETWEEN CURVES — 453 


Figure 54.9 


Since y = x? +5 then x? = y—5 and 
to 95 

The area enclosed by the curve y = x7 + 5 (ie. 
x = ./y—5), the y-axis and the ordinates y = 5 
and y = 14 (i.e. area ABC of Fig. 54.9) is given by: 


y=14 14 
Area = [ xdy= | Vy—Sdy 
=5 5 
. 14 
= [ v-5)"Pay 
5 
du 
Let u = y —5, then a 1 and dy = du 
y 
2 
Hence | (y — 5)? dy = fu? du= zee (for 


algebraic substitutions, see Chapter 48) 
Since u = y— 5 then 


14 
1 
: Vial oD el i 


2 
= 18 square units 
(Check: From Fig. 54.9, area BCPQ + area ABC 


= 24+ 18 = 42 square units, which is the area 
of rectangle ABOP.) 


Problem 10. Determine the area between 


the curve y = x? — 2x” — 8x and the x-axis 


8x = x(x? — 2x — 8) 
= x(x + 2)(x — 4) 
When y = O, then x = 0 or @ +2) = O Or 


(x—4) = 0, i.e. when y = 0, x = 0 or —2 or 4, which 
means that the curve crosses the x-axis at 0, —2 and 
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4. Since the curve is a continuous function, only 
one other co-ordinate value needs to be calculated 
before a sketch of the curve can be produced. When 
x= 1, y = —9, showing that the part of the curve 
between x = 0 and x = 4 is negative. A sketch of 
y = x° — 2x? — 8x is shown in Fig. 54.10. (Another 
method of sketching Fig. 54.10 would have been to 
draw up a table of values). 


Figure 54.10 


0 
Shaded area = i ie =o, Sx) dx 
—2 


4 
- | (x3 — 2x? — 8x) dx 
0 


2x3 8x27" 
a 2 2 
[= oy? ey 
4 3 2 Io 


= 495 square units 


Now try the following exercise 


Exercise 184 Further problems on areas 
under curves 


In Problems 1 and 2, 


find the area enclosed 


between the given curves, the horizontal axis 
and the given ordinates. 


1 y=2x7; x=- 


2.4% =2 


[16 square units] 


2. xy=45 x=1,x=4 


[5.545 square units] 


The force F newtons acting on a body at 
a distance x metres from a fixed point is 
given by: F = 3x + 2x’. If work done = 
J F dx , determine the work done when 
the body moves from the position where 
x = 1m to that when x = 3 m. 


[29.33 Nm] 


Find the area between the curve 
y = 4x — x? and the x-axis. 


[10.67 square units] 


Sketch the curves y = x? + 3 and 
y = 7 — 3x and determine the area 
enclosed by them. [20.83 square units] 


Determine the area enclosed by the curves 
y = sinx and y = cosx and the y- axis. 


[0.4142 square units] 


The velocity v of a vehicle t seconds after 
a certain instant is given by: 

v = (317 + 4) m/s. Determine how far 
it moves in the interval from t = 1 s to 
[140 m] 


t=S5s. 


54.4 The area between curves 


The area enclosed between curves y = f(x) and 
y = f(x) (shown shaded in Fig. 54.11) is given by: 


b b 
shaded area = | frdx— | fi@) dx 


b 
a 


-| (fol) —fae)] de 


Figure 54.11 
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Problem 11. Determine the area enclosed 


between the curves y= x7 +1 and y=7—x 


At the points of intersection, the curves are equal. 
Thus, equating the y-values of each curve gives: 
x?+1 = 7—x, from which x*+x-—6 = 0. 
Factorizing gives (x — 2)(x + 3) = 0, from which, 
x = 2 and x = —3. By firstly determining the points 
of intersection the range of x-values has been found. 
Tables of values are produced as shown below. 


x —+3 2 #=-+! 0 1 
y=x?+1 10 5 2 1 


nn 


x —3 0 2 
y=7-x 10 7 5 


A sketch of the two curves is shown in Fig. 54.12. 


Figure 54.12 


2 2 
Shaded area = | a-xdx— | (x? + 1) dx 
3 -3 
p) 
| (7 —x) - 02 + Dd 
3 


2 
=e (6—*x=x)dx 
3 


5 
= 20- square units 
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Problem 12. (a) Determine the coordinates 
of the points of intersection of the curves 
y =x? and y* = 8x. (b) Sketch the curves 


y =x? and y* = 8x on the same axes. 
(c) Calculate the area enclosed by the two 
curves 


(a) At the points of intersection the coordinates 

of the curves are equal. When y = x then 
2_ 44 

y= x". 
Hence at the points of intersection x* = 8x, by 
equating the y* values. 
Thus x* — 8x = 0, from which x(x° — 8) = 0, 
ie. x =0 or (x? — 8) =0. 


Hence at the points of intersection x = 0 or 


x=2. 
When x = 0, y = O and when x = 2, 
as 


Hence the points of intersection of the curves 
y =x? and y” = 8x are (0, 0) and (2, 4) 

(b) A sketch of y = x? and y* = 8x is shown in 
Fig. 54.13 


4 y>=8x_ 
(or y= 8x ) 


Figure 54.13 


2 
(c) Shaded area = ‘) {V/8x = xd 
0 


2 
=) {(/8)x!/? — x7} dx 
0 
3/2 3]? 
= [or - 5 


G) 3], 
V8/8 8 
= 3 a ee — {0} 
(5) 3 
10. <8 28 
~ 3 3° 3 


2 
= 23 square units 


JNTUWORLD 


www.jntuworld.com 


456 ENGINEERING MATHEMATICS 


Problem 13. Determine by integration the 


area bounded by the three straight lines 
y=4-x, y=3x and3y=x 


Each of the straight lines is shown sketched in 


Fig. 54.14. 


Figure 54.14 


1 
Shaded area = i (3x -- 
0 


= 4 square units 


Now try the following exercise 


Exercise 185 Further problems on areas 


between curves 


Determine the coordinates of the points 
of intersection and the area enclosed 
between the parabolas y7 = 3x and 
x? = 3y. 

[(0, 0) and (3, 3), 3 sq. units] 
Determine the area enclosed by the curve 
y = 5x? +2, the x-axis and the ordi- 
nates x = O and x = 3. Find also the 


area enclosed by the curve and the y-axis 
between the same limits. 


[51 sq. units, 90 sq. units] 


Calculate the area enclosed between 


y = x3 — 4x” — 5x and the x-axis using 
an approximate method and compare your 
result with the true area obtained by inte- 
gration. 


[73.83 sq. units] 


A gas expands according to the law py = 
constant. When the volume is 2 m? the 
pressure is 250 kPa. Find the work done 
as the gas expands from 1 m? to a volume 
of 4 m? given that work done = f'” pdv 


[693.1 kJ] 


Determine the area enclosed by the three 
straight lines y = 3x, 2y = x and 
y+2x=5 


[2.5 sq. units] 
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55 


Mean and root mean square values 


55.1 Mean or average values 


(i) The mean or average value of the curve shown 
in Fig. 55.1, between x = a and x = JB, is 
given by: 


Figure 55.1 


mean or average value, 

__ area under curve 

y SS 
length of base 


Gi) When the area under a curve may be obtained 
by integration then: 


mean or average value, 


i.e. 


(iii) For a periodic function, such as a sine wave, 
the mean value is assumed to be ‘the mean 
value over half a cycle’, since the mean value 
over a complete cycle is zero. 


Problem 1. Determine, using integration, 


the mean value of y = 5x” between x = 1 
and x = 4 


Mean value, 
1 * 1 /4 5 
y= — dx=-= 5x* d 
y a! ydx ;/ x dx 
1 Se] ae a 
= — |— =-=|x’|, = ~(64—1)=35 
i a (es 5 | iF 9 


Problem 2. A sinusoidal voltage is given 
by v = 100sin@t volts. Determine the mean 


value of the voltage over half a cycle using 
integration 


Half a cycle means the limits are 0 to z radians. 
Mean value, 


1 IT 
v= — | vd(at) 


1 /” ; 100 
- | 100 sin wt d(wt) = —[-cosat]5 
wT Jo ms 


II 


ee cos 7) — (— cos 0)] 
us 


100 200 
=—[+1) - (-Dl=— 

a aa 
= 63.66 volts 


[Note that for a sine wave, 


2 
mean value = — xX maximum value 
a 
. 2 
In this case, mean value = — x 100 = 63.66 V] 
aa 


Problem 3. Calculate the mean value of 
y = 3x* + 2 in the range x = 0 to x = 3 by 
(a) the mid-ordinate rule and (b) integration 
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(a) A graph of y = 3x? over the required range is 
shown in Fig. 55.2 using the following table: 


05 1.0 1.5 2.0 2.5 3.0 
2.0 2.75 5.0 8.75 14.0 


20.75 29.0 


Figure 55.2 


Using the mid-ordinate rule, mean value 


area under curve 
length of base 


sum of mid-ordinates 


number of mid-ordinates 


Selecting 6 intervals, each of width 0.5, the 
mid-ordinates are erected as shown by the 
broken lines in Fig. 55.2. 


2.2+3.7+6.7+4 11.2 


+17.2 + 24.7 
6 


Mean value = 


65.7 
= — = 10.95 
6 


(b) By integration, mean value 


= i d a *42)d 
= LASS X xX 
ce re 
1. , 3 1 

= 2 [x” + 2x], = 3 i PO) (0)} 

=11 
The answer obtained by integration is exact; 
greater accuracy may be obtained by the mid- 


ordinate rule if a larger number of intervals are 
selected. 


Problem 4. The number of atoms, N, 
remaining in a mass of material during 
radioactive decay after time ¢ seconds is 
given by: N = Noe~*“, where No and A are 


constants. Determine the mean number of 
atoms in the mass of material for the time 


period ¢ = 0 and t = 7 


Mean number of atoms 


1 1/r 1 1/r 
—._—$—= Ndt=— 
I a 0 0 A. 0 
Xr xr 
1/a eat 1/r 
No : e“dt= iN] | 
0 —AX Jo 


= =Nolene 2] = 


= +No[e — e~'] = No[1 — e7'] = 0.632 No 


Noe ** dt 


No [e! e*| 


Now try the following exercise 


Exercise 186 Further problems on mean 
or average values 


1. Determine the mean value of (a) y = 3./x 
fromx =Otox=4 (b) y= sin26 from 


6=0t0d=— 

= (0) => 
4 

tor=4 


(c) y= 4e’ from t = 1 


(a) 4 (b) = or 0.637 (c) 69.17 


2. Calculate the mean value of y = 2x7 +5 
in the range x = | to x = 4 by (a) the 
mid-ordinate rule, and (b) integration. 


[19] 
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3. The speed v of a vehicle is given by: 
v = (4t+ 3) m/s, where f¢ is the time in 
seconds. Determine the average value of 
the speed from t= 0 tot=3s. [9 m/s] 


4. Find the mean value of the curve 
y = 6+x—x? which lies above the x-axis 
by using an approximate method. Check 
the result using integration. [4.17] 


5. The vertical height h km of a missile 
varies with the horizontal distance d km, 
and is given by h = 4d — d’. Determine 
the mean height of the missile from d = 0 
tod =4 km. [2.67 km] 


6. The velocity v of a piston moving with 
simple harmonic motion at any time ¢ 
is given by: v = csinwt, where c is 


a constant. Determine the mean velocity 


1A 2c 
between tf = 0 andt = —. =| 


@ IT 


55.2 Root mean square values 


The root mean square value of a quantity is ‘the 
square root of the mean value of the squared values 
of the quantity’ taken over an interval. With refer- 
ence to Fig. 53.1, the r.m.s. value of y = f(x) over 
the range x = a to x = b is given by: 


1 b 
2d 
—/ yea 


One of the principal applications of r.m.s. values is 
with alternating currents and voltages. The r.m.s. 
value of an alternating current is defined as that 
current which will give the same heating effect as 
the equivalent direct current. 


r.m.s. value = 


Problem 5. Determine the r.m.s. value of 


y = 2x* between x = 1 andx =4 


R.m.s. value 


1 ‘7 1 ft 
= 4/— 2dx = 4/= 2x2)? d 
if,» x = | a) x 
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1/4 4[x°7* 
= =| 4x4 dx = {5 
3) 315], 
a 
= Vis (024 = «972-8 = 165 


Problem 6. A sinusoidal voltage has a 


maximum value of 100 V. Calculate its 
r.m.s. value 


A sinusoidal voltage v having a maximum value of 
10 V may be written as: v = 10 sin. Over the range 
6=O0tod=n7, 


r.m.s. value 


ll 
ee 


1 IT 
- | (100 sin 6)* dé 
JO 
1 IT 
= <= | sin’ 0 d0 
0 


which is not a ‘standard’ integral. It is shown in 
Chapter 26 that cos2A = 1 — 2sin’A and this for- 
mula is used whenever sin? A needs to be integrated. 
Rearranging cos 2A = 1 — 2sin’A gives 
sin? A = (1 — cos 2A) 
10000 /” 


u 0 


1 7 
= 4/ ~— | —(1 — cos 20)d0 
IU 0 2 
_ /100001 F sin 26 ]” 
7 nx 2 2 ile 
_ 10000 1 sin 270 0 sin 0 
oe 2g 2 
LL 10000 
“Vog 2V-V 2 


1 
— ie = 70.71 volts 


J2 


Hence sin? 6d0 
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[Note that for a sine wave, 


1 
r.m.s. value = —= x maximum value. 


J2 


1 
In this case, r.m.s. value = —= x 100 = 70.71 V] 


J2 


Problem 7. In a frequency distribution the 
average distance from the mean, y, is related 
to the variable, x, by the equation 


y= 2x? — 1. Determine, correct to 3 


significant figures, 


the r.m.s. deviation from 


the mean for values of x from —1 to +4 


R.m.s. deviation 


(4) 


;. 4 3 ) 
54) +4 


( 


a 5 4 3 
ee oe ae »)| 


= (737.87) — (—0.467)] 


1 
=  51738.34] 


= V 147.67 = 12.152 = 12.2, 


correct to 3 


significant figures. 


Now try the following exercise 


Exercise 187 Further problems on root 


mean square values 


Determine the r.m.s. values of: (a) y = 3x 
fomx=Otox=4 (b) y=? from 
t=1ltot=3 (c)y = 25siné from 
6=0tod=2n 

25 
J/2 
Calculate the r.m.s. values of: 
(a) y= sin20 from 0 =0 tod= 


(b) y=1+sint from t= 0 tot = 27 
(c) y = 3cos2x from x = O0Otox=aZ7 


(a) 6.928 (b) 4.919 (c) or 17.68 


IU 


(Note that cos?t = zt + cos2r), from 
Chapter 26). 

1 
Np 


The distance, p, of points from the mean 
value of a frequency distribution are 
related to the variable, g, by the equation 


(a) — or 0.707 (b) 1.225 (c) 2.121 


1 
— + q. Determine the standard 


deviation (i.e. the r.m.s. value), correct 
to 3 significant figures, for values from 
q=\1tog=3. [2.58] 


A current, i = 30sin100zt amperes is 
applied across an electric circuit. Deter- 
mine its mean and r.m.s. values, each cor- 
rect to 4 significant figures, over the range 
t=Otot=10ms. [19.10 A, 21.21 A] 


A sinusoidal voltage has a peak value 
of 340 V. Calculate its mean and r.m.s. 
values, correct to 3 significant figures. 


[216 V, 240 V] 


Determine the form factor, correct to 3 
significant figures, of a sinusoidal voltage 
of maximum value 100 volts, given that 


r.m.s. value 
form factor = ———————— [1.11] 
average value 
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56 
Volumes of solids 


56.1 Introduction 


If the area under the curve y = 
in Fig. 56.1(a)), between x = 


f(x), (shown 
a and x = b is 


rotated 360° about the x-axis, then a volume known 
as a Solid of revolution is produced as shown in 
Fig. 56.1(b). 


r= S 
ite 


< 
SSryg 


Figure 56.1 


The volume of such a solid may be determined 
precisely using integration. 


(i) Let the area shown in Fig. 56.1(a) be divided 
into a number of strips each of width dx. One 
such strip is shown shaded. 


When the area is rotated 360° about the x- 
axis, each strip produces a solid of revolution 
approximating to a circular disc of radius y 
and thickness 6x. Volume of disc = (circular 
cross-sectional area) (thickness) = (sty*)(6x) 


(ii) 


of revolution 


(iii) Total volume, V, between ordinates x = a and 
x = bis given by: 


1 = limi 26 
Volume, V limit ¥ my “dx 


If a curve x = f(y) is rotated about the y-axis 360° 
between the limits y = c and y = d, as shown in 
Fig. 56.2, then the volume generated is given by: 


=d 
Volume, V = limit S- mx by 
y=c 


sy —0 


b 
= | mx? dy 


Figure 56.2 


56.2 Worked problems on volumes of 
solids of revolution 


Problem 1. Determine the volume of the 
solid of revolution formed when the curve 


y = 2 is rotated 360° about the x-axis 
between the limits x = 0 tox = 3 
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When y = 2 is rotated 360° about the x-axis between 
x = 0 and x = 3 (see Fig. 56.3): 


3 
volume generated = | my* dx 
0 


3 
= y n(2)" dx 
0 


3 
= 4n dx = Ar[x]e 
0 


= 12x cubic units 


[Check: The volume generated is a cylinder of radius 
2 and height 3. 

Volume of cylinder = mr7h = 2(2)?(3) = 12” 
cubic units]. 


Figure 56.3 


Problem 2. Find the volume of the solid of 
revolution when the curve y = 2x is rotated 
one revolution about the x-axis between the 
limits x = 0 andx =5 


When y = 2x is revolved one revolution about the 
x-axis between x = O and x = 5 (see Fig. 56.4) 
then: 


Figure 56.4 
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volume generated 


5 5 
=i ny dx = | (2x)? dx 
0 0 


5 


5 x3 
= | Anx? dx = 4 =| 
0 3 Jo 


_ 500 
— 3 
[Check: The volume generated is a cone of radius 


10 and height 5. Volume of cone 


r 1 
gt gee 
3 3 A 


2 
= 16675 cubic units 


2 
= 1662 # cubic units. | 


Problem 3. The curve y = x” +4 is rotated 


one revolution about the x-axis between the 
limits x = 1 and x = 4. Determine the 
volume of the solid of revolution produced 


Figure 56.5 


Revolving the shaded area shown in Fig. 56.5 about 
the x-axis 360° produces a solid of revolution 
given by: 


4 4 
Volume = i my" dx = if m(x* +4) dx 
1 1 


4 
= / a(x" + 8x7 + 16) dx 
1 


x 8x3 i 
a (aa esac 
“5+ a: © | 
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= x[(204.8 + 170.67 + 64) 
= (0.24 267 + 16)] 


= 420.6 cubic units 


Problem 4. If the curve in Problem 3 is 


revolved about the y-axis between the same 


limits, determine the volume of the solid of 
revolution produced 


The volume produced when the curve y = x7 +4 
is rotated about the y-axis between y = 5 (when 
x = 1) and y = 20 (when x = 4), ie. rotating area 
ABCD of Fig. 56.5 about the y-axis is given by: 


20 
volume = | mx’ dy 
5 


Since y = x? + 4, then x7 = y—4 


20 


2 
4y| 
5 


20 y 
Hence volume = | my—4)dy=n E 
5 


= m[(120) — (—7.5)] 


= 127.5zx cubic units 
Now try the following exercise 


Exercise 188 Further problems on _ vol- 
umes of solids of revolution 


(Answers are in cubic units and in terms of 7). 


In Problems 1 to 5, determine the volume of 
the solid of revolution formed by revolving the 
areas enclosed by the given curve, the x-axis 
and the given ordinates through one revolution 
about the x-axis. 


[5257] 


[552] 
[75.670] 


[487] 


= 2K = 3 [1.577] 


In Problems 6 to 8, determine the volume of 
the solid of revolution formed by revolving the 
areas enclosed by the given curves, the y-axis 
and the given ordinates through one revolution 
about the y-axis. 


5. xy =3; 


6... yeu" yo, y=—3 [477] 

7. y=3x*-1, y=2,y=4 [2.677] 
2 

8 y=-; y=ly=3 [2.677] 
x 


9, The curve y = 2x” + 3 is rotated about 
(a) the x-axis between the limits x = 0 
and x = 3, and (b) the y-axis, between 
the same limits. Determine the volume 
generated in each case. 


[(a) 329.42 (b) 81x] 


56.3 Further worked problems on 
volumes of solids of revolution 


Problem 5. The area enclosed by the curve 


y = 3e3, the x-axis and ordinates x = —1 
and x = 3 is rotated 360° about the x-axis. 
Determine the volume generated 


Figure 56.6 


A sketch of y = 3e3 is shown in Fig. 56.6. 
When the shaded area is rotated 360° about the x- 
axis then: 


3 
volume generated = / my dx 
1 


= [x (38) as 
1 


3) 2x 
=9n f e3 dx 
-1 
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= 92.827 cubic units 


Problem 6. Determine the volume 
generated when the area above the x-axis 


bounded by the curve x? + y* = 9 and the 
ordinates x = 3 and x = —3 is rotated one 
revolution about the x-axis 


Figure 56.7 shows the part of the curve x7 + y* = 9 
lying above the x-axis. Since, in general, x7 + y* = 
r represents a circle, centre 0 and radius r, then 
x? + y? = 9 represents a circle, centre 0 and radius 
3. When the semi-circular area of Fig. 56.7 is rotated 
one revolution about the x-axis then: 


3 


volume generated = : my dx 


-3 


3 
i m(9 — x?) dx 


-3 


ps3] 
Veeco 
ie 3|_, 


m[(18) — (—18)] 


= 36x cubic units 


-3 0 3 * 


Figure 56.7 


(Check: The volume generated is a sphere of 
4 
radius 3. Volume of sphere = zw = 373)" = 


36z cubic units.) 


Problem 7. Calculate the volume of a 
frustum of a sphere of radius 4 cm that lies 
between two parallel planes at 1 cm and 

3 cm from the centre and on the same side 


of it 


Figure 56.8 


The volume of a frustum of a sphere may be deter- 
mined by integration by rotating the curve x*+ y? = 
4? (i.e. a circle, centre 0, radius 4) one revolution 
about the x-axis, between the limits x = 1 and x = 3 
(i.e. rotating the shaded area of Fig. 56.8). 


3 


Volume of frustum = | my” dx 
1 


3 
/ n(4? — x”) dx 
1 


3 


5] 
— xX —- — 
Iv 3 ; 


-x[o-(9) 


1 
— 2357 cubic units 


Problem 8. The area enclosed between the 
two parabolas y = x? and y” = 8x of 
Problem 12, Chapter 54, page 455, is rotated 


360° about the x-axis. Determine the volume 
of the solid produced 


The area enclosed by the two curves is shown 
in Fig. 54.13, page 455. The volume produced by 
revolving the shaded area about the x-axis is given 
by: [(volume produced by revolving y? = 8x) — 
(volume produced by revolving y = x’)] 
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2 2 
volume = i (8x) dx — | m(x*) dx 
0 0 


2 2 542 
= xf (8x—x*)dx =a 5] 
0 0 


s[(-2)-0] 


= 9.6x cubic units 


II 


Now try the following exercise 


Exercise 189 Further problems on vol- 
umes of solids of revolution 


(Answers to volumes are in cubic units and in 
terms of zz). 


In Problems 1 and 2, determine the volume of 
the solid of revolution formed by revolving the 
areas enclosed by the given curve, the x-axis 
and the given ordinates through one revolution 
about the x-axis. 


1 y=4e*; x=0,x=2 [428.877] 


2. y=secx; x=0,x=— [7] 
In Problems 3 and 4, determine the volume of 
the solid of revolution formed by revolving the 
areas enclosed by the given curves, the y-axis 
and the given ordinates through one revolution 
about the y-axis. 


3. xr +y=16; 


4. x/y = 2: 


y=0, y=4 = [42.677] 


y=2,y=3 [1.62277] 
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Determine the volume of a plug formed 
by the frustum of a sphere of radius 6 cm 
which lies between two parallel planes at 
2 cm and 4 cm from the centre and on the 
same side of it. (The equation of a circle, 
centre 0, radius r is x* + y* =r’). 


[53.337] 


The area enclosed between the two curves 
x? = 3y and y’ = 3x is rotated about the 
x-axis. Determine the volume of the solid 
formed. [8.17] 


1 
The portion of the curve y = x*+— lying 


between x = | and x = 3 is revolved 360° 
about the x-axis. Determine the volume of 
the solid formed. [57.077] 


Calculate the volume of the frustum of 
a sphere of radius 5 cm that lies between 
two parallel planes at 3 cm and 2 cm from 
the centre and on opposite sides of it. 


[113.332] 


Sketch the curves y = x? + 2 and 

y—12 = 3x from x = —3 to x = 6. Deter- 
mine (a) the co-ordinates of the points of 
intersection of the two curves, and (b) the 
area enclosed by the two curves. (c) If the 
enclosed area is rotated 360° about the 
x-axis, calculate the volume of the solid 
produced 


(a) (—2, 6) and (5, 27) 
(b) 57.17 square units 
(c) 13262 cubic units 


465 


JNTUWORLD 


www.jntuworld.com 


57 


Centroids of simple shapes 


57.1 Centroids 


A lamina is a thin flat sheet having uniform thick- 
ness. The centre of gravity of a lamina is the point 
where it balances perfectly, i.e. the lamina’s centre 
of mass. When dealing with an area (i.e. a lamina 
of negligible thickness and mass) the term centre 
of area or centroid is used for the point where the 
centre of gravity of a lamina of that shape would lie. 


57.2 The first moment of area 


The first moment of area is defined as the product 
of the area and the perpendicular distance of its 
centroid from a given axis in the plane of the area. 
In Fig. 57.1, the first moment of area A about axis 
XX is given by (Ay) cubic units. 


Figure 57.1 


57.3 Centroid of area between a curve 
and the x-axis 


(i) Figure 57.2 shows an area PORS bounded by 
the curve y = f(x), the x-axis and ordinates 
x = a and x = b. Let this area be divided 
into a large number of strips, each of width 
6x. A typical strip is shown shaded drawn at 
point (x, y) on f(x). The area of the strip 
is approximately rectangular and is given by 


yox. The centroid, C, has coordinates (x >). 


Gi) First moment of area of shaded strip about 
axis Oy = (ydx)(x) = xydx. 


(iii) 


(iv) 
(v) 


Figure 57.2 


Total first moment of area PORS about axis 

Oy= limit ye? xydx = ie xy dx 

First moment of area of shaded strip about 
1 

axis Ox = (y6x) (5) = 5x 

Total first moment of area PORS about axis 


op tf? 
imi x=b * 2 ee 2 
Ox = limit pea 5) bx =f y dx 
Area of PORS, A = tg ydx (from Chapter 54) 


Let Xx and ¥ be the distances of the centroid 
of area A about Oy and Ox respectively then: 
(x)(A) = total first moment of area A about 


axis Oy = iH xydx 


from which, 


and (y)(A) = total moment of area A about 


axis Ox = 5 f? ydx 


from which, 
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57.4 Centroid of area between a curve 
and the y-axis 


If x and ¥y are the distances of the centroid of area 
EFGH in Fig. 57.3 from Oy and Ox respectively, 
then, by similar reasoning as above: 


y=d d 

x 1 
¥)(total = ij it) x8y (=) => 2 
(x)(total area) raarey 2% y 5 : x“dy 


from which, 


y=d d 
d ()(total = limit éy)y = d 
and — (¥)(total area) pe yy il xydy 


from which, 


Figure 57.3 


57.5 Worked problems on centroids of 
simple shapes 


Problem |. Show, by integration, that the 
centroid of a rectangle lies at the intersection 


of the diagonals 
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Let a rectangle be formed by the line y = JB, the 
x-axis and ordinates x = 0 and x = / as shown in 
Fig. 57.4. Let the coordinates of the centroid C of 


this area be (x, 9). 
1 1 
i: xydx i: (x)(b) dx 
0 0 


By integration, x = ——— = ; 
| bdx 
0 


7 
| ydx 
0 


bs] bl? 
_L2lo_ 2 _!? 


[bx]h bl 2 


and y= — = 


1 1 bl 
5 le ]o De 2 
~ bl bl 2 


Figure 57.4 


lb 
i.e. the centroid lies at (5 >) which is at the 


intersection of the diagonals. 


Problem 2. Find the position of the centroid 


of the area bounded by the curve y = 3x”, 
the x-axis and the ordinates x = 0 and x = 2 


If (x, y) are the co-ordinates of the centroid of the 
given area then: 


2 2 
| xydx | x(3x*) dx 
0 _ Jo 
2 = 2 
; ydx ; 3x dx 
0 0 
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Lf ja 5/5] 9 (32 
eee ee 
- 8 a . 8 

18 
= — =3.6 

5 


Hence the centroid lies at (1.5, 3.6) 


Problem 3. Determine by integration the 


position of the centroid of the area enclosed 
by the line y = 4x, the x-axis and ordinates 
x =0Oandx =3 


Figure 57.5 


Let the coordinates of the area be (x, y) as shown 


in Fig. 57.5. 
3 3 
[vax [ mana 
—_ JO _ Jo 
[ove [aces 
0 0 
a 45 437° 
| 4x* dx FI 7 36 : 
=—5 = = 
[aves [2x7] I 
0 
1 3 3 
5 i ydx -—]| (4x) dx 
y= — 


T1_2_, 
18 18 18 
Hence the centroid lies at (2, 4). 

In Fig. 57.5, ABD is a right-angled triangle. The 
centroid lies 4 units from AB and 1 unit from BD 
showing that the centroid of a triangle lies at one- 
third of the perpendicular height above any side 
as base. 


Now try the following exercise 


Exercise 190 Further problems on cen- 
troids of simple shapes 


In Problems | to 5, find the position of the 
centroids of the areas bounded by the given 
curves, the x-axis and the given ordinates. 


x=3 [(2, 2)] 
x=4 


[(2.50, 4.75)] 


y=2x; x=0, 


y = 3x4+2; 


x= 0, 


yesr: 2S], xed 
[(3.036, 24.36)] 


y= 2x3; x=0,x=2 [(1.60, 4.57)] 


y=x3x+1); x= -l,x=0 


[(—0.833, 0.633)] 


57.6 Further worked problems on 
centroids of simple shapes 


Problem 4. Determine the co-ordinates of 
the centroid of the area lying between the 


curve y = 5x — x” and the x-axis 


y = 5x —x? = x(5— x). When y= 0, x = O or 
x = 5. Hence the curve cuts the x-axis at 0 and 5 
as shown in Fig. 57.6. Let the co-ordinates of the 
centroid be (x, y) then, by integration, 
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a 5x3 x4 
a (5x ee -3 
a 
3 


=) = ; 
| (5x — x?) dx Ee = 
0 2, 


Nn 


3 ee 
15" 405 ~ 


2 3 6 
= 625 6 _ 5 25 
12 125 2 
1p 1p 
> f y dx 7 5 f Gi—a) dx 


5 = 5 
| ydx i (5x — x) dx 
0 0 


1 5) 
5 | (25x* — 10x? + x*) dx 
0 


625 625 62 
12 


Nn 


125 
6) 
1725x3 10x4 x57? 
el 3 4 =| 
= 125 
“6. 
1 /25(125) 6250 
a : = tS) 
= 125 = 
6) 


Figure 57.6 


Hence the centroid of the area lies at (2.5, 2.5) 
(Note from Fig. 57.6 that the curve is symmetrical 
about x = 2.5 and thus X¥ could have been deter- 
mined ‘on sight’). 


Problem 5. Locate the centroid of the area 
enclosed by the curve y = 2x’, the y-axis 


and ordinates y = | and y = 4, correct to 3 
decimal places 


From Section 57.4, 


a 2d 
i= 4 = TS 
xd id 
/ x 1 a8 
4 
(4 15 
= 21*h _ _8 9.568 
Es 14 
3/2 }4 3V2 
4 4 y 
[vay / aay 
=> 1 a 1 
and y=*Z ; = id 
[> y a4f2 
4 
1 3/2 
4.3/2 = 
faa 23 
_ Jt J/2 _ 2 41 
- 14 14 
3/2 34/9 
e (31) 
- nee 2 9ga7 
3/2 


Hence the position of the centroid is at 
(0.568, 2.657) 


Problem 6. Locate the position of the 
centroid enclosed by the curves y = x” and 


yr = Bx 


Figure 57.7 shows the two curves intersecting at 
(O, 0) and (2, 4). These are the same curves as 
used in Problem 12, Chapter 54, where the shaded 
area was calculated as 22 square units. Let the co- 
ordinates of centroid C be X and JV. 
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2 
q xy dx Hence (area) (¥) 

0 

[om = [ea floe-e 


ie: (25) m= [Vax - 2"] (+5) dx 


By integration, x= 


5 5 
4 
4— 
Hence y= = =1.8 
Q= 
3 
; Thus the position of the centroid of the shaded 
Figure 57.7 area in Fig. 55.7 is at (0.9, 1.8) 


The value of y is given by the height of the typical — Now try the following exercise 
strip shown in Fig. 55.7, i.e. y = /8x — x?. Hence, 


2 2 Exercise 191 Further problems on cen- 
| x (vax _ ) dx | (V8 x3/? — x3) troids of simple shapes 
0 _ Jo 


2 2 1. Determine the position of the centroid of 
3 3 a sheet of metal formed by the curve 
2 y = 4x — x which lies above the x-axis. 


x/2 x4 J [(2, 1.6)] 
us 5 
2. 
oe 


2. Find the coordinates of the centroid of the 
area that lies between the curve — = x—2 


x 
and the x-axis. [d, —0.4)] 


3. Determine the coordinates of the centroid 
of the area formed between the curve 
y = 9—x? and the x-axis. [(O, 3.6)] 


29.9 4. Determine the centroid of the area lying 
52 between y = 4x’, the y-axis and the 
ordinates y = 0 and y= 4. 


Care needs to be taken when finding y in such MOIS, 240 


examples as this. From Fig. 57.7, y = /8x—x? and 5. Find the position of the centroid of the 
y 1 5 . . area enclosed by the curve y = /5x, the 
5 = 5 (/ 8x —x~). The perpendicular distance from x-axis and the ordinate x = 5. 
1 
centroid C of the strip to Ox is =(/8x — x) + x. [(3.0, 1.875)] 
; 2 2 
Taking moments about Ox gives: 6. Sketch the curve y° = 9x between the 


limits x = 0 and x = 4. Determine the 


(total area) (y)= )>*=? (area of strip) (perpendicu- position of the centroid of this area. 


lar distance of centroid of strip to Ox) [(2.4, 0)] 
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7. Calculate the points of intersection of the 
2 


y 
curves x? = 4y and — = x, and deter- 


mine the position of the centroid of the 
area enclosed by them. 


[(O, 0) and (4, 4), (1.8, 1.8)] 

8. Determine the position of the centroid of 

the sector of a circle of radius 3 cm whose 
angle subtended at the centre is 40°. 


is the centre line, 1.96 cm 
from the centre 


9. Sketch the curves y = 2x” +5 and 
y— 8 = x(x + 2) on the same axes 
and determine their points of intersection. 
Calculate the coordinates of the centroid 
of the area enclosed by the two curves. 


[(—1, 7) and (3, 23), (1, 10.20)] 


57.7 Theorem of Pappus 


A theorem of Pappus states: 
‘If a plane area is rotated about an axis in its own 
plane but not intersecting it, the volume of the solid 
formed is given by the product of the area and the 
distance moved by the centroid of the area’. 

With reference to Fig. 57.8, when the curve 
y = f (x) is rotated one revolution about the x-axis 
between the limits x = a and x = b, the volume V 
generated is given by: 


volume V = (A)(2zy), from which, 


Figure 57.8 


Problem 7. Determine the position of the 
centroid of a semicircle of radius r by using 
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the theorem of Pappus. Check the answer by 
using integration (given that the equation of 
a circle, centre 0, radius r is x? + y* = r?) 


A semicircle is shown in Fig. 57.9 with its diameter 


lying on the x-axis and its centre at the origin. Area 
2 


ine mur é 
of semicircle = ar When the area is rotated about 


the x-axis one revolution a sphere is generated of 
4 


volume rule 


Figure 57.9 


Let centroid C be at a distance y from the origin 
as shown in Fig. 57.9. From the theorem of Pappus, 
volume generated = area x distance moved through 
by centroid Le. 


me 

sar 
Hence y= 3 = 

wr = 3 


By integration, 


Lp, 
: d 
5 f “ 


y= 
area 
1 2 2 1] , aes 
3 ms -2)dx 5 [Ps 3|_, 
7 mr? a mr 
2 2 


Nl Re 
| a | 
oo 
3 
| 
w| Ys 
Se 
| 
Coes 
hs 
+ 
ws 
Qo 
Se | 
aN 
N 


Hence the centroid of a semicircle lies on the axis 
r 

of symmetry, distance an (or 0.424 r) from its 
70 


diameter. 
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Problem 8. Calculate the area bounded by 


the curve y = 2x’, the x-axis and ordinates 
x = 0 and x = 3. (b) If this area is revolved 


(i) about the x-axis and (ii) about the y-axis, 
find the volumes of the solids produced. 

(c) Locate the position of the centroid using 

(i) integration, and (ii) the theorem of Pappus 


y= 2x? 


Figure 57.10 


(a) 


(b) 


(c) 


The required area is shown 


Fig. 57.10. 


3 3 9x3 3 
Area = [ ydx= | 2x? dx = =| 
0 0 3 Jo 


= 18 square units 


(i) When the shaded area of Fig. 57.10 is 
revolved 360° about the x-axis, the volume 


generated 


3 3 
| nydx= | m (2x*)" dx 
0 0 


3 7° 243 
= | Anx’ dx = 4a BE =4n (= 
0 5 0 5 


= 194.47 cubic units 


shaded in 


(ii) When the shaded area of Fig. 57.10 is 
revolved 360° about the y-axis, the volume 
generated = (volume generated by x = 3) — 
(volume generated by y = 2x”) 


18 18 
= a » 
-| m (3)"dy if x (=) dy 


18 


= 


; . 9718 
( ayn hors 
0 


= 81m cubic units 


If the co-ordinates of the centroid of the shaded 
area in Fig. 57.10 are (x, y) then: 


(i) by integration, 


3 3 
| xydx | x(2x7) dx 
0 _ Jo 


eee: 7 18 
[ve 
0 
[ve ET 
2x3 dx | 
ren, o — 81 _ 495 
18 18 36 
1 1p 
al y* dx >| (2x7)? dx 
a 2 0 7” 2 0 
pa ~ 18 
[ve 
0 
1p 174x577 
> f 4x* dx |= 
= +0 = 9 —5,4 
18 18 


(ii) using the theorem of Pappus: 


Volume generated when shaded area is 
revolved about Oy = (area)(27x) 


ie. 8la = (18)(27x), 
. _ 8lx 
from which, xX = — =2.25 
367 


Volume generated when shaded area is 
revolved about Ox = (area)(27y) 


ie. 194.40 = (18)(2z5), 
194.4 
from which, = Téa 
36 


Hence the centroid of the shaded area in 
Fig. 55.10 is at (2.25, 5.4) 


Problem 9. A cylindrical pillar of diameter 
400 mm has a groove cut round its 
circumference. The section of the groove is a 


semicircle of diameter 50 mm. Determine the 
volume of material removed, in cubic 
centimetres, correct to 4 significant figures 


A part of the pillar showing the groove is shown in 
Fig. 57.11. 
The distance of the centroid of the semicircle from 


4r 
its base is —-(see Problem 7) = ——— = — mm 
IW IN q 
The distance of the centroid from the centre of the 


1 
pillar = (200 - =) mm. 
30 


JNTUWORLD 


www.jntuworld.com 


Figure 57.11 


The distance moved by the centroid in one revolu- 


tion 
1 
=2n (200 _ =) — (400% _ =) mm. 
30 3 


From the theorem of Pappus, 
volume = area x distance moved by centroid 


1 200 
= (5725°) (400. ~ *) = 1168250 mm? 


Hence the volume of material removed is 
1168 cm? correct to 4 significant figures. 


Problem 10. A metal disc has a radius of 
5.0 cm and is of thickness 2.0 cm. A 
semicircular groove of diameter 2.0 cm is 
machined centrally around the rim to form a 


pulley. Determine, using Pappus’ theorem, 
the volume and mass of metal removed and 
the volume and mass of the pulley if the 
density of the metal is 8000 kg m~> 


A side view of the rim of the disc is shown in 
Fig. 57.12. 

When area PORS is rotated about axis XX the 
volume generated is that of the pulley. The centroid 
of the semicircular area removed is at a distance of 


r ‘ ‘ ‘ 
— from its diameter (see Problem 7), i.e. , 


i 0.424 cm from PQ. Thus the distance of the 
centroid from XX is (5.0 — 0.424), 1.e. 4.576 cm. 
The distance moved through in one revolution by 
the centroid is 277(4.576) cm. 


Area of semicircle 


mr xz (1.0) 2 
— = =—cm 
2 2 2 


CENTROIDS OF SIMPLE SHAPES = 473 


5.0 cm 


| 

| 

| 
is 
v 


Figure 57.12 


By the theorem of Pappus, volume generated 
= area x distance moved by centroid 


= (5) (277)(4.576) 
i.e. volume of metal removed = 45.16 cm? Mass of 
metal removed = density x volume 
45.16, 
ia 
10° 
= 0.3613 kg or 361.3 g 


= 8000 kg m=? x 


Volume of pulley = volume of cylindrical disc 
— volume of metal removed 


= 7(5.0)?(2.0) — 45.16 = 111.9 cm? 


Mass of pulley = density x volume 

111.9, 
10° 

= 0.8952 kg or 895.2 g 


= 8000 kg m=? x 


Now try the following exercise 


Exercise 192 Further problems on_ the 
theorem of Pappus 


1. A right angled isosceles triangle having 
a hypotenuse of 8 cm is revolved one 
revolution about one of its equal sides as 
axis. Determine the volume of the solid 
generated using Pappus’ theorem. 


[189.6 cm?] 


2. Arectangle measuring 10.0 cm by 6.0 cm 
rotates one revolution about one of its 
longest sides as axis. Determine the 
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volume of the resulting cylinder by using 
the theorem of Pappus. [1131 cm?] 


Using (a) the theorem of Pappus, and 
(b) integration, determine the position of 
the centroid of a metal template in the 
form of a quadrant of a circle of radius 
4 cm. (The equation of a circle, centre 0, 
radius r is x* + y* =r7), 

On the centre line, distance 2.40 "| 


from the centre, i.e. at coordinates 
(1.70, 1.70) 


4.(a) Determine the area bounded by the 


curve y = 5x’, the x-axis and the 
ordinates x = 0 and x = 3. 


(b) If this area is revolved 360° about 
(i) the x-axis, and (ii) the y-axis, find 
the volumes of the solids of revolution 
produced in each case. 


(c) Determine the co-ordinates of the cen- 
troid of the area using (1) integral 
calculus, and (ii) the theorem of 
Pappus 


(a) 45 square units (b) (i) 1215z 
cubic units (i1) 202.57 cubic units 
(c) (2.25, 13.5) 


A metal disc has a radius of 7.0 cm and 
is of thickness 2.5 cm. A semicircular 
groove of diameter 2.0 cm is machined 
centrally around the rim to form a pulley. 
Determine the volume of metal removed 
using Pappus’ theorem and express this 
as a percentage of the original volume 
of the disc. Find also the mass of metal 
removed if the density of the metal is 
7800 kg m=. 


[64.90 cm?, 16.86%, 506.2 g] 
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Second moments of area 


58.1 Second moments of area and 
radius of gyration 


The first moment of area about a fixed axis of a 
lamina of area A, perpendicular distance y from the 
centroid of the lamina is defined as Ay cubic units. 
The second moment of area of the same lamina 
as above is given by Ay’, ie. the perpendicular 
distance from the centroid of the area to the fixed 
axis is squared. Second moments of areas are usually 
denoted by J and have units of mm*, cm, and so on. 


Radius of gyration 


Several areas, a|, a2, a3,... at distances y,, yo, 
y3,... from a fixed axis, may be replaced by a single 
area A, where A = a, +a) + 43+ --- at distance k 
from the axis, such that Ak? = Svay’. k is called 
the radius of gyration of area A about the given 
axis. Since Ak? = ) ay? = I then the radius of 
gyration, k = 7 

The second moment of area is a quantity much 
used in the theory of bending of beams, in the 
torsion of shafts, and in calculations involving water 
planes and centres of pressure. 


58.2 Second moment of area of regular 
sections 


The procedure to determine the second moment of 
area of regular sections about a given axis is (i) to 
find the second moment of area of a typical element 
and (ii) to sum all such second moments of area by 
integrating between appropriate limits. 

For example, the second moment of area of the 
rectangle shown in Fig. 58.1 about axis PP is found 
by initially considering an elemental strip of width 
6x, parallel to and distance x from axis PP. Area of 
shaded strip = béx. Second moment of area of the 
shaded strip about PP = (x*)(béx). 

The second moment of area of the whole rectangle 
about PP is obtained by summing all such strips 


4 
/ 
L 
y 
y 
L 
} 
4 


ii 


| 
| 
P| 
Figure 58.1 


between x = 0 and x = J, i.e. SY*=) x7bSx. It is a 
fundamental theorem of integration that 


x=l i 
ee x°bdx = | x’bdx 


Thus the second moment of area of the rectangle 
l 


| _ bi 
Si, 3 
Since the total area of the rectangle, A = /b, then 


I? Al? 
I pp _ ([b) ="s 


about PP = b fi. x*dx =b | 


3 3 
[2 
I pp = Ak-,, thus k?, = — 
PP pp Pp 3 
i.e. the radius of gyration about axes PP, 
E l 
kp =\/>=— 
3 V3 


58.3 Parallel axis theorem 


In Fig. 58.2, axis GG passes through the centroid C 
of area A. Axes DD and GG are in the same plane, 
are parallel to each other and distance d apart. The 
parallel axis theorem states: 


Ipp = Igg + Ad? 


Using the parallel axis theorem the second moment 
of area of a rectangle about an axis through the 
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D 
Figure 58.2 
centroid may be determined. In the rectangle shown 


3 


in Fig. 58.3, Ipp = > (from above). From the 


parallel axis theorem J,, = IgG + (bl) ey 


be Pao bie 
1.e€. — — 
ce | 
Bo pi P 
from which, Igg = = = id 
3 4 12 


|e 
8x 


| 
P| G 


Figure 58.3 


58.4 Perpendicular axis theorem 


In Fig. 58.4, axes OX, OY and OZ are mutually 
perpendicular. If OX and OY lie in the plane of 
area A then the perpendicular axis theorem states: 


Toz =Iox + Toy 


58.5 Summary of derived results 


A summary of derive standard results for the second 
moment of area and radius of gyration of regular 
sections are listed in Table 58.1. 


Figure 58.4 


Table 58.1 Summary of standard results of the second 
moments of areas of regular sections 


Shape Position of axis Second Radius of 
moment gyration, k 
of area, J 
Rectangl (1) Coincidi ith b ul : 
ectangle oinciding wi — = 
2 g 3 V3 
length / 1b3 b 
breadth b 2) Coinciding with / — —= 
(2) g 3 Wa 
(3) Through centroid ol : 
rough centroid, — —= 
parallel to b 12 v12 
(4) Through centroid. uy zZ 
rough centroid, — — 
parallel to / 12 v12 
Triangl (1) Coincidi ith b oe x 
‘iangle oinciding wi — —= 
2} g 1D Ve 
Perpendicular bho h 
height h (2) Through centroid, — — 
parallel to base 36 v18 
base b (3) Through vert bie 
ase rough vertex, — = 
parallel to base 4 2 
: ar* r 
Circle (1) Through centre, — —= 
radius r perpendicular 2 J2 
to plane (i.e. 
polar axis) 
ee art r 
(2) Coinciding — = 
with diameter 4 2 
Sart V5 
(3) About a tangent = 
_ By ea art r 
Semicircle Coinciding ora = 
radius r with diameter 8 2 


58.6 Worked problems on second 
moments of area of regular 
sections 


Problem 1. 


Determine the second moment 
of area and the radius of gyration about axes 
AA, BB and CC for the rectangle shown in 
Fig. 58.5 
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lA 
le /=12.0 cm | 
c ie. ae C 
ae oe oe 
8B 
lA 


Figure 58.5 


From Table 58.1, the second moment of area about 
bl? (4.0)(12.0)° 


axis AA, I44 = - = 2304 cm‘ 
Radius of gyration, 
l 12.0 
kaa = —= = — = 6.93 cm 
anno mer 
Ib> ~~ (12.0)(4.0)3 
Similarly, Ipp = = = ea = 256 cm* 
b 4.0 
and kgp = — = — =2.31 cm 


The second moment of area about the centroid of a 


rectangle is —- when the axis through the centroid 


is parallel with the breadth b. In this case, the axis 
CC is parallel with the length /. 


Ib? (12.0)(4.0)3 _ 


Hence Icc = D D = 64 cm4* 
b 4.0 
and kcc = Jia = Tia = 1.15 cm 


Problem 2. Find the second moment of 
area and the radius of gyration about axis PP 
for the rectangle shown in Fig. 58.6 


Figure 58.6 


Ib? 
Igg = DD where / = 40.0 mm and b = 15.0 mm 


_ (40.0)(15.0)° 


Hence IgG = D = 11250 mm‘ 


SECOND MOMENTS OF AREA = 477 


From the parallel axis theorem, [pp = Igg + Ad’, 
where A = 40.0 x 15.0 = 600 mm? and 

d = 25.0+ 7.5 = 32.5 mm, the perpendicular 
distance between GG and PP. 


Hence, Ipp = 11250 + (600)(32.5)* 
= 645000 mm‘ 
Ipp = Akpp 
. Tpp 
from which, kpp = ,/ — 
area 


[64 
= ep om = 32.79 mm 
600 


Problem 3. Determine the second moment 


of area and radius of gyration about axis QQ 
of the triangle BCD shown in Fig. 58.7 
B 


Figure 58.7 


Using the parallel axis theorem: [9g = Igg + Ad’, 

where IGg is the second moment of area about the 

centroid of the triangle, 
bh? (8.0)(12.0)3 

Le. ral 

the triangle = $bh = 3(8.0)(12.0) = 48 cm? and d 

is the distance between axes GG _ and 

OO = 6.0 + 4(12.0) = 10 cm. 

Hence the second moment of area about axis 


QQ, 


= 384 cm’, A is the area of 


Tog = 384 + (48)(10)? = 5184 cm* 


Radius of gyration, 


| loo /5184 
k = — = — = 10.4 
0 area 48 em 
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Problem 4. Determine the second moment 
of area and radius of gyration of the circle 
shown in Fig. 58.8 about axis YY 


Y 


Figure 58.8 
; mr* 1 ‘ 4 
In Fig. 58.8, Igg = ne = 42-9) = 47 cm’. 


Using the parallel axis theorem, Iyy = Igg + Ad’, 
where d = 3.0+ 2.0 = 5.0 cm. 


Tyy = 40 + [2(2.0)"](5.0)" 


= 4 + 1002 = 1042 = 327 cm4* 
Radius of gyration, 


Tyy 
kyy =\/—— = 
area 


Problem 5. Determine the second moment 
of area and radius of gyration for the 
semicircle shown in Fig. 58.9 about axis XX 


Hence 


1047 


70% = /26 = 5.10 cm 


Figure 58.9 


: . 4r : 
The centroid of a semicircle lies at = from its 
a 


diameter. 


Using the parallel axis theorem: Igg = [gg + Ad’, 


mr 
where Iza = = (from Table 58.1) 
10.0)4 
= —— = 3927 mm’, 
2 10. 2 
je isn ie 
2 2 
4r — 4(10. 
and cS I Ai sett 
3 3 
Hence 3927 = Igg + (157.1)(4.244)" 
i.e. 3927 = Igg + 2830, 
from which, [gg = 3927 — 2830 = 1097 mm* 


Using the parallel axis theorem again: 

Txx =Igg +A05.0+ 4.244)? 

ie. Iyy = 1097 + (157.1)(19.244)? = 1097 + 
58179 = 59276 mm‘ or 59280 mm’, correct to 4 
significant figures. 


. ; / Iyx 59 276 
Rad f tion, kyy = ,/—— = ,/ —— 
adius of gyration, kyy creme i571 
= 19.42 mm 


Problem 6. Determine the polar second 
moment of area of the propeller shaft 
cross-section shown in Fig. 58.10 


Figure 58.10 


4 
; mr 
The polar second moment of area of a circle = —— 


The polar second moment of area of the shaded area 
is given by the polar second moment of area of 
the 7.0 cm diameter circle minus the polar second 
moment of area of the 6.0 cm diameter circle. 
Hence the polar second moment of area of the 


a (7.0\* 2 (6.0\*4 
cross-section shown = — { — ) — — { — 
2\ 2 2X2 


= 235.7 — 127.2 = 108.5 cm‘ 
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Problem 7. Determine the second moment 
of area and radius of gyration of a 
rectangular lamina of length 40 mm and 


width 15 mm about an axis through one 
corner, perpendicular to the plane of the 
lamina 


The lamina is shown in Fig. 58.11. 


Figure 58.11 


From the perpendicular axis theorem: 
Izz = Ixx +Tyy 
Ib? (40)(15)° 


Ixx = J = —z— = 45000 mm* 
bi3 15)(40) 
and lyy = rn oe = 320000 mm* 


Hence Izz = 45000 + 320000 
= 365000 mm‘ or 36.5 cm* 
Radius of gyration, 
Izz 365 000 
kzz = = 
area (40)(15) 


= 24.7 mm or 2.47 cm 


Now try the following exercise 


Exercise 193 Further problems on second 
moments of area of regular 
sections 


1. Determine the second moment of area and 
radius of gyration for the rectangle shown 
in Fig. 58.12 about (a) axis AA (b) axis 
BB, and (c) axis CC. 


(a) 72 cm*, 1.73 cm 
(b) 128 cm*, 2.31 cm 
(c) 512 cm*, 4.62 cm 


\8 ie 
800m 


Figure 58.12 


2. Determine the second moment of area and 
radius of gyration for the triangle shown 
in Fig. 58.13 about (a) axis DD (b) axis 
EE, and (c) an axis through the centroid 
of the triangle parallel to axis DD. 

(a) 729 mm‘*, 3.67 mm 
(b) 2187 mm*, 6.36 mm 
(c) 243 mm‘, 2.12 mm 


Figure 58.13 


3. For the circle shown in Fig. 58.14, find 
the second moment of area and radius 
of gyration about (a) axis FF, and (b) 
axis HH. 
(a) 201 cm*, 2.0 cm 


(b) 1005 cm*, 4.47 cm 


Figure 58.14 


4. For the semicircle shown in Fig. 58.15, 
find the second moment of area and radius 
of gyration about axis JJ. 


[3927 mm*, 5.0 mm] 


Figure 58.15 
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For each of the areas shown in Fig. 58.16 
determine the second moment of area and 
radius of gyration about axis LL, by using 
the parallel axis theorem. 


(a) 335 cm*, 4.73 cm 
(b) 22030 cm’*, 14.3 cm 
(c) 628 cm*, 7.07 cm 


Figure 58.16 


Calculate the radius of gyration of a rect- 
angular door 2.0 m high by 1.5 m wide 
about a vertical axis through its hinge. 


[0.866 m] 


A circular door of a boiler is hinged 
so that it turns about a tangent. If its 
diameter is 1.0 m, determine its second 
moment of area and radius of gyration 
about the hinge. 


[0.245 m4, 0.559 m] 


A circular cover, centre 0, has a radius 
of 12.0 cm. A hole of radius 4.0 cm and 
centre X, where OX = 6.0 cm, is cut in 
the cover. Determine the second moment 
of area and the radius of gyration of 
the remainder about a diameter through 
0 perpendicular to OX. 


[14280 cm’*, 5.96 cm] 


58.7 Worked problems on second 


moments of areas of composite 
areas 


Problem 8. 


Determine correct to 3 
significant figures, the second moment of 
area about axis XX for the composite area 
shown in Fig. 58.17 


Figure 58.17 


For the semicircle, Iyy = wm = nor 
= 100.5 cm* 
For the rectangle, [xy = me — SE 
= 1024 cm* 


For the triangle, about axis TT through centroid Cr, 
bh® _ (10)(6.0)° 
36 —t—iti«é86 


By the parallel axis theorem, the second moment of 

area of the triangle about axis XX 

= 60 + [4(10)(6.0)] [8.0 + 4(6.0)]* = 3060 cm4. 
Total second moment of area about XX 

= 100.5 + 1024 + 3060 = 4184.5 = 4180 cm‘, 

correct to 3 significant figures 


Itr => = 60 cm* 


Problem 9. Determine the second moment 
of area and the radius of gyration about axis 
XX for the J-section shown in Fig. 58.18 


Figure 58.18 
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The J-section is divided into three rectangles, D, E 
and F and their centroids denoted by Cp, Cr and 
Cr respectively. 


For rectangle D: 


The second moment of area about Cp (an axis 
through Cp parallel to XX) 


bP . oy 
— (8.0)(3.0)" — 18 cm’* 
12 12 
Using the parallel axis theorem: Iyy = 18 + Ad? 
where A = (8.0)(3.0) = 24 cm? and d = 12.5 cm 


Hence [yy = 18 + 24(12.5)* = 3768 cm* 


For rectangle E: 


The second moment of area about Cr (an axis 
through Cg parallel to XX) 


bP (3.0)(7.0)° 4 
7 DD 85.75 cm 
Using the parallel axis theorem: 
Txx = 85.75 + (7.0)(3.0)(7.5)? = 1267 cm4 


For rectangle F: 
_ bP (15.0)(4.0)° 


5 3 = 320 cm* 


XX 


Total second moment of area for the J-section 
about axis XX, 

Tyy = 3768 + 1267 + 320 = 5355 cm4 

Total area of J-section 

= (8.0)(3.0) + (3.0)(7.0) + (15.0)(4.0) = 105 cm?. 
Radius of gyration, 


| Ixx /5355 
kyy = 4/— =1/ — = 7.14 
sin area 105 aa 


Now try the following exercise 


Exercise 194 Further problems on second 
moment of areas of compos- 
ite areas 


1. For the sections shown in Fig. 58.19, find 
the second moment of area and the radius 
of gyration about axis XX. 


(a) 12190 mm’, 10.9 mm 
(b) 549.5 cm*, 4.18 cm 


SECOND MOMENTS OF AREA 
(a) (b) 
18.0 mm 


Figure 58.19 


Determine the second moments of areas 
about the given axes for the shapes shown 
in Fig. 58.20. (In Fig. 58.20(b), the circu- 
lar area is removed.) 


[ae = 4224 cm*, Ipp = 6718 cm’, 
Icec = 37300 cm* 


3.0 cm 
"| 
5 | | 4.5 cm 
16.0 cm 9.0 om 
4955) 
owe 
fo cm 
A ~A 15.0 cm 
- gocm) | A 
(a) 


Figure 58.20 


Find the second moment of area and 
radius of gyration about the axis XX for 
the beam section shown in Fig. 58.21. 


[1351 cm*, 5.67 cm] 


6.0/em 


__ 1.0. cm 
2.0 cm 
8.0 cm 
2.0 cm 
10g cm x 


Figure 58.21 
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Assignment 15 


This assignment covers the material in 
Chapters 54 to 58. The marks for each 


question are shown in brackets at the 
end of each question. 


The force F newtons acting on a body at 
a distance x metres from a fixed point is 
given by: F = 2x + 3x’. If work done = 
Ji, F dx, determine the work done when 
the body moves from the position when 
x = 1 m to that when x = 4 m. (4) 


Sketch and determine the area enclosed 
by the curve y = 3sin > the @-axis and 


2 
ordinates 6 = 0 and 6 = — (4) 


Calculate the area between the curve 
y = x? —x* — 6x and the x-axis. (10) 


A voltage v = 25 sin 50zt volts is applied 
across an electrical circuit. Determine, 
using integration, its mean and r.m.s. val- 


ues over the range ¢ = O to 
t = 20 ms, each correct to 4 significant 
figures. (12) 


Sketch on the same axes the curves 

x? = 2y and y” = 16x and determine the 
co-ordinates of the points of intersection. 
Determine (a) the area enclosed by the 
curves, and (b) the volume of the solid 
produced if the area is rotated one revo- 
lution about the x-axis. (13) 


Calculate the position of the centroid of 
the sheet of metal formed by the x-axis 
and the part of the curve y = 5x — x? 
which lies above the x-axis. (9) 


A cylindrical pillar of diameter 500 mm 
has a groove cut around its circumference 


40 mm > 


250 mm 


Figure A15.1 


as shown in Fig. A15.1. The section of the 
groove is a semicircle of diameter 40 mm. 
Given that the centroid of a semicircle 


- : r 
from its base is —, use the theorem 


Le 
of Pappus to determine the volume of 
material removed, in cm?, correct to 3 
significant figures. (8) 


For each of the areas shown in Fig. A15.2 
determine the second moment of area and 
radius of gyration about axis XX. (15) 


70mm 


[25 mm 


ox 


Figure A15.2 


A circular door is hinged so that it turns 
about a tangent. If its diameter is 1.0 m 
find its second moment of area and radius 
of gyration about the hinge. (5) 
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Algebra 


59 


Boolean algebra and logic circuits 


59.1 Boolean algebra and switching 
circuits 


A two-state device is one whose basic elements can 
only have one of two conditions. Thus, two-way 
switches, which can either be on or off, and the 
binary numbering system, having the digits 0 and 
1 only, are two-state devices. In Boolean algebra, 
if A represents one state, then A, called ‘not-A’, 
represents the second state. 


The or-function 


In Boolean algebra, the or-function for two elements 
A and B is written as A+ B, and is defined as ‘A, or 
B, or both A and B’. The equivalent electrical circuit 
for a two-input or-function is given by two switches 
connected in parallel. With reference to Fig. 59.1(a), 
the lamp will be on when A is on, when B is on, 
or when both A and B are on. In the table shown 
in Fig. 59.1(b), all the possible switch combinations 
are shown in columns | and 2, in which a 0 repre- 
sents a switch being off and a 1 represents the switch 
being on, these columns being called the inputs. Col- 
umn 3 is called the output and a 0 represents the 
lamp being off and a 1| represents the lamp being 
on. Such a table is called a truth table. 


The and-function 


In Boolean algebra, the and-function for two ele- 
ments A and B is written as A - B and is defined as 
‘both A and B’. The equivalent electrical circuit for 


a two-input and-function is given by two switches 
connected in series. With reference to Fig. 59.2(a) 
the lamp will be on only when both A and B are 
on. The truth table for a two-input and-function is 


shown in Fig. 59.2(b). 
0 1 2 3 
A Input Output 
(switches) (lamp) 
A B Z=A+B 
0 
0 0 
5 


{a) Switching circuit for or - function 


(b} Truth table for or - function 


Figure 59.1 


Input 
(switches) 


(a) Switching circuit for and - function (b) Truth table for and - function 


Figure 59.2 
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The not-function 


In Boolean algebra, the not-function for element A 
is written as A, and is defined as ‘the opposite to 
A’. Thus if A means switch A is on, A means that 
switch A is off. The truth table for the not-function 
is shown in Table 59.1 


Table 59.1 


Input Output 
A Z=A 


0 1 
1 0 


In the above, the Boolean expressions, equivalent 
switching circuits and truth tables for the three func- 
tions used in Boolean algebra are given for a two- 
input system. A system may have more than two 
inputs and the Boolean expression for a three-input 
or-function having elements A, B and C is A+B+C. 
Similarly, a three-input and-function is written as 
A-B-C. The equivalent electrical circuits and 
truth tables for three-input or and and-functions are 
shown in Figs. 59.3(a) and (b) respectively. 


Input <a Output Input Output 


O07 O02 80 


B Cc 


Input Output 
ABC Z=ABC 


Input Output 
AB C |Z=A+B+C 


0 
0 
0 
0 
0 
0 
0 
1 


(b) The and - function 
electrical circuit and 
truth table 


(a) The or - function 
electrical circuit and 
truth table 


Figure 59.3 


To achieve a given output, it is often necessary 
to use combinations of switches connected both in 


(a) Truth table for Z=A. B+A.B 


Input Output Z 


(b) Switching circuit for Z=A.B+A.B 


Figure 59.4 


series and in parallel. If the output from a switching 
circuit is given by the Boolean expression Z = 
A-B+A-:B, the truth table is as shown in Fig. 59.4(a). 
In this table, columns | and 2 give all the possible 
combinations of A and B. Column 3 corresponds 
to A-B and column 4 to A- B, ie. a 1 output is 
obtained when A = 0 and when B = 0. Column 5 is 
the or-function applied to columns 3 and 4 giving 
an output of Z = A-B+A-B. The corresponding 
switching circuit is shown in Fig. 59.4(b) in which 
A and B are connected in series to give A- B, A and 
B are connected in series to give A- B, and A-B and 
A -B are connected in parallel to give A-B+A-B. 
The circuit symbols used are such that A means the 
switch is on when A is 1, A means the switch is on 
when A is 0, and so on. 


Problem 1. Derive the Boolean expression 
and construct a truth table for the switching 
circuit shown in Fig. 59.5. 


: Bo——e 4 7 
5 — 6 7 = 8 
o—e 4 Be-oO 
Input Output 
3 B 4 


Figure 59.5 


The switches between | and 2 in Fig. 59.5 are in 
series and have a Boolean expression of B- A. The 
parallel circuit 1 to 2 and 3 to 4 have a Boolean 
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The truth table is shown in Table 59.3. Columns 


expression of (B- A+B). The parallel circuit can 
be treated as a single switching unit, giving the 
equivalent of switches 5 to 6, 6 to 7 and 7 to 8 
in series. Thus the output is given by: 


Z =A-(B-A+B)-B 


The truth table is as shown in Table 59.2. Columns 1 
and 2 give all the possible combinations of switches 
A and B. Column 3 is the and-function applied to 
columns | and 2, giving B-A. Column 4 is B, i.e., the 
opposite to column 2. Column 5 is the or-function 
applied to columns 3 and 4. Column 6 is A, i.e. the 
opposite to column |. The output is column 7 and is 
obtained by applying the and-function to columns 
4, 5 and 6. 


Table 59.2 


Problem 2. Derive the Boolean expression 
and construct a truth table for the switching 


circuit shown in Fig. 59.6. 


Figure 59.6 


The parallel circuit 1 to 2 and 3 to 4 gives (A + B) 
and this is equivalent to a single switching unit 
between 7 and 2. The parallel circuit 5 to 6 and 
7 to 2 gives C + (A + B) and this is equiva- 
lent to a single switching unit between 8 and 2. 
The series circuit 9 to 8 and 8 to 2 gives the 
output 


Z=B-[C+(A+B)] 


1, 2 and 3 give all the possible combinations of 
A, B and C. Column 4 is B and is the oppo- 
site to column 2. Column 5 is the or-function 
applied to columns 1 and 4, giving (A + B). Col- 
umn 6 is the or-function applied to columns 3 
and 5 giving C + (A+ B). The output is given 
in column 7 and is obtained by applying the and- 
function to columns 2 and 6, giving Z = B-[C + 
(A+ B)]. 


Table 59.3 


3 
C|B 


C+(A+B)|Z=B-[C+(A+B)] 


ee ES KS OC COC CO 
ere OCOrFrrF OO 
rPOorOorOoOr oO 
SoS: SS SSS 
> 
RP Re Re Re OOF Ke + WN 
Sl 
merPoOoOoOrC OO 


areeeore[ Bs 


Problem 3. Construct a switching circuit to 
meet the requirements of the Boolean 


expression: Z=A-C+A-B+A-B-C 
Construct the truth table for this circuit. 


The three terms joined by or-functions, (+), indicate 
three parallel branches, 


having: branch 1 A and C in series 
branch 2 A and B in series 
and branch 3. A and B and C in series 
Ao—OC 
Input Output 
Ae—e B 


Figure 59.7 
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Hence the required switching circuit is as shown in 


Fig. 59.7. The corresponding truth table is shown in 
Table 59.4. 


Table 59.4 


1]2)3]4 
A|B|CIC 


-CIZ=A-C+A-B+A-B-C 


See Ke KFS OO CO CO 
PrFoorroo 
rPoOororOoOrFr Oo 
oOororororF 
Oororoeoc°9*#ejcjo 
ooo oF RF Fe 
oooorrdcdo 
oooocordc:9s 
ororrr OO 


Column 4 is C, i.e. the opposite to column 3 


Column 5 is A - C, obtained by applying the and- 
function to columns | and 4 


Column 6 is A, the opposite to column 1 


Column 7 is A - B, obtained by applying the and- 
function to columns 2 and 6 

Column 8 is A- B- C, obtained by applying the 
and-function to columns 4 and 7 


Column 9 is the output, obtained by applying the 
or-function to columns 5, 7 and 8 


Problem 4. Derive the Boolean expression 
and construct the switching circuit for the 
truth table given in Table 59.5. 


Table 59.5 


Re rR OOrFFr COO 


1 
2 
3 
4 
>) 
6 
7 
8 


BEER ES 
0 0 
0 1 
0 0 
0 1 
1 0 
1 1 
1 0 
1 1 


Examination of the truth table shown in Table 59.5 
shows that there is a | output in the Z-column in 
rows 1, 3, 4 and 6. Thus, the Boolean expression 


and switching circuit should be such that a | output 
is obtained for row | or row 3 or row 4 or row 6. 
In row 1, A is O and B is O and C is O and this 
corresponds to the Boolean expression A - B- C. In 
row 3, A is O and B is 1 and C is 0, i.e. the Boolean 
expression in A - B- C. Similarly in rows 4 and 6, 
the Boolean expressions are A- B- C and A-B-C 
respectively. Hence the Boolean expression is: 


Z—=A-B-C+A-B:-C 
+A-B-C+A-B-C 


The corresponding switching circuit is shown in 
Fig. 59.8. The four terms are joined by or-functions, 
(+), and are represented by four parallel circuits. 
Each term has three elements joined by an and- 
function, and is represented by three elements con- 
nected in series. 


Input Output 


A @—@ 8 o—ec 


Figure 59.8 


Now try the following exercise 


Exercise 195 Further problems on Boo- 
lean algebra and switching 
circuits 


In Problems 1 to 4, determine the Boolean 
expressions and construct truth tables for the 
switching circuits given. 


1. The circuit shown in Fig. 59.9 
pete 
see Table 59.6, col. 4 


A oe B 
Input Output 
o—e C 


Figure 59.9 
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Table 59.6 


1 


FPrROOrFRHKOO 
RP Ororcrod 
eooorcoo 
oororcocreo 


0 
0 
0 
0 
1 
1 
1 
1 


7 
C-[B-C-A | 
+A-(B+C)] 


0 
0 
0 
0 
0 
0 
1 
0 


2. The circuit shown in Fig. 59.10 


e -(A-B+4A); 
see Table 59.6, col. 5 


A @—e 8B 
Input Output 
o—-@ C 
A 


Figure 59.10 


3. The circuit shown in Fig. 59.11 


fee ea 
see Table 59.6, col. 6 


Be—eC 
Input 4 Output 
wearer Bec 

Ae—eB 


Figure 59.11 
4. The circuit shown in Fig. 59.12 


ee ae 
see Table 59.6, col. 7 
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Be—* Ceo—-eA 
Input aa Output 


Figure 59.12 


In Problems 5 to 7, construct switching cir- 
cuits to meet the requirements of the Boolean 
expressions given. 


5. A-C+A-B-C+A-B 
[See Fig. 59.13] 


Ae—@e c 


Input Output 
o—e 8 o—e 


Figure 59.13 


6. A-B-C-(A+B+C) 
[See Fig. 59.14] 


A 

Input Output 
o—e A o—e Beo—e cc B 
c 


Figure 59.14 


7. A-(A-B-C+B-(A4+C)) 
[See Fig. 59.15] 


A @—* Beo—e Cc 


Input Output 
o—e A 
A 
c 


In Problems 8 to 10, derive the Boolean 
expressions and construct the switching cir- 
cuits for the truth table stated. 


Figure 59.15 


8. Table 59.7, column 4 
[A-B-C+A-B.-C; see Fig. 59.16] 
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Table 59.7 


ee 
| 
E 


= O-OCOF CFO 
Ooroocore 
CoOoOrrFcOorF 
ooOrr OF Or 


1 
A 
0 
0 
0 
0 
1 
1 
1 
1 


Figure 59.16 


9. Table 59.7, column 5 


B B-C+A-B-C+A:B: ad 
ee 59.17 


Awe Bee 
Input Output 
fee 7 


Figure 59.17 
10. Table 59.7, column 6 


Ee ee 
+A-B-C; see Fig. 59.18 


Ao—~«Be—e C 
A oe Beo—e C 
Input Output 
Ao—e Bee C 
Ae—eB oO 


Figure 59.18 


59.2 Simplifying Boolean expressions 


A Boolean expression may be used to describe 
a complex switching circuit or logic system. If 
the Boolean expression can be simplified, then the 
number of switches or logic elements can be reduced 


resulting in a saving in cost. Three principal ways 
of simplifying Boolean expressions are: 


(a) by using the laws and rules of Boolean algebra 
(see Section 59.3), 


(b) by applying de Morgan’s laws (see Section 59.4), 


and 


(c) by using Karnaugh maps (see Section 59.5). 


59.3. Laws and rules of Boolean 
algebra 


A summary of the principal laws and rules of 
Boolean algebra are given in Table 59.8. The way in 
which these laws and rules may be used to simplify 
Boolean expressions is shown in Problems 5 to 10. 


Table 59.8 


Commutative laws |A+B=B+A 
A-B=B-A 
(A+B)+C=A+(B+C) 
(A-B)-C=A-(B-C) 
A-(B+C)=A-B+A-C 
A+(B-C) 
=(A+B)-(A+C) 


Associative laws 


Distributive laws 


Sum rules 


Product rules 


Absorption rules 


A 
A 
A 
A4 
A; 
A- 
A- 
A: 
A 
A: 
A 


Problem 5. 
expression: P 


oo the Boolean 
-Q4+P-Q+P-Q 


With reference to Table 59.8: Reference 
P-Q4+P-O+P-0 
=P-(Q+Q)+P-Q 5 
=P-1+P-Q 10 
=P+P-0 12 
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=A-C+A-B+A- A-B. 
Problem 6. Simplify a See aes c 


ails ane +A-0 14 
PPP Q)(O+ OP) SA-C+4A-B44-C4A:B+C ll 
=A-(C+B-C)+A-B+A-C 5 
With reference to Table 59.8: Reference =A-(C+B)+A-B+A-C 17 
_ - =A-C+A-B+A-B+A-C 5 
P+P-Q)-Q+Q-P) =A-C+B-(A+A)+A-C 5 
=Ps(O+ 0+?) = =A-C+B-1+A-C 10 
+P +O+(O> OP) 5 =A-C+B+A-C 12 
=P-Q+P-0-P+P-Q0-Q 
ap Pe ee? 5 Problem 10. Simplify the expression 
ee ee” eee P-O-R+P-Q-(P+R)+O-R-O+P), 
+P-Q-Q-P 13 using the rules of Boolean algebra. 
=P-Q+P-Q0+P-0+0 14 
=P-Q4+P-0+P-Q o With reference to Table 59.8: Reference 
=P-(Q+Q)+P-Q 2 P-O-R+P-Q-(P+R)+0-R-(O+P) 
=Pela PO 10 =P.Q-R4+P-O-P4P-Q-R 
=P+P-Q 12 AOR O40 P 5 
aia =P-O-R20-07P2O>R+ 02k 
Problem 7. Simplify __ +P-Q-R 14 
BG ei OTT oe ee Te =P-Q-R+P-Q-R+P-Q-R_— Tand 11 
With reference to Table 59.8: Reference _ > a ao - : 
F-G-H+F-G-H+F-G-H —P-R-1 10 
=F-G-(H+H)+F-G-H 5 —P-R 2 
=F-G-14+F-G-H 10 
= - : ak Pi - Now try the following exercise 


Exercise 196 Further problems on the laws 
the rules of Boolean algebra 


Problem 8. Simplify 


F-G-H+F-G-H+F-G:H+F-G-H 


Use the laws and rules of Boolean algebra 


With reference to Table 59.8: Reference given in Table 59.8 to simplify the following 

F-G-H+F-G-H+F-G-H+F-G-H expressions: 
=G-H-(F+F)+G-H-(F+F) 5 1. P-O+P-0 [P| 
=G-H-14+G-H-1 10 = =) = 
=G-H+G-H 12 S. F2O4P O04 ro [P+P-Q] 
=H-(G+G) 5 3. F-G+F-G+G-(F+F) [G] 
=H-1=H 10 and 12 = = 

4. F-G+F-(G+G)+F-G [F] 

Problem 9. Simplify _ a (PPO) AO Oe?) [P- Q] 
A-C+A-(B+C)+A-B-(C+B) 6 F+G:H+F-G+H+F-6-H 
using the rules of Boolean algebra. lH - (F + FG] 


7. F-G-H+F-G-H-4+F-G-H 


With reference to Table 59.8: Reference fo ees 
[F-G-H+G-H] 

A-C+A-(B+C)+A-B-(C+B) 8. P-O-R+P-O-R+P-O-R 
=A-C+A-B+A-C+A-B-C [O-R+P-O-R] 


+A-B-B 5 
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9. F-G-H+F-G-H+F-G-H+F-G-H 


[G] 

10. F-G-H+F-G-H+F-G-H+F-G-H 
[F-H+G-H] 

Il. R-(P-O+P-0)+R-(P-0+P-Q) 
[P-R+P-R] 

12. R-(P-O+P-O+P-Q)+P-(Q-R+O-R) 
[P+0-R] 


59.4 De Morgan’s laws 


De Morgan’s laws may be used to simplify not- 
functions having two or more elements. The laws 
state that: 


A+B=A-B| and |A-B=A+B 


and may be verified by using a truth table (see 
Problem 11). The application of de Morgan’s laws 
in simplifying Boolean expressions is shown in 
Problems 12 and 13. 


Problem 11. Verify that A+B=A-B 


A Boolean expression may be verified by using a 
truth table. In Table 59.9, columns | and 2 give all 
the possible arrangements of the inputs A and B. 
Column 3 is the or-function applied to columns | 
and 2 and column 4 is the not-function applied to 
column 3. Columns 5 and 6 are the not-function 
applied to columns | and 2 respectively and column 
7 is the and-function applied to columns 5 and 6. 


Table 59.9 


Since columns 4 and 7 have the same pattern of 0’s 
and 1’s this verifies that A+ B=A-B. 


Problem 12. Simplify the Boolean 
expression (A - B) + (A + B) by using de 


Morgan’s laws and the rules of Boolean 
algebra. 


Applying de Morgan’s law to the first term gives: 


A-B=A+B=A+B sinceA=A 


Applying de Morgan’s law to the second term gives: 


AL RSA-B= AB 


Thus, (A-B)+(A+B)=(A+B)+A-B 
Removing the bracket and reordering gives: 
A+A-B+B 

But, by rule 15, Table 59.8, A+A-B = A. It follows 
that: A+A-B=A 


Thus: (A-B)+(A+B)=A+4+B 


Problem 13. Simplify the Boolean 


expression (A- B+ C)-(A+B-C) by using 


de Morgan’s laws and the rules of Boolean 
algebra. 


Applying de Morgan’s laws to the first term gives: 
A-B+C=A-B-C=(+B)-:C 
= (A+B)-C=A-C+B-C 
Applying de Morgan’s law to the second term gives: 
A+B-C=A+(+C)=A+(B+C) 
(A-B+C)-A+B-C) 
=(A-C+B-C)-(A+B+C) 
=A-A-C+A-B-C+A-C-C 
+A-B-C+B-B-C+B-C-C 
But from Table 59.8, A-A = A and C-C =B-B=0 


Thus 


Hence the Boolean expression becomes: 
A-C+A-B-C+A-B-C 


A-C(1+B+B) 
A-C(1+B) 


ll 
>| 
Q 


Thus: (A-B+C)-(A+B-C)=A-C 
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Now try the following exercise 


Exercise 197 Further problems on sim- 
plifying Boolean expressions 
using de Morgan’s laws 


Use de Morgan’s laws and the rules of 
Boolean algebra given in Table 59.8 to 
simplify the following expressions. 


(A-B)-(A-B) [A -B] 
(A+B-C)+(A-B+C) [A+B+C] 


(A: BB+ Cy:A<B 
[A«B+A+B-C] 


(A-B+B-C)+(A-B) 1] 


(P-O+P-R)-(P-O-R) 
[P-O+R)] 


59.5 Karnaugh maps 
(i) Two-variable Karnaugh maps 


A truth table for a two-variable expression is shown 
in Table 59.10(a), the ‘1’ in the third row out- 
put showing that Z = A- B. Each of the four 
possible Boolean expressions associated with a 
two-variable function can be depicted as shown in 
Table 59.10(b) in which one cell is allocated to 
each row of the truth table. A matrix similar to 
that shown in Table 59.10(b) can be used to depict 
Z = A-B, by putting a 1 in the cell correspond- 
ing to A- B and 0’s in the remaining cells. This 
method of depicting a Boolean expression is called 
a two-variable Karnaugh map, and is shown in 
Table 59.10(c). 

To simplify a two-variable Boolean expression, 
the Boolean expression is depicted on a Karnaugh 
map, as outlined above. Any cells on the map having 
either a common vertical side or a common horizon- 
tal side are grouped together to form a couple. (This 
is a coupling together of cells, not just combining 
two together). The simplified Boolean expression for 
a couple is given by those variables common to all 
cells in the couple. See Problem 14. 


Table 59.10 


Boolean 
expression 


A. 
A- 
A- 
A- 


Bald di 


(ii) Three-variable Karnaugh maps 


A truth table for a three-variable expression is shown 
in Table 59.11(a), the 1’s in the output column 
showing that: 


Z=A-B-C+A-B-C+A-B-C 


Each of the eight possible Boolean expressions asso- 
ciated with a three-variable function can be depicted 
as shown in Table 59.11(b) in which one cell is allo- 
cated to each row of the truth table. A matrix sim- 
ilar to that shown in Table 59.11(b) can be used to 
depict: Z = A-B-C+A-B-C+A-B-C, by putting 1’s in 
the cells corresponding to the Boolean terms on the 
right of the Boolean equation and 0’s in the remain- 
ing cells. This method of depicting a three-variable 
Boolean expression is called a three-variable Kar- 
naugh map, and is shown in Table 59.11(c). 


Table 59.11 


us Output Boolean 


Z expression 


> 


B 


Q 


0 
0 
0 
0 
iL 
1 
1 
1 


eRe SC oOo He = Co Oo 
rPoOoroOoreoroc 
OoOroocorcroe 
ee do | 
Bwosdswvww vidi 
AAAAAAA A 
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To simplify a three-variable Boolean expression, 
the Boolean expression is depicted on a Karnaugh 
map as outlined above. Any cells on the map having 
common edges either vertically or horizontally are 
grouped together to form couples of four cells or 
two cells. During coupling the horizontal lines at the 
top and bottom of the cells are taken as a common 
edge, as are the vertical lines on the left and right 
of the cells. The simplified Boolean expression for 
a couple is given by those variables common to all 
cells in the couple. See Problems 15 to 17. 


(iii) Four-variable Karnaugh maps 


A truth table for a four-variable expression is shown 
in Table 59.12(a), the 1’s in the output column 
showing that: 


F=AcBeCs DAB CeD 
+A:-B-C-D+A-B-C-D 


Each of the sixteen possible Boolean expressions 
associated with a four-variable function can be 
depicted as shown in Table 59.12(b), in which one 
cell is allocated to each row of the truth table. A 
matrix similar to that shown in Table 59.12(b) can 
be used to depict 


FaAch C+ DAA RiC iD 
+A-B-C-D+A-B-C-D 


by putting 1’s in the cells corresponding to the 
Boolean terms on the right of the Boolean equation 
and 0’s in the remaining cells. This method of 
depicting a four-variable expression is called a 
four-variable Karnaugh map, and is shown in 
Table 59.12(c). 


Table 59.12 


Inputs 


B Cc 


Boolean 


Output 
D Z 


expression 


BREE RPEEREHFHOOOCOCOOOO 
eRe RF ODOOORFFFrFOCOCO 
BRrROOFRPFPROORRFROORROSO 
POrRPOrFOrRPROrRFRORFROFROFSG 
Ooroocorcoorocoorcoe 
pbb Se SS PSS S/S SF Sl 
SPSS aDdwdansndso assed word 
AAAAIAQAAAIAAAAA AAA 
SAasSsgocaocyogqocyoaoy 


(a) 


AB 00 01 ll 10 
C.D\_(AB) | (A.B) | (A.B) | (AB) 
CDIABCDABCDABCD BCE 


(CD) AB.CDIAB.C.D|AB.C.D 
Cb )AB.CDABCDAB.CD 


A 

(CD /ABCDIABCDIAB.CDIABCD 
A 
A 


(b) 


To simplify a four-variable Boolean expression, 
the Boolean expression is depicted on a Karnaugh 
map as outlined above. Any cells on the map 
having common edges either vertically or hori- 
zontally are grouped together to form couples of 
eight cells, four cells or two cells. During cou- 
pling, the horizontal lines at the top and bottom 
of the cells may be considered to be common 
edges, as are the vertical lines on the left and the 
right of the cells. The simplified Boolean expres- 
sion for a couple is given by those variables com- 
mon to all cells in the couple. See Problems 18 
and 19. 
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Summary of procedure when simplifying a Boolean 
expression using a Karnaugh map 


(a) Draw a four, eight or sixteen-cell matrix, 
depending on whether there are two, three or 
four variables. 


(b) Mark in the Boolean expression by putting 1’s 
in the appropriate cells. 


(c) Form couples of 8, 4 or 2 cells having common 
edges, forming the largest groups of cells pos- 
sible. (Note that a cell containing a | may be 
used more than once when forming a couple. 
Also note that each cell containing a | must be 
used at least once). 


(d) The Boolean expression for the couple is given 
by the variables which are common to all cells 
in the couple. 


Problem 14. Use the Karnaugh map 
techniques to simplify the expression 


P-Q+P-Q. 


Using the above procedure: 


(a) The two-variable matrix is drawn and is shown 
in Table 59.13. 


Table 59.13 


(b) The term P-Q is marked with a 1 in the top left- 
hand cell, corresponding to P = 0 and Q = 0; 
P-Q is marked with a 1 In the bottom left-hand 
cell corresponding to P= 0 and Q= 1. 


(c) The two cells containing 1’s have a common 
horizontal edge and thus a vertical couple, can 
be formed. 


(d) The variable common to both cells in the 
couple is P = 0, i.e. P thus 


P-Q+P-Q=P 


Problem 15. Simplify the expression 


X-Y-Z4+X-Y-Z4+X-Y-Z4+X-Y-Z 


by using Karnaugh map techniques. 


Using the above procedure: 


(a) A three-variable matrix is drawn and is shown 
in Table 59.14. 


Table 59.14 


(b) The 1’s on the matrix correspond to the expres- 
sion given, i.e. for X-Y-Z, X =0, Y = 1 and 
Z = 0 and hence corresponds to the cell in the 
two row and second column, and so on. 


(c) Two couples can be formed as shown. The 
couple in the bottom row may be formed since 
the vertical lines on the left and right of the 
cells are taken as a common edge. 


(d) The variables common to the couple in the top 
row are Y = | and Z = 0, that is, Y - Z and the 
variables common to the couple in the bottom 


row are Y = 0, Z = 1, that is, Y - Z. Hence: 


X-Y-Z4+X-Y-Z4+X-Y-Z 
+X-Y-Z=Y-Z4+Y-Z 


Problem 16. Use a Karnaugh map 


technique to simplify the expression 
(A-B)-(A+B). 


Using the procedure, a two-variable matrix is drawn 
and is shown in Table 59.15. 


Table 59.15 
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A - B corresponds to the bottom left-hand cell 


and (A-B) must therefore be all cells except this 
one, marked with a 1 in Table 59.15. (A + B) 
corresponds to all the cells except the top right-hand 
cell marked with a 2 in Table 59.15. Hence (A + B) 
must correspond to the cell marked with a 2. The 


expression (A - B)- (A+B) corresponds to the cell 
having both | and 2 in it, Le., 


(A-B)-(A+B)=A-B 


Simplify (P+ @Q-R)+ 
(P-Q+R) using a Karnaugh map technique. 


Problem 17. 


The term (P + Q- R) corresponds to the cells 
marked 1 on the matrix in Table 59.16(a), hence 
(P + QO - R) corresponds to the cells marked 2. Sim- 
ilarly, (P - Q + R) corresponds to the cells marked 
3 in Table 59.16(a), hence (P - Q + R) corresponds 
to the cells marked 4. The expression (P + O- R)+ 
(P-Q+R) corresponds to cells marked with either 
a 2 or with a 4 and is shown in Table 59.16(b) by 
X’s. These cells may be coupled as shown. The vari- 
ables common to the group of four cells is P = 0, 
ie., P, and those common to the group of two cells 


areO=0,R=1,i¢e.Q-R. 
Thus: (P+Q-R)+(P-Q+R)=P+0O-R. 


Table 59.16 


P.Q 
0.0 | 0.1] 1.1] 1.0 


Problem 18. Use Karnaugh map techniques 
to simplify the expression: 
A-B-C-D+A-B-C-D+A-B-C-D+ 
A-B-C-D+A-B-C:-D. 


Using the procedure, a four-variable matrix is drawn 
and is shown in Table 59.17. The 1’s marked on 
the matrix correspond to the expression given. Two 
couples can be formed as shown. The four-cell cou- 
ple has B = 1, C = 1, ie. B-C as the common 


variables to all four cells and the two-cell couple 
has A - B - D as the common variables to both cells. 
Hence, the expression simplifies to: 


B-C+A-B-D ie. B-(C+A-D) 


Table 59.17 


Problem 19. Simplify the expression 
A-B-C-D+A-B-C-D+A-B-C-D 
+A-B-C-D+A-B-C-D by using 
Karnaugh map techniques. 


The Karnaugh map for the expression is shown in 
Table 59.18. Since the top and bottom horizontal 
lines are common edges and the vertical lines on 
the left and right of the cells are common, then 
the four corner cells form a couple, B - D, (the 
cells can be considered as if they are stretched to 
completely cover a sphere, as far as common edges 
are concerned). The cell A-B-C-D cannot be coupled 
with any other. Hence the expression simplifies to 


B-D+A-B-C-D 


Table 59.18 
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Now try the following exercise 


Exercise 198 Further problems on sim- 
plifying Boolean expressions 
using Karnaugh maps 


In Problems 1 to 12 use Karnaugh map tech- 
niques to simplify the expressions given. 


(P-Q)-(P-Q) 


(P-Q-R)+(P+Q+4+R) 


-O-R+P-QO-R+P-Q- 


+ >I 
mo by 
Bla 


+42 
Pace 


-D+ 
-C-D 
-D+ 
C-D 
D+ 
C-D 
C-D 
Te 
ED 
C-D 


+4 >I 
= > oy 
SII | 


59.6 Logic circuits 


In practice, logic gates are used to perform the and, 
or and not-functions introduced in Section 59.1. 
Logic gates can be made from switches, magnetic 
devices or fluidic devices, but most logic gates 
in use are electronic devices. Various logic gates 


are available. For example, the Boolean expression 
(A-B-C) can be produced using a three-input, and- 
gate and (C+ D) by using a two-input or-gate. The 
principal gates in common use are introduced below. 
The term ‘gate’ is used in the same sense as a normal 
gate, the open state being indicated by a binary ‘1’ 
and the closed state by a binary ‘0’. A gate will only 
open when the requirements of the gate are met and, 
for example, there will only be a ‘1’ output on a two- 
input and-gate when both the inputs to the gate are 
at a ‘1’ state. 


The and-gate 


The different symbols used for a three-input, and- 
gate are shown in Fig. 59.19(a) and the truth table 
is shown in Fig. 59.19(b). This shows that there will 
only be a ‘1’ output when A is | and B is 1 and C 
is 1, written as: 


The or-gate 


The different symbols used for a three-input or-gate 
are shown in Fig. 59.20(a) and the truth table is 
shown in Fig. 59.20(b). This shows that there will 
be a ‘1’ output when A is 1, or B is 1, or C is 1, or 
any combination of A, B or C is 1, written as: 


Z=A+B+C 


The invert-gate or not-gate 


The different symbols used for an invert-gate are 
shown in Fig. 59.21(a) and the truth table is shown 
in Fig. 59.21(b). This shows that a ‘0’ input gives a 
‘1’ output and vice versa, i.e. it is an ‘opposite to’ 
function. The invert of A is written A and is called 
‘not-A’. 


The nand-gate 


The different symbols used for a nand-gate are 
shown in Fig. 59.22(a) and the truth table is shown 
in Fig. 59.22(b). This gate is equivalent to an and- 
gate and an invert-gate in series (not-and = nand) 
and the output is written as: 


Z=A-B-C 
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BRITISH AMERICAN 
(a) 


INPUTS OUTPUT 
A B C |Z=AB.C 


Ob 
000 
O 
N 
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N 


BRITISH AMERICAN 


Figure 59.20 


BRITISH AMERICAN 


(a) 
INPUT | OUTPUT 
A Z=A 


1 0 
(b) 
Figure 59.21 


Ao A 
fp Sef > 
ce Cc 


BRITISH AMERICAN 


INPUTS OUTPUT 
BC A.B.C. | Z=A.B.C. 


Figure 59.22 


The nor-gate 


The different symbols used for a nor-gate are shown 
in Fig. 59.23(a) and the truth table is shown in 
Fig. 59.23(b). This gate is equivalent to an or-gate 
and an invert-gate in series, (not-or = nor), and the 
output is written as: 


Z=A+B+C 


www.jntuworld.com 


BOOLEAN ALGEBRA AND LOGIC CIRCUITS 497 


A 
B 
Cc 


Ep: 


BRITISH 


ODb 


= 


AMERICAN 


INPUTS 
B 


OUTPUT 
C_| AtBtC |Z=AtBtC 


(b) 


Figure 59.23 
Combinational logic networks 


In most logic circuits, more than one gate is needed 
to give the required output. Except for the invert- 
gate, logic gates generally have two, three or four 
inputs and are confined to one function only. Thus, 
for example, a two-input, or-gate or a four-input 
and-gate can be used when designing a logic circuit. 
The way in which logic gates are used to generate 
a given output is shown in Problems 20 to 23. 


Problem 20. Devise a logic system to meet 
the requirements of: Z=A-B+C 


Figure 59.24 


With reference to Fig. 59.24 an invert-gate, shown 
as (1), gives B. The and-gate, shown as (2), has 
inputs of A and B, giving A-B. The or-gate, shown 


as (3), has inputs of A - B and C, giving: 
Z=A-B+C 


Problem 21. 


Devise a logic system to meet 
the requirements of (P+ Q)-(R+S). 


The logic system is shown in Fig. 59.25. The 
given expression shows that two invert-functions 
are needed to give Q and R and these are shown as 
gates (1) and (2). Two or-gates, shown as (3) and 
(4), give (P + Q) and (R+S) respectively. Finally, 
an and-gate, shown as (5), gives the required output, 


Z=(P+Q)-(R+S) 


Z=(P+Q).(R+S} 


Figure 59.25 


Problem 22. Devise a logic circuit to meet 
the requirements of the output given in 
Table 59.19, using as few gates as possible. 


Table 59.19 


Se eRe KS COOC oO 


0 0 
0 1 
1 0 
1 1 
0 0 
0 1 
1 0 
1 1 


The ‘1’ outputs in rows 6, 7 and 8 of Table 59.19 
show that the Boolean expression is: 


Z=A-B-C+A-B-C+A-B-C 


The logic circuit for this expression can be built 
using three, 3-input and-gates and one, 3-input or- 
gate, together with two invert-gates. However, the 
number of gates required can be reduced by using 
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the techniques introduced in Sections 59.3 to 59.5, 
resulting in the cost of the circuit being reduced. 
Any of the techniques can be used, and in this case, 
the rules of Boolean algebra (see Table 59.8) are 
used. 

Z=A-B-C+A-B-C+A-B-C 
=A-[B-C+B-C+B.-C] 
—A-[B-C+B(C+C)]=A-[B-C+4+B] 
=A-[B+B-C]=A-[B+C] 


The logic circuit to give this simplified expression 
is shown in Fig. 59.26. 


Figure 59.26 


Problem 23. Simplify the expression: 
Z=P-O-R-S+P-O-R-S+P-Q- 
+P-O-R-S+P-O-R-S 


and devise a logic circuit to give this output. 


Figure 59.27 


The given expression is simplified using the Kar- 
naugh map techniques introduced in Section 59.5. 
Two couples are formed as shown in Fig. 59.27(a) 
and the simplified expression becomes: 


The logic circuit to produce this expression is shown 
in Fig. 59.27(b). 


Now try the following exercise 


Exercise 199 Further problems on logic 
circuits 


In Problems | to 4, devise logic systems 
to meet the requirements of the Boolean 
expressions given. 


1 Z=A+B-C 
[See Fig. 59.28(a)] 


[See Fig. 59.28(b)] 
3. Z=A-B-C+A-B-C 

[See Fig. 59.28(c)] 
4. Z=(A+B)-(C+D) 

[See Fig. 59.28(d)] 


Figure 59.28 


In Problems 5 to 7, simplify the expression 
given in the truth table and devise a logic 
circuit to meet the requirements stated. 
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OZ=A.B.C+A.B.C 


Figure 59.28 Continued 


Column 4 of Table 59.20 
[Z; =A-B+C, see Fig. 59.29(a)] 

Column 5 of Table 59.20 
[Z.2 =A-B+B.-C, see Fig. 59.29(b)] 


Table 59.20 


-o-orone/ oe 


aS eRe OF KF OO 


© Z)=A.B+B.C 


O 23=A.C+B 


Figure 59.29 


7. 


Column 6 of Table 59.20 
[Z3 =A-C+B, see Fig. 59.29(c)] 


In Problems 8 to 12, simplify the Boolean 
expressions given and devise logic circuits 
to give the requirements of the simplified 


expressions. 
8. P-O+P-Q0+P-0 
[P + Q, see Fig. 59.30(a)] 
9. P-O-R+P-Q-R+P-O-R 
[R- (P+ Q), see Fig. 59.30(b)] 
10. P-Q-R+P-Q-R+P-Q-R 


[O - (P +R), see Fig. 59.30(c)] 


Qo 


0Z=R(P+O} 


oZ=Q.(P+R) 


Figure 59.31 
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C-D+A-B-C. 
C. 
[D - (A-C +B), see Fig. 59.31(a)] 


ll. AB 
A-B 


12. (P-Q-R)-(P+Q-R) 
[P - (0 +R) see Fig. 59.31(b)] 


59.7 Universal logic gates 


The function of any of the five logic gates in 
common use can be obtained by using either nand- 
gates or nor-gates and when used in this manner, 
the gate selected in called a universal gate. The way 
in which a universal nand-gate is used to produce 
the invert, and, or and nor-functions is shown in 
Problem 24. The way in which a universal nor-gate 
is used to produce the invert, or, and and nand- 
functions is shown in Problem 25. 


Problem 24. Show how invert, and, or and 
nor-functions can be produced using 


nand-gates only. 


A single input to a mnand-gate gives the 
invert-function, as shown in Fig. 59.32(a). When 
two nand-gates are connected, as shown in 
Fig. 59.32(b), the output from the first gate is 
A-B-C and this is inverted by the second gate, 
giving Z=A-B-C=A-B-C ie. the and-function 
is produced. When A, B and C are the inputs to a 
nand-gate, the output is A- B- C. 

By de Morgan’s law, A-B-C =A+B+C = 
A+B+C, i.e. a nand-gate is used to produce the or- 
function. The logic circuit is shown in Fig. 59.32(c). 
If the output from the logic circuit in Fig. 59.32(c) 
is inverted by adding an additional nand-gate, the 
output becomes the invert of an or-function, i.e. the 
nor-function, as shown in Fig. 59.32(d). 


Problem 25. Show how invert, or, and and 
nand-functions can be produced by using 


nor-gates only. 


A single input to a nor-gate gives the invert- 
function, as shown in Fig. 59.33(a). When two nor- 
gates are connected, as shown in Fig. 59.33(b), the 
output from the first gate is A+B+C and this 
is inverted by the second gate, giving 


A.B.C. 
oZ=A+B+C 


(d) 


Figure 59.32 


Z=A+B+C=A+B+C, ie. the or-function is 
produced. Inputs of A, B, and C to a nor-gate give 
an output of A+ B+C. 

By de Morgan’s law, A+ B+C =A-B-C = 
A-B-C, ie. the nor-gate can be used to produce 
the and-function. The logic circuit is shown in 
Fig. 59.33(c). When the output of the logic circuit, 
shown in Fig. 59.33(c), is inverted by adding an 
additional nor-gate, the output then becomes the 
invert of an or-function, i.e. the nor-function as 
shown in Fig. 59.33(d). 


Problem 26. Design a logic circuit, using 
nand-gates having not more than three 
inputs, to meet the requirements of the 
Boolean expression 


Z=A+B+C+D 


When designing logic circuits, it is often easier 
to start at the output of the circuit. The given 
expression shows there are four variables joined 
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by or-functions. From the principles introduced in 
Problem 24, if a four-input nand-gate is used to 
give the expression given, the inputs are A, B, C 
and D that is A, B, C and D. However, the problem 
states that three-inputs are not to be exceeded so 
two of the variables are joined, i.e. the inputs to 
the three-input nand-gate, shown as gate (1) in 
Fig. 59.34, is A,B,C and D. From Problem 24, 
the and-function is generated by using two nand- 
gates connected in series, as shown by gates (2) 
and (3) in Fig. 59.34. The logic circuit required 
to produce the given expression is as shown in 
Fig. 59.34. 


Figure 59.34 
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Problem 27. Use nor-gates only to design a 
logic circuit to meet the requirements of the 


expression: Z = D- (A +B+C) 


It is usual in logic circuit design to start the design 
at the output. From Problem 25, the and-function 
between D and the terms in the bracket _can_be 
produced by using inputs of D and A+B+C 
to a nor-gate, ic. by de Morgan’s law, inputs 
of D and A-B.-C. Again, with reference to 


Problem 25, inputs of A -B and C to a nor- 
gate give an output of A+B+C, which by de 
Morgan’s law is A- B-C. The logic circuit to 


produce the required expression is as shown in 
Fig. 59.35. 


D+A.B.C,ie., 


D.A.B.C,ie., 
oZ=D.(A+8+C) 


Figure 59.35 


Problem 28. An alarm indicator in a 
grinding mill complex should be activated if 
(a) the power supply to all mills is off and 
(b) the hopper feeding the mills is less than 


10% full, and (c) if less than two of the three 
grinding mills are in action. Devise a logic 
system to meet these requirements. 


Let variable A represent the power supply on to all 
the mills, then A represents the power supply off. 
Let B represent the hopper feeding the mills being 
more than 10% full, then B represents the hopper 
being less than 10% full. Let C, D and E represent 
the three mills respectively being in action, then 
C, D and E represent the three mills respectively not 
being in action. The required expression to activate 
the alarm is: 


Z=A-B-(C+D+E) 
There are three variables joined by and-functions in 


the output, indicating that a three-input and-gate is 
required, having inputs of A,B and (C+D+E). 
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The term (C + D + E) is produce by a three- 
input nand-gate. When variables C, D and E 
are the inputs to a nand-gate, the output is 
C-D-E which, by de Morgan’s law is C+D+E. 
Hence the required logic circuit is as shown in 
Fig. 59.36. 


c.D.E. 
E ie, C+D+E 


Figure 59.36 


Now try the following exercise 


Exercise 200 Further problems on univer- 
sal logic gates 


In Problems | to 3, use nand-gates only to 
devise the logic systems stated. 


1 Z=A+B-C [See Fig. 59.37(a)] 
2. Z=A-B4+B-C [See Fig. 59.37(b)] 


3. Z=A-B-C+A-B-C 
[See Fig. 59.37(c)] 


Figure 59.37 
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In Problems 4 to 6, use nor-gates only to 
devise the logic systems stated. 


Z = (A+B): (C+D) 

[See Fig. 59.38(a)] 
Z=A-B+B-C+C-D 

[See Fig. 59.38(b)] 
Z=P-Q+P-(Q+R) 

[See Fig. 59.38(c)] 


aco—fip—y] 
ih es 7 
5 11 b-0z=(A+B).(E+D) 
Co—tb ou 
th 
Do—— 


boOUDDDUDB 


p—oZ=P.Q+P.(Q+R) 


Figure 59.38 


In a chemical process, three of the 
transducers used are P, Q and R, giving 
output signals of either 0 or 1. Devise a 
logic system to give a | output when: 


(a) P and Q and R all have 0 output, or 
when: 
(b) P is 0 and (Q is 1| or R is 0) 
[P - (0 +R), See Fig. 59.39(a)] 
Lift doors should close, (Z), if: 


(a) the master switch, (A), is on and 
either 


(b) a call, (B), is received from any 
other floor, or 

(c) the doors, (C), have been open for 
more than 10 seconds, or 


(d) the selector push within the lift (D), 
is pressed for another floor. 


Devise a logic circuit to meet these require- 
ments. 
lee colon 
see Fig. 59.39(b) 
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eo] Ce are in operation at the same time, a 
go signal is required to start a pump to 
not p [| maintain the head of water in the tank. 


(a) 


Devise a logic circuit using nor-gates 
only to give the required signal. 


Fee tae 
see Fig. 59.39(c) 


10. A logic signal is required to give an 
indication when: 


(a) the supply to an oven is on, and 


(b) the temperature of the oven exceeds 


7 210°C, or 
o > Lb e C OZ=A.(B+C) 4 
lab [ep—eP— te) (c) the temperature of the oven is less 


@) than 190°C 


Devise a logic circuit using nand-gates 
only to meet these requirements. 


Figure 59.39 


[Z =A-(B+C), see Fig. 59.39(d)] 


9. A water tank feeds three separate pro- 
cesses. When any two of the processes 
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The theory of matrices and 


determinants 


60.1 Matrix notation 


Matrices and determinants are mainly used for the 
solution of linear simultaneous equations. The the- 
ory of matrices and determinants is dealt with in this 
chapter and this theory is then used in Chapter 60 
to solve simultaneous equations. 

The coefficients of the variables for linear simulta- 
neous equations may be shown in matrix form. The 
coefficients of x and y in the simultaneous equations 


x+2y=3 
4x -—Sy=6 
1 ie : : 
become ( 4 — zs) in matrix notation. 


Similarly, the coefficients of p, g and r in the 
equations 


1.3p—2.0¢g+r=7 
3.7p+4.8¢q —7r=3 
4.1p+3.8q+ 12r = —6 


1.3 —2.0 1 
become (27 4.8 -1) in matrix form. 
4.1 3.8 12 


The numbers within a matrix are called an array 
and the coefficients forming the array are called the 
elements of the matrix. The number of rows in a 
matrix is usually specified by m and the number 
of columns by n and a matrix referred to as an 
7 2 2) aby? 
matrix. Matrices cannot be expressed as a single 
numerical value, but they can often be simplified 
or combined, and unknown element values can be 
determined by comparison methods. Just as there 
are rules for addition, subtraction, multiplication and 
division of numbers in arithmetic, rules for these 
operations can be applied to matrices and the rules 
of matrices are such that they obey most of those 
governing the algebra of numbers. 


‘m by n° matrix. Thus, ( 


60.2 Addition, subtraction and 
multiplication of matrices 


(i) Addition of matrices 


Corresponding elements in two matrices may be 
added to form a single matrix. 


Problem 1. Add the matrices 
(27! 


; 


(a) Adding the corresponding elements gives: 
2 -1 —3 0 
(5 a) +(7 -a) 
= ( 2+(-3) —-1+0 ) 
~\-7+7 4+ (—4) 


“(39 


(b) Adding the corresponding elements gives: 


3 1 —4 2 Po =3 
4 3 1}+ {-2 1 0 
1 4 —3 6 3 4 


34-2 {+7 —44+ C5) 
=|{4+(-2) 341 140 
14+6 A ee 


5 8 -9 
=|{2 4 1 
7 #7 1 


(ii) Subtraction of matrices 


If A is a matrix and B is another matrix, then (A — B) 
is a single matrix formed by subtracting the elements 
of B from the corresponding elements of A. 
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Problem 2. Subtract 


(a) . 4) from (4 a) and 


27 as 1 -4 
(bo) {| -2 1 O)from[4 3 1). 
63 4 14 -3 


To find matrix A minus matrix B, the elements of 
B are taken from the corresponding elements of A. 


Thus: 

@ (9 a) 4) 
(429 “A=b) 
= (44 8) 


a9 tay 4-5) 
-(4 (=2) 3-1 1=0 


aad 


) find A+B -C. 


—4 


-1 -l 
0 0) 
(from Problem 1) 
Hence, A+B-C=(—4 ee -) 
1 


= ( oe ee 


2 4 
Alternatively A+B—-C 


=(7 -a)+(-9 “a)- (2 4) 
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a ee eae 
~\ 7+ (-7) 


O+ a) 


(=2) =—4-+4= (4) 


( - = ) as obtained previously 


(iii) Multiplication 


When a matrix is multiplied by a number, called 
scalar multiplication, a single matrix results in 
which each element of the original matrix has been 
multiplied by the number. 


7 


a=(3 ~}) mse=(_ 


2A — 3B+4C. 


0 
=f 


Problem 4. If A= ie D 
) 


) find 


For scalar multiplication, each element is multiplied 
by the scalar quantity, hence 


a ere 

a = Sa a 
md 4C=4( 5 _4)=(_§ _45) 
Hence 2A — 3B +4C 


(G8 -3)- (Cat ta) +8 -16) 


II 


ir aa 0=(-3)+0 ) 
l4= (=21) 28) 8 = 12 E16) 
=(a 5) 


When a matrix A is multiplied by another matrix B, a 
single matrix results in which elements are obtained 
from the sum of the products of the corresponding 
rows of A and the corresponding columns of B. 

Two matrices A and B may be multiplied together, 
provided the number of elements in the rows of 
matrix A are equal to the number of elements in 
the columns of matrix B. In general terms, when 
multiplying a matrix of dimensions (m by n) by a 
matrix of dimensions (n by r), the resulting matrix 
has dimensions (m by r). Thus a 2 by 3 matrix 
multiplied by a 3 by | matrix gives a matrix of 
dimensions 2 by 1. 
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2 3 


Problem 5. naa; A 


) and 


B=(~} 4) find Ax B, 


Let A x B=C where C = io ne 


Co Cx 


Cy, is the sum of the products of the first row 
elements of A and the first column elements of B 
taken one at a time, 


ie. Cy = (2x (—5))+ GB x (-3)) = -19 


Ci2 is the sum of the products of the first row 
elements of A and the second column elements of 
B, taken one at a time, 


ie Co =@2xD43x%4)=26 


C2, is the sum of the products of the second row 
elements of A and the first column elements of B, 
taken one at a time, 


Le. Cp) = (1 x (—5)) + (-4) x (-3)) = 7 


Finally, C2 is the sum of the products of the second 
row elements of A and the second column elements 
of B, taken one at a time, 


ie. Cy = (1 x 7)+ ((-4) x 4) =-9 


—19 =) 


Thus, AxB=(~'_ “9 


Problem 6. Simplify 


3 4 «0 3) 
(-2 6 3) x( 5) 
7 <A 1 = 


The sum of the products of the elements of each row 
of the first matrix and the elements of the second 
matrix, (called a column matrix), are taken one at 
a time. Thus: 


3 4 «0 2 
(-2 6 2) «| 5) 
a | 4 


(3x2) +(4~x5) 
= | (-2 x 2)+ (6x 5) 
(7 x 2) 


+ (0x (1) 
-i-3 x (1) 
4 (=4 x5) + (1 x (—1)) 


Problem 7. 


2 
B= 5 
—1 


The sum of the products of the elements of each row 
of the first matrix and the elements of each column 


of the second 


4 0 
a= (- 6 >) and 
7 —4 1 
—5 
= Jn A 
—7 


matrix are taken one at a time. Thus: 


3 4 «0 2 —5 
(-2 : >) «( 5 -6) 
7 —4 1 -1 -7 
[(3 x 2) [(3 x (—5)) 
+(4 x 5) +(4 x (—6)) 
+(0 x (—1))] +(0 x (—7))] 
[(—2 x 2) [(—2 x (—5)) 
=| +(6x5) +(6 x (—6)) 
+(—3 x (-1))] +(-3 x (-7))] 
[(7 x 2) [(7 x (—5)) 
+(—4 x 5) +(—4 x (—6)) 
+(1 x (—1))] +(1 x (-7))] 
26 —39 
= ( 29 “5 
—7 —18 


Problem 8. 


1 0 3 
2 1 2 
1 3 1 


Determine 


2 2 0 
)x(: 3 2). 
3 2 0 


The sum of the products of the elements of each row 
of the first matrix and the elements of each column 


of the second 


matrix are taken one at a time. Thus: 


1 0 3 220 
(2 1 2) x (: 3 | 
13 1 3. 20 
[(1 x 2) [(1 x 2) [C1 x 0) 
+(0 x 1) +(0 x 3) +(0 x 2) 
+3x3)) +3%x2)]) 43x 0)] 
[(2 x 2) [(2 x 2) [(2 x 0) 
= +(1 x 1) +(1 x 3) +(1 x 2) 
+(2x3)) 4+(72x2)]) +(2x0)] 
[(1 x 2) [(1 x 2) [(1 x 0) 
+(3 x 1) +(3 x 3) +6 x 2) 
+0 x 3)}) 4+0x2)} +1 x 0)] 


II 


(3) 


11 8 0 
= (1 11 2| 
8 13 6 
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In algebra, the commutative law of multiplication 
states that a x b = b x a. For matrices, this law is F ( 3.1 2.4 19) G 
1 


—-16 3.8 —1.9 
5.3.34 —4.8 


only true in a few special cases, and in general A x B 
is not equal to B x A. 


Problem 9. A=(j < and He") je (-11) k= (0 :) 


7 1 0 
o=(, i show thatA x BABX A. 


Addition, subtraction and multiplication 


AxB= ic .) x é ‘ In Problems 1 to 12, perform the matrix oper- 
ation stated. 
SC eee ae a) I 1 
~\fdx2)+0x0)] [Ad x3)+ 0x 1] 35 =e 
4 9 1. A+B 1 , 
> ( 3) =a 6— 
2 3 2 3 

BxA=(9 i)*G a) Tl 6, 
Sree te Te ee 2 D+E 3 a! 7 
(Ox 2)+d x1] [Ox 3)+( x 0)] a 5 
_(7 6 A JF =32 
=(1 0) ; : 

; 4 9 7 6 2- -l- 
Since ( 5 Fl4 p)> then AXBABXA i | 2 ; | 
TG 235 7 pe 
Now try the following exercise A . ; . 

. . Se or (683 103 )] 
Exercise 201 Further problems on addi- 
tion, subtraction and multi- 18.0 -—1.0 
plication of matrices Be DE OB ( ~22.0 314) 
In Problems 1 to 13, the matrices A to K are: 6. 2D+3E—4F 
46 -5.6 —12.1 
17.4 —9.2 28.6 
—14.2 0.4 13.0 
7. AxH (a8) 
> 
8. AxB c 
a 65 
6.4 26. 5) 
oe ee (227 569) 


mor (C8) 
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1 
a 
— 
ll. ExK 12-3 
2 0 
5 
55.4 3.4 10.1 
12. DxF (<2 10.4 -24)| 
-16.9 25.0 37.9 
13. Show thatAxCACxXxA 
_(-64 26.1 
ey amare 
- fs <534 
cxA=( 23.1 ee) 


Hence they are not equal 


60.3. The unit matrix 


A unit matrix, J, is one in which all elements of 
the leading diagonal (\) have a value of | and all 
other elements have a value of 0. Multiplication of 
a matrix by / is the equivalent of multiplying by 1| 
in arithmetic. 


60.4 The determinant of a 2 by 2 
matrix 


The determinant of a 2 by 2 matrix, c a is 


defined as (ad — bc). 
The elements of the determinant of a matrix are 
written between vertical lines. Thus, the determinant 
3-4). . 3 -4 . 
of ( 1 a) is written as | 1 6 | and is equal to 
(3 x 6) — (—4 x 1), i.e. 18 — (—4) or 22. Hence the 
determinant of a matrix can be expressed as a single 


numerical value, i.e. | : a = 22. 


Problem 10. Determine the value of 


7a 
7 4 


ie 4) =@x4)-(-2«7) 


— 12—(-14) = 26 


Problem 11. Evaluate | = a er 


OEP GP pleat pa—i4)-UDVE7) 
=1-j4+j—p4t 76 
=1- j4t+j-(-4) +6) 
since from Chapter 34, j? = —1 
=1-j44+j+4-6 
=-1-j3 


5230° 
3260° 


2£—60° 


Problem 12. Evaluate 4/—90° 


5230° 22—60° 


SEG" d7a00r |= O20 142-909 


— (2L—60°)(3260°) 
= (202—60°) — (620°) 
= (10 — 17.32) — (6 + j0) 
= (4 —j17.32) or 17.78L—77° 


Now try the following exercise 


Exercise 202 Further problems on 2 by 2 


determinants 


Calculate the determinant of ( 2 


Calculate the determinant of 


5 
Calculate the determinant of 


ey 3) 
2.55 —3.9 

j2 cl 
Evaluate +4) : 


2240° 
7£—32° 


[—13.43] 


[—5 + 3] 
5£—20° 
4/-117° 


ieee + i?) 
or 27.952134.95° 


Evaluate 
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60.5 The inverse or reciprocal of a 2 


by 2 matrix 


The inverse of matrix A is A~! such that AxA7! = /, 
the unit matrix. 


Let matrix A be ( : a and let the inverse matrix, 
=| a b ) 
A-! be ( maa 


Then, since A x A7! = J, 
é ax (4 ee . 
3 4 c d/~ \0 1 
Multiplying the matrices on the left hand side, gives 


(sat4¢ ap44a)= (0 1) 


Equating corresponding elements gives: 


b+2d=0, i.e. b = —2d 
4 
and 3a+4c=0, ie.a= a0 
Substituting for a and b gives: 


4 
Fae res —2d + 2d 


4 
3 (-3¢) +4c 3(—2d)+ 4d 


- (= ° ya) %) 


QO —2d 
. 2 . 3 : 
showing that ae =lie.c= 5 and —2d = 1, Le. 


d=--. 
2 


A 
Since b = —2d, b = | and since a = ao a=-2. 


: ; 1 2\./a b 
Thus the inverse of matrix ( 3 4) is ic A) that 


—2 1 
ws ( 3 1), 
2 2 


There is, however, a quicker method of obtaining 
the inverse of a 2 by 2 matrix. 


For any matrix (z ¢) the inverse may be 


obtained by: 


(i) interchanging the positions of p and s, 
(ii) changing the signs of g and r, and 


(iii) multiplying this new matrix by the reciprocal 
of the determinant of Gs a 


Thus the inverse of matrix e ‘. is 


1 ( 4 =) 7 =e ' 
4—6\-3 1/7 ane 
as obtained previously. 


Problem 13. Determine the inverse of 


(> ~4) 


The inverse of matrix (2 a) is obtained by inter- 


changing the positions of p and s, changing the signs 
of g and r and multiplying by the reciprocal of the 


determinant | 4 : . Thus, the inverse of 


Ga) -axareaen (4 3) 


2 1 
=—( 4 2) = 13. 13 
~ 26\-7 3/° | -7 3 

26 «26 


Now try the following exercise 


Exercise 203 Further problems on the 
inverse of 2 by 2 matrices 


1. Determine the inverse of ( 3 |) 


|= al~ 
- 
~ 


— 


2. Determine the inverse of 


Whe NwmlrR nN 


x 
wv aly 
[oe} 

x 


| 
if 


7 7 
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: . —1.3 TA 
3. Determine the inverse of ( 25 a6) 
uae 0.551 ) 
0.186 0.097 | 
correct to 3 dec. places 


60.6 The determinant of a 3 by 3 
matrix 


(i) The minor of an element of a 3 by 3 matrix is 
the value of the 2 by 2 determinant obtained 
by covering up the row and column containing 
that element. 


2 3 
Thus for the matrix 5 6] the minor 
8 9 


of element 4 is obtaine by covering the row 


1 
A 
7 
d 
(4 5 6) and the column ma | , leaving the 2 by 


, le. the minor of element 
(3x 8)=- 


determinant 
4is (2x 9)— 


(ii) The sign of a minor depends on its position 
within the matrix, the sign pattern being 


= =F 
— +  —]. Thus the signed-minor of 
pe = 


1 2 3 
element 4 in the matrix |4 5 6] is 
7 8 9 
= —(-6) =6. 
The signed-minor of an element is called the 
cofactor of the element. 


(iii) The value of a 3 by 3 determinant is the 
sum of the products of the elements and 
their cofactors of any row or any column 
of the corresponding 3 by 3 matrix. 


There are thus six different ways of evaluating a 
3 x 3 determinant — and all should give the same 
value. 


Problem 14. Find the value of 
3 4 -1 


0 7 
1 -—3 -—2 


The value of this determinant is the sum of the 
products of the elements and their cofactors, of any 
row or of any column. If the second row or second 
column is selected, the element O will make the 
product of the element and its cofactor zero and 
reduce the amount of arithmetic to be done to a 
minimum. 

Supposing a second row expansion is selected. 

The minor of 2 is the value of the determinant 
remaining when the row and column containing 
the 2 (i.e. the second row and the first column), 
is rah up. Thus the cofactor of element 2 is 


| . ie aE .e. —11. The sign of element 2 is minus, 


(see (ii) ae hence the cofactor of element 2, (the 
signed-minor) is +11. Similarly the minor of ele- 


| : of | i.e. —13, and its cofactor is +13. 


Hence the value of the sum of the products of the 
elements and their cofactors is 2 x 11+7 x 13, Le., 


ment 7 is 


3 4 -]1 
2 0 = 2(11) +04 7013) = 113 
1 -—-3 -2 


The same result will be obtained whichever row or 
column is selected. For example, the third column 
expansion is 


2 
-D|i 
=6+91+ 16 = 113, as obtained previously. 


3[-71 3|+C)]2 


Problem 15. 


Evaluate 


1 4-3 
Using the first row: | —5 2 6 
-1 -4 2 


2 


alls 31-4| 23 9| + (-3)] 23 24 


= (44+ 24) —4(-10+ 6) — 3(20 + 2) 
= 28 + 16 — 66 = —22 
4 -3 
Using the second column: | —5 2 6 
—-4 2 
_ —5 6 1 -3 1 —- 
lal 5|+2| 1 2-9 |_5 6| 


= —4(-104 6) + 222 — 3) + 4(6 — 15) 
= 16—-2-—36= —22 
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Problem 16. Determine the value of 


j2 (+f) 3 


(i=7) 1 J 
0 j4 5 


Using the first column, the value of the determi- 
nant is: 


wolf d-a-a|°fP 2 


+o [OFP 3 


= j25-j°4)-(1— s)(S+ j5 — j12) +0 
= j2(9) -(1- f)6 - j7) 
= j18—[5— j7— j5+ j/°7] 


= f18 —[—2= 12] 
= f18+2+ jl2=2+ 30 or 30.07/86.19° 


Now try the following exercise 


Exercise 204 Further problems on 3 by 3 
determinants 


1. Find the matrix of minors of 


4-7 6 
2 -& 0 
5 7 4 


=16° 8 
14 —46 
24 12 


2. Find the matrix of cofactors of 


A ad 
(-2 4 
5 
0A AD 


3. Calculate the determinant of 


1G. =§ 
14 —46 


4 -7 6 
(-2 4 0) [—212] 
5 7 —-4 
8 -—2 —-10 
4. Evaluate|2 -3 —2 [—328] 
6 3 8 
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5. Calculate the determinant of 


3.1 2.4 6.4 
-16 3.8 -1.9 [—242.83] 
5.3 3.4 -4.8 
j2 2 j 
6. Evaluate | (1+ /) 1 —3 
5 —j4 0 
2= 7) 
3 260° j2 1 
7. Evaluate | 0 (1+ jj) 2230° 
0 2 p> 


oe | 
(—20.49 — 717.49) 


60.7 The inverse or reciprocal of a 3 
by 3 matrix 


The adjoint of a matrix A is obtained by: 


(i) forming a matrix B of the cofactors of A, and 

(ii) transposing matrix B to give B’, where B’ is 
the matrix obtained by writing the rows of B 
as the columns of B’. Then adj A = B’. 


The inverse of matrix A, A~! is given by 
Arta adj A 
|A| 


where adj A is the adjoint of matrix A and |A| 
is the determinant of matrix A. 


Problem 17. Determine the inverse of the 


3 4 —-1 
matrix | 2 


1 -—3 


The inverse of matrix A, A7! = 
The adjoint of A is found by: 


(i) obtaining the matrix of the cofactors of the 
elements, and 


(ii) transposing this matrix. 


The cofactor of element 3 is + | e ee: | = 21. 


The cofactor of element 4 is — | ; 
so on. 


Fill 
_5| =H and 
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21 11 -6 —17 23 18 
The matrix of cofactors is | 11 —5 13 }. 
28 =23 =8 2. =13. 10 
The transpose of the matrix of cofactors, i.e. the _ 15 —21 —I16 
adjoint of the matrix, is obtained by writing the rows —92 
21 
as columns, and is 11 -—5 —23 }. 8.5 —-11.5 —9 
-6 13 -8 
=| —4.5 6.5 5 
From Problem 14, the determinant of 
3 i: 3 —7.5 10.5 8 
2 O- 7} is 113. . . 
13 2 Now try the following exercise 
3 4 -1 
Hence the inverse of | 2 0 7/1 is Exercise 205 Further problems on the 
i <2 inverse of a 3 by 3 matrix 
21 11 28 1. Write down the transpose of 
11 -5 -—23 
21 11 28 4 -7 6 4 —2 5 
-6 13 -8 1 
=a or ia 11 —5 —23 2 4 O ee 
—6 13 -8 
5 7-4 6 0 -4 
Problem 18. Find the inverse of a 
3 64 = 
1 5 -—2 a oI 
> <1 4 cae 6 -} 0 
—3 6 —7 1 3 
-1 03 2 7 § 


adjoint 


I = — 
pes determinant aed, 6 
17 9 15 =a a 
The matrix of cofactors is 23 -13 —21 |. 5 7 —4 
1 al ls =16° 44 24 
The transpose of the matrix of cofactors (i.e. the 2 — = 
-17 23 18 ate os 
adjoint) is 9 -13 -10 ]. 34-6302 
15 —21 -16 4. Determine the adjoint of 
1 5 -2 3 6 4 
The determinant of 3  -1 4 5 2 4 
3 6 -7 3 
= Qo 3 
= 1(7 — 24) — 5(—21 4+ 12) — 2(18 — 3) 5 
S17 445 =302 9 -3 -33 423 
1 5 -2 -10 2% -184 
Hence the inverse of 3-1 4 7 2 6 —32 


—3 6 -7 
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5. Find the inverse of 


4 


=f 6 
4 0 
Tt A 

1 
212 
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1 

3 6 5 

6. Find the inverse of 5 —4 a 

-1 032 
2 3 1 
= =e 423 

—24 15 

2 10 22 18: 
12 923 10 2 
P -2 -6 -32 
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The solution of simultaneous 
equations by matrices and 
determinants 


‘ ‘ ii) The matrix equation is 
61.1 Solution of simultaneous @) 


equations by matrices © 2) x C ) = ( ss 
4 -3 y 19 
(a) The procedure for solving linear simultaneous . : af G 5\. 
equations in two unknowns using matrices is: lil) _ The inverse of matrix ( A a3 ) Is 


(i) write the equations in the form l 3 5 
axtby=c aoe 3) 
Mx + boyy = c2 a 3 
_ : . : . ; 29 29 
(ii) write the matrix equation corresponding i.e. 
to these equations, * =3 
29 29 
: a db x\_ (c, 
oe ‘e ) a ( y) = os) (iv) Multiplying each side of (ii) by (iii) and re- 
; membering that A x A-! =T, the unit matrix, 
(iii) determine the inverse matrix of ( i i ) , gives: 
2 b2 
\ 3 =) 
ie. ——— ( by Bane 1 0\(x\_ [| 29 29 7 
aby = byay —a2 a 0 1 y = 4 = x 19 
(from Chapter 60) 29 29 
(iv) multiply each side of (ii) by the inverse 21 i 95 
matrix, and Thus (*) —_ | 29 29 
(v) solve for x and y by equating corre- 28 _ 57 
sponding elements. 29 +29 
(5)=() 
Le. =(_) 
Problem 1. Use matrices to solve the y 


simultaneous equations: (v) By comparing corresponding elements: 


3x+5y—-7=0 
4x —3y—-19=0 


x =4 and y=-1 
Checking: 


equation (1), 


i) Writing the equations in the by = 
2 (nies ial eae 3x4+5x (-1)—-7=0=RHS 


equation (2), 
4x4-3x(-1)—19=0=RHS 


3x+5y=7 
4x —3y = 19 
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(b) The procedure for solving linear simultaneous 
equations in three unknowns using matri- 
ces is: 


(i) write the equations in the form 
ax+tby+caz=d 
anx + bry + €2z = dz 
a3x + b3y + 63z = d3 


(ii) write the matrix equation corresponding 
to these equations, i.e. 


a bb cy Xx dy 
a2 by (65) x y = dy 
a3 b3 C3 gz d, 


(iii) determine the inverse matrix of 
a| b 1 Cl 
a2, by C2 | (see Chapter 60) 
a3 b3 3 
(iv) multiply each side of (ii) by the inverse 
matrix, and 


(v) solve for x, y and z by equating the 
corresponding elements. 


Problem 2. Use matrices to solve the 
simultaneous equations: 


x+y+z-4=0 
2x —3y+4z-33=0 
3x —2y —2z7-2=0 


(i) Writing the equations in the qjx+b,y+c)z = 
d, form gives: 


x+y+z=4 
2x —3y+ 4z = 33 
3x —2y—2z=2 


(ii) The matrix equation is 


(3 3 3)=0)-(a) 


(iii) The inverse matrix of 


1 1 1 
A= |2 -3 4 
3 —2 -—2 


is given by 
1 adjA 
|A| 


The adjoint of A is the transpose of the 
matrix of the cofactors of the elements (see 
Chapter 60). The matrix of cofactors is 


14 16 5 
( 0 —5 5) 
7 —2 -5 


and the transpose of this matrix gives 
14 O 7 
adj A= | 16 -S —2 
5 5-5 
The determinant of A, i.e. the sum of the 
products of elements and their cofactors, using 
a first row expansion is 
—3 
—2 


= (1x 14)-—(1 x (—16)) + 1 x 5) = 35 


3.4 2 4 2 
1]=5 5/-1|3 alia 


Hence the inverse of A, 


(iv) Multiplying each side of (ii) by (iii), and 
remembering that A xA7! =], the unit matrix, 
gives 


1 0 0 x 
(0 0) x (5) 
00 1 Z 


(14 x 4)+ (0 x 33)+ (7 x 2) 
(16 x 4) + ((—5) x 33) + ((—2) x 2) 
(S x 4) + (5 x 33) + ((—5) x 2) 


35 


(v) By comparing corresponding elements, x = 2, 
y = —3,z =5, which can be checked in the 
original equations. 
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Now try the following exercise 


Exercise 206 Further problems on solving 
simultaneous equations using 
matrices 


In Problems 1 to 5 use matrices to solve the 
simultaneous equations given. 


1. 


3x+4y=0 
2x+5y+7=0 [x=4, y= —-3] 
2p+5q+ 14.6 =0 
3.1p+ 1.7q + 2.06 = 0 
[p = 1.2, q= —-3.4] 
x+2y+3z=5 
2x —3y—-—z=3 
—3x+4y+5z=3 
[Ix=1, y=-1,z=2] 
3a+4b—3c=2 
—2a+2b+ 2c = 15 
Ta —5b+ 4c = 26 
[a = 2.5,b=3.5,c = 6.5] 
pt+2q+3r+7.8=0 
2p+5q—r—14=0 
5p—qt+7r—-3.5=0 
[p=4.1, g=—-1.9, r = —2.7] 


In two closed loops of an electrical cir- 
cuit, the currents flowing are given by the 
simultaneous equations: 


I, +21,+4=0 
5J, +3l,-—1=0 


Use matrices to solve for J, and Jp. 
[T, = 2, Iz = —3] 


The relationship between the displace- 
ment, s, velocity, v, and acceleration, a, 
of a piston is given by the equations: 


s+2v+2a=4 
3s —v+4a = 25 
3s+2v-a=—4 


Use matrices to determine the values of s, 
v and a. 


[s=2,v=-3,a=4] 


8. In a mechanical system, acceleration x, 
velocity v and distance x are related by 
the simultaneous equations: 


3.4x + 7.0x — 13.2x = —11.39 


—6.0x + 4.0% + 3.5x = 4.98 
2.7% + 6.0x + 7.1x = 15.91 


Use matrices to find the values of x, x 
and x. 


[t = 0.5, + = 0.77, x = 1.4] 


61.2 Solution of simultaneous 
equations by determinants 


(a) When solving linear simultaneous equations in 
two unknowns using determinants: 


(i) write the equations in the form 
axtby+c=0 
anxt+boy+c.=0 

and then 
(ii) the solution is given by 
x —-y_ 1 


D, Dy, D 
where D, = iB C1 | 
by c2 
i.e. the determinant of the coefficients left 
when the x-column is covered up, 
-I2 a 
a a2 C2 


i.e. the determinant of the coefficients left 
when the y-column is covered up, 


and pal) 5 


a by 
i.e. the determinant of the coefficients left 
when the constants-column is covered up. 


Problem 3. Solve the following 
simultaneous equations using determinants: 


3x —4y = 12 
Ix +5y = 6.5 
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Following the above procedure: 


G) 3x-—4y-—12=0 
7x+5y-65=0 


7 x _ -y _ 1 
es er = Eee 
5 — 6.5 7 — 6.5 7 5 
. x 
ie. ———___—_. 
(—4)(—6.5) — (-12)(5) 
_ —y 
(3)(—6.5) — (—12)(7) 
_ 1 
~ (3)(5) — (-4)(7) 
x _ —y _ 1 
26+60 19.5484 15428 
‘ x —y 1 
i.e. — = ——_ = 
86 64.5 43 
x 1 86 
i — = — th =—=2 
Since 86 B enx B 
and since 
— 1 4. 
ne eee then y = a =-1.5 
64.5 43 43 


Problem 4. The velocity of a car, 
accelerating at uniform acceleration a 
between two points, is given by v=u-+at, 
where u is its velocity when passing the first 
point and f¢ is the time taken to pass between 


the two points. If v = 21 m/s when t = 3.5s 
and v = 33 m/s when t = 6.1, use 
determinants to find the values of u and a, 
each correct to 4 significant figures. 


Substituting the given values in v = u + at gives: 
21=u+3.5a (1) 
33 =u+6.la (2) 


(i) The equations are written in the form 
axt+byyt+c, =0, 


1.€. u+3.5a—21=0 
and u+6.la—33=0 


(ii) The solution is given by 


where D,, is the determinant of coefficients left 
when the u column is covered up, 


: _ 413.5 -21 
Le. Dy, = aa _33 
= (3.5)(—33) — (—21)(6.1) 
= 12.6 
wo 1 —21 
Similarly, Dg = | 1 —33 
= (1)(-33) — (—21)(1) 
=-—12 
and D= | 5, 7 
= (1)(6.1) — G.5)C1) = 2.6 
Thus 8 — =e. _— — 
126  —-12 2.6 
1 — 4.846 
e. u = — = 4.846m 
2.6 le 
d = * = 4.615m/s? 
an a= Tink. m/s’, 
each correct to 4 significant 
figures 


Problem 5. Applying Kirchhoff’s laws to 
an electric circuit results in the following 
equations: 


(9+ f12) — 6+ j8)hn =5 
—(6 + j8)i + (8 + j3)ln = (2 + fA) 


Solve the equations for J; and J. 


Following the procedure: 
@ O+ j12)h — (6+ j8)l,n-5=0 
—(6+ j8)l + (8+ j3ylo — (2+ j4) =0 


Ty 
) (=6493) = 
(8 + j3) Pe 
—Iy 
~ 7 @+fl2) 5 
De ay ae 
1 
~ | O+ 712) —6+ j8) 
eee) (8 + j3) 
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(b) 
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qT, 
(—20 + j40) + (40 + j15) 
—I, 
~ (G0 — j60) — (30 + 40) 
1 
~ (6+ j123)—(—28+ j96) 
rf = 
20+ 755 —j100 
1 
~ 64-4 j27 
20 + j55 
~ 64-4 j27 
58.52270.02° 
~ 69.46222.87° 
100290° 
~ 69.46222.87° 
= 1.44267.13° A 


Hence J; 


= 0.84247.15° A 


and 2 


When solving simultaneous equations in three 
unknowns using determinants: 
(i) Write the equations in the form 
ax+by+cz+d,=0 
ax + bry +cz+d2=0 
a3x + b3y + c3z + d3 =0 
and then 


(ii) 


the solution is given by 


x —y_ 2 —1 

D, Dy, D;  D 
boc dy 

where D, is |b2 co d2 
b3 C3 d3 


i.e. the determinant of the coefficients 
obtained by covering up the x column. 

a cy ay 
ag C2 dy 
a3 C3. «C3 
ie., the determinant of the coefficients 
obtained by covering up the y column. 

a by dy 
az by dy 
a3 bn d3 
i.e. the determinant of the coefficients 
obtained by covering up the z column. 


Dy is 


D, is 


(i) 


(ii) 


a bb c¢ 
a, by C2 
a3 bz C3 
i.e. the determinant of the coefficients 
obtained by covering up the constants 
column. 


and D is 


Problem 6. A d.c. circuit comprises three 
closed loops. Applying Kirchhoff’s laws to 
the closed loops gives the following 

equations for current flow in milliamperes: 


21, + 3ly — Ig = 26 
alg = She 387 
Ty £0 +6, S12 


Use determinants to solve for /;, I> and /3. 


Writing the equations in the 
ayx+b,y+c,z+d, = 0 form gives: 


21, + 3Iy — 413 — 26 =0 

I, —5In — 313 +87 =0 

—71, + 2Iy + 613 — 12 =0 

The solution is given by 
I, —I, I; -1 

Dy, Dy Dy D’ 


where D7, is the determinant of coefficients 
obtained by covering up the 7; column, ie., 


3-4 —26 
Pals os 
2 6 —-12 
_ om |-3 87 5 87 
= (3)| 6 -12 -(-4)| 2 -12 
5 3 
+(-26)|"> “6 
= 3(—486) + 4(—114) — 26(—24) 
= —1290 
2 -4 —26 
D,=| 1-3 87 
—7 6 —-12 


= (2)(36 — 522) 

+ (—26)(6 — 21) 
= —972 + 2388 + 390 
= 1806 


(—4)(—12 + 609) 
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2 3 —26 
D,=| 1 -5 87 
af 9 .=12 
= (2)(60 — 174)— 
(3)(—12 + 609) + (—26)(2 — 35) 
= —228 — 1791 + 858 = —1161 
9 3. =f 
and D= 1 -—5 -3 
=] 2 6 
= (2)(—30 + 6) — (3)(6 — 21) 
+ (—4)(2 — 35) 
= —48 + 45+ 132 = 129 
Thus 
hoo -h kb 
—1290° 1806 —I1161 129 
giving 
—1290 
i= 
1 
L= PEO 14mA 
129 
1161 
and 1, = ——=9mA 
129 


Now try the following exercise 


Exercise 207 Further problems on solvy- 
ing simultaneous equations 
using determinants 


In problems | to 5 use determinants to solve 
the simultaneous equations given. 


1. 3x—5y=-—17.6 
Ty —2x—22=0 
[x = —-1.2, y= 2.8] 
2. 2.3m—4.4n = 6.84 
8.5n — 6.7m = 1.23 
[m = —6.4, n = —4.9] 
3. 3x+4y+z= 10 
2x —3y+5z+9=0 
x+2y-—z=6 
[Ix=1, y=2,z=-1] 


1.2p —2.3q —3.1r+ 10.1 =0 
4.7p+3.8q —5.3r —21.5=0 
3.7p — 8.3qg+74r+ 28.1 =0 

[p = 1.5, gq =4.5, r= 0.5] 


x y, 2 J 
I 3" 3 36 
x 2y zg 19 
4°32 40 
59 
ary 6G 
7 17 5 
*= 99 = 40 2A 


In a system of forces, the relationship 
between two forces F, and F)> is given 
by: 
5F,+3F2+6=0 
3F,+5F2+18=0 


Use determinants to solve for F, and F>. 
[F, =1.5, Fo = —4.5] 
Applying mesh-current analysis to an 


a.c. circuit results in the following equa- 
tions: 


(5 — j4)I) — (—j4)In = 10020° 
(4+ j3 — jlo — (-j4)h =0 


Solve the equations for J; and J, correct 
to | decimal place. 


I, = 10.8219.2° A, 
In = 10.52—56.7° A 


Kirchhoff’s laws are used to determine 
the current equations in an electrical net- 
work and show that 


iy + 8i2 + 373 = —31 
3i, — 2i2 +13 = —5 
2i, — 3i7 + 213 = 6 


Use determinants to solve for i,, iz and 
i3. li) =—5, ig = —4, 13 = 2) 


The forces in three members of a frame- 
work are F,, F2 and F3. They are related 
by the simultaneous equations shown 
below. 


4.2F, —1.4F2,+5.6F3 = 35.0 
4.2F,+2.8F,—1.4F3 = —5.6 
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Find the values of F,, F2 and F3 using 
determinants 


[Fy =2, Fp =—3, F3=4] 


10. Mesh-current analysis produces the fol- 
lowing three equations: 


2020° = (5+3— j4)l, — 8 — jan 
10490° = (3 — j44+2)In- B- jah 
= 215 

— 150° — 10290° = (12 + 2)I3 — 2Iy 


Solve the equations for the loop currents 
I 1> I 2 and [ a 


I, = 3.317222.57° A, 
In = 1.963240.97° A and 
13 = 1.012Z—148.36° A 


61.3 Solution of simultaneous 
equations using Cramers rule 
Cramers rule states that if 
aX + ayy + ay3z = by 
ax + any + ao3z = bo 


a3\x + ax. y + a33z = b3 


D, D, D, 
then x = —, y = — andz = — 
D D D 

a1 412) a43 

where D= a2, a22) a3 

a3, 432, 33 

by ay ay 

D.=|b2 ax ax 

b3 432, ax3 


i.e. the x-column has been replaced by the R.H.S. b 


column, 
a, bd ap 
Dy =a, bz ay 
a3, b3 ax 


i.e. the y-column has been replaced by the R.H.S. b 
column, 


i.e. the z-column has been replaced by the R.H.S. b 
column. 


Problem 7. Solve the following 
simultaneous equations using Cramers rule 


xty+z=4 
2x — 3y + 4z = 33 
3x —2y —2z=2 


(This is the same as Problem 2 and a comparison of 
methods may be made). Following the above method: 


1 1 1 
D=|2 -3 4 
3 2 -2 
= 1(6 — (—8)) — 1((—4) — 12) 
+ 1((—4) — (-9)) = 144+ 164+5=35 
4 | 1 
D,=/|33 —3 4 
2 =<2 +2 
= 4(6 — (—8)) — 1((—66) — 8) 
+ 1((—66) — (—6)) = 56+ 74 — 60 = 70 
1 4 #1 
D,=|2 33 4 
3. 2 =9 
= 1((—66) — 8) — 4((—4) — 12) + 1(4 — 99) 
= —74+4 64-95 = —105 
1 1 4 
D,=|2 -—3 33 
3 2 2 
= 1((-6) — (—66)) — 1(4 — 99) 
+ 4((—4) — (—9)) = 60 + 95 + 20 = 175 
Hence 
D, 70 D, —105 
in a a a 2 
D. 175 
and z= -= —=5 
D 35 


Now try the following exercise 


Exercise 208 Further problems on solvy- 
ing simultaneous equations 
using Cramers rule 


Repeat problems 3, 4, 5,7 and 8 of Exercise 
206 on page 515, using Cramers rule. 
Repeat problems 3, 4, 8 and 9 of Exercise 
207 on page 518, using Cramers rule. 
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Assignment 16 


This assignment covers the material con- 
tained in chapters 59 to 61. The marks 


for each question are shown in brackets 
at the end of each question. 


Use the laws and rules of Boolean alge- 
bra to simplify the following expres- 
sions: 


(a)B-(A+B)+A-B 


(b) A-B-C+A-B-C+A-B-C+A-B-C 
(9) 
Simplify the Boolean expression: 


A-B+A-B-C using de Morgan’s 
laws. (5) 


Use a Karnaugh map to simplify the 
Boolean expression: 


A-B-C+A-B-C +A-B-C +A-B-C 

(6) 
A clean room has two _ entrances, 
each having two doors, as shown in 
Fig. Al6.1. A warning bell must sound 
if both doors A and B or doors C 
and D are open at the same time. 
Write down the Boolean expression 
depicting this occurrence, and devise a 
logic network to operate the bell using 
NAND-gates only. (8) 


Dust-free Cc lo 


area 


Figure A16.1 


In questions 5 to 9, the matrices stated are: 


10. 


fea) 5) (oa 28) 


j3 ae aa 


C=(c4" jay 7p 


2 -1 3 —l 3 0 

D= | =5 I @) |) 4 -9 2 

4 -6 2 —5 q il 

Determine A x B (4) 
Calculate the determinant of matrix C 

(4) 

Determine the inverse of matrix A (4) 

Determine E x D (9) 
Calculate the determinant of matrix D 

(5) 


Use matrices to solve the following simul- 
taneous equations: 


4x — 3y = 17 
xty+1=0 (6) 


Use determinants to solve the following 
simultaneous equations: 


4x + 9y + 22 = 21 

—8x + 6y — 3z=41 
Saab = SS = 78 (10) 
The simultaneous equations representing 
the currents flowing in an unbalanced, 


three-phase, star-connected, electrical net- 
work are as follows: 


EG si = 65 — 26 
Lig 10 6 85iy = 0 


Using matrices, solve the equations for I,, In 
and I; (10) 
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Multiple choice questions on 


chapters 44-61 


All questions have only one correct answer (answers on page 526). 


1. 


Differentiating y = 4x> gives: 


dy _ 2 « dy 4 
(a) ae = 3° (b) Tx 20x 

OY ick ay gy 
Se ei (d) qe 
f 6 — 3t*) dt is equal to: 
(a)5—PH4+e¢ (b) -3 +c 
(c) -6t+c¢ (d) 5t-—P +c 


The gradient of the curve y = —2x3 +3x+5 
at x = 2 is: 


(a) —21 (b) 27 (c)-16 (d)—5 
5x —1 . 
/ ( ) dx is equal to: 
x 
5x7 — x 
(a) 5x —Inx +c (b) 
2 
5x? 1 1 
(c) —+— +c (dy) SP ee 
2 x2 x? 


For the curve shown in Figure M4.1, which of 
the following statements is incorrect? 


(a) P is a turning point 
(b) Q is a minimum point 
(c) R is a maximum value 


(d) Q is a stationary value 


The value of fo (3 sin 20 — 4cos @) dé, correct 
to 4 significant figures, is: 


(a) —1.242 (b) —0.06890 
(c) —2.742 (d) —1.569 


YA 
R 
P 
Q 
> 
0 x 
Figure M4.1 
dy. 
If y = 5V/x3 — 2, — is equal to: 
dx 
15 
(a) sve (b) 2x5 — 2x +c 
5 
(c) 5vx- 2 (d) 5./x — 2x 
f xe dx is: 
2 
(a) zz +c (b) 2e* +¢ 


oe 
(c) Picea l)+c (d) 2e*%(x —2) +c 


An alternating current is given by 

i = 4sin150¢ amperes, where f is the time 
in seconds. The rate of change of current at 
t = 0.025 s is: 


(a) 3.99 A/s 
(c) —3.28 A/s 


(b) —492.3 A/s 
(d) 598.7 A/s 


A vehicle has a velocity v = (2+3t) m/s after 
t seconds. The distance travelled is equal to the 
area under the v/t graph. In the first 3 seconds 
the vehicle has travelled: 


(a) 11m (b)33m = (c)13.5m (d)19.5m 
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11. 


12; 


13. 


14. 


15. 


16. 


17. 


1 
Differentiating y = ie + 2 with respect to x 
x 


gives: 
1 1 
(a) Vi +2 (b) 3 J8 
(c) 2— =— (d) = 
2x3 V8 


The area, in square units, enclosed by the curve 
y = 2x+3, the x-axis and ordinates x = 1 and 
x=4is: 


(a) 28 (b) 2 (c) 24 (d) 39 
The resistance to motion F of a moving vehi- 
cle is given by F = 2 + 100x. The minimum 
value of resistance is 
(a) —44.72 


(c) 44.72 


(b) 0.2236 
(d) —0.2236 


Differentiating i = 3sin2t — 2cos3t with 


respect to ¢ gives: 


(a) 3cos 2t+2 sin 3t (b) 6(sin 2t — cos 3t) 


2 
(c) = cos ahs sin 3t (d) 6(cos 2t + sin 3t) 
24,5. 
| dt is equal to: 
- 2 
— b) =7° 
(a) 8 + (b) 3 +e 
(co) = + (28 + 
c) = c —t +c 
9 9 


d 
Given y = 3e* + 21n3x, ~ is equal to: 
x 


2 2 
(a) 6e* + — (b) 3e° + = 
3x x 
2 2 
(c) 6e* + — (d) 3e* + = 
x 3 
7 ed dt i lt 
S equal to: 
4 1 qu, 
34? 
yo a 3 
4 2 r 3 
(a) 7 +¢ aos ts 
ae tay EE gs 4: 
a Agee 2\4 7 


18. 


20. 


21. 


22; 


23. 


24. 


25, 


26. 
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The vertical displacement, s, of a prototype 
model in a tank is given by s = 40 sin0.1f mm, 
where f is the time in seconds. The vertical 
velocity of the model, in mm/s, is: 


(a) —cos 0.1t (b) 400 cos 0.11 


(c) —400 cos 0.1 (d) 4cos0.1t 


Evaluating ["/* 3 sin 3x dx gives: 


(a) 2 (b) 1.503 (c) —18 (d) 6 
The equation of a curve is y = 2x7 —6x+ 1. 


The maximum value of the curve is: 
(a) —3 (b) 1 (c) 5 (d) —6 


The mean value of y = 2x* between x = 1 
and x = 3 is: 


(a) 2 (b) 4 (c) 45 (d) 8. 
Given f(t) = 31+ — 2, f’(t) is equal to: 
(a) 1273 —2 (b) 7 —2t+e 
(c) 12¢° (d) 31° — 2 
fInxdx is equal to: 

(a) xdnx —1)+ce (b) ite 


1 1 
(c)xInx-—I1I+c a re 
x Xx 
The current i in a circuit at time ¢ seconds is 
given by i = 0.20(1 — e~?) A. When time 
t= 0.1 s, the rate of change of current is: 


(a) —1.022 A/s (b) 0.541 A/s 

(c) 0.173 A/s (d) 0.373 A/s 
3 

: a is equal to: 

(a) 3 In2.5 (b) ; Ig 1.6 

(c) In40 (d) In 1.6 


The gradient of the curve y = 4x* — 7x +3 at 
the point (1, 0) is 
(a) 1 (b) 3 


(c) 0 (d) —7 
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23 


28. 


29. 


30. 


31. 


32. 


33; 


34. 


ENGINEERING MATHEMATICS 


J (S sin 3t — 3 cos St) dt is equal to: 
(a) —Scos3t+ 3sin5t+c 
(b) 15(cos 3t + sin 3t) +c 


5 3 
(c) =a ee gun re 
(d) = cos 34 - > sin St +c 


The derivative of 2,/x — 2x is: 


= ae 2 l = 
@s xX +0 Ok 2 
1 
(c) ./x -—2 oe 


The velocity of a car (in m/s) is related to time 
t seconds by the equation v = 4.5+181—4.5r°. 
The maximum speed of the car, in km/h, is: 


(a)81 — (b) 6.25. (©) 22.5 (d) 77 
J (/* — 3) dx is equal to: 


(@) SVB art 6) VF +e 


1 2 
ORte (d) 3vx8 —3x+e 
An alternating voltage is given by 
v = 10sin300t volts, where ¢ is the time in 
seconds. The rate of change of voltage when 


t= 0.01 s is: 
(a) —2996 V/s 
(c) —2970 V/s 


(b) 157 V/s 
(d) 0.523 V/s 


The r.m.s. value of y = x? between x = 1 and 
x = 3, correct to 2 decimal places, is: 


(a) 2.08  (b) 4.92 (c) 6.96 (d) 24.2 
If f() =5t— > f'() is equal to: 
(@) 5+ (b) 5-27 
() E-aite () 5+ 


The value of f° 2 sin (37 + >) dt is: 


6 pine ) -—6 ae 
(a) 6-5 ©-6 W@W; 


35. 


36. 


37. 


38. 


39. 


40. 


Al. 


42. 


The equation of a curve is y = 2x7 —6x+ 1. 
The minimum value of the curve is: 


(a) —6 (b) 1 (c) 5 (d) —3 


The volume of the solid of revolution when 
the curve y = 2x is rotated one revolution 
about the x-axis between the limits x = 0 and 
x = 4 cmis: 


1 3 a 
(a) Sar cm (b) 8 cm 


1 
(c) 853 cm? (d) 647 cm? 


The length / metres of a certain metal rod at 
temperature 7°C is given by 

1=1+4-x 10°r+4 x 10-’?. The rate 
of change of length, in mm/°C, when the 
temperature is 400°C, is: 


(a) 3.6 x 10-4 
(c) 0.36 


(b) 1.00036 


(d) 3.2 x 10-4 


a 
If y = 3x? — In5x then “3 is equal to: 
x 


1 1 
(a) 6+ <5 (b) 6 — 
1 1 
()6- = Mota 


The area enclosed by the curve y = 3cos 20, 
the ordinates 6 = 0 and 0 = 7 and the @ axis 
is: 


(a) —3 (b) 6 (c) 1.5 


4 
‘i (1 + =) dx is equal to: 
ex 


(d) 3 


8 2 
(a) bia Fe 
er e 

4 8 
(yes ae ee re 


The turning point on the curve y = x? — 4x 
is at: 


(a) (2, 0) 
(c) (—2, 12) 


(b) (0, 4) 

(d) 2, —4) 
Evaluating /[, : 2e*' dt, correct to 4 significant 
figures, gives: 
(a) 2300 

(c) 766.7 


(b) 255.6 
(d) 282.3 
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43. 


44. 


45. 


46. 


47. 


An alternating current, i amperes, is given by 
100sin27 ft amperes, where f is the 
frequency in hertz and f is the time in seconds. 
The rate of change of current when tf = 12 ms 
and f = 50 Hz is: 


i= 


(a) 31348 A/s 
(c) 627.0 A/s 


(b) —58.78 A/s 
(d) —25 416 A/s 


A metal template is bounded by the curve 
y = x’, the x-axis and ordinates x = 0 and 
x = 2. The x-co-ordinate of the centroid of the 
area is: 


(a) 1.0 (b) 2.0 (c) 1.5 (d) 2.5 
If f(t) = e* In2t, f'(t) is equal to: 
24 
(a) “ (b) &2! € 421n 2) 
out oat r 
(c) ay (d) or + 2e* In 2t 


The area under a force/distance graph gives the 
work done. The shaded area shown between p 


and q in Figure M4.2 is: 
(b) cfl 1 
2\? Pp 


(d) cln# 
P 


(a) cn p — Inq) 


() 5(ing—Inp) 


Distance s 


Figure M4.2 


Evaluating i cos 2tdt, correct to 3 decimal 
places, gives: 


(a) 0.455 
(c) 0.017 


(b) 0.070 
(d) 1.819 


48. 


49. 


50. 


al, 


52. 


53. 


54. 


55: 


56. 


57. 


58. 
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ree (3 — x?) dx has a value of: 


1 2 
(a) os (b) —8 (c) a5 (d) —16 


The value of {”/* 16 cos* 6 sin 0 d0 is: 
(a) —0.1  (b) 3.1 (c) 0.1 (d) —3.1 
fo” 2 sin? tdt is equal to: 


(a) 1.33 (b) —0.25 (c) —1.33. (d) 0.25 


The matrix product Ge; a bo 2 is 
equal to: 
@ (5) © (3 70) 


—-4 8 1 -2 
© (=) 29) (3 2) 
The Boolean expression A + A.B is equiva- 


lent to: 


(a) A (b)B (d)A+A 


5 —3)\... 
5 ae 
@(~> 21) @(% 55) 


©(% 3) @(2 5) 


For the following simultaneous equations: 


(c) A+B 


The inverse of the matrix ( 


3x —4y+ 10=0 
Sy—2x =9 


the value of x is: 
(a) —2 (b)1 (c)2 (d)-l 


The Boolean expression P-Q+P-Q is equiv- 
alent to: 


@P 6) % @P @Q 

2 -4d) i. 
a-j 1 |* 
(a) 21+ j) ()2 ©-j2 @2+72 


The Boolean expression: F.G.H + F.G.H is 
equivalent to: 


(avy F.G (b)F.G (c)FH (d) FG 


The value of 


2 -1 4 
The value of the determinant |0 = 1 5 

6 0 -!l 
is: (a)4 (b)52 (c) —56 (d) 8 
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Answers to multiple choice questions 


Multiple choice questions on 
chapters 1-16 (page 127) 


1. (b) 2. (b) 3. (c) 4. (b) 

6. (a) 7. (a) 8. (c) 9. (c) 

11. (a) 12. (a) 13. (a) 14.(d) 
16. (a) 17. (a) 18. (d) 19. (c) 
21. (c) 22. (a) 23. (c) 24. (b) 
26. (c) 27. (a) 28. (d) 29. (b) 
31. (a) 32. (c) 33. (d) 34. (c) 
36. (b) 37. (c) 38. (a) 39. (b) 
41. (c) 42. (d) 43. (b) 44. (c) 
46. (b) 47. (c) 48. (b) 49. (c) 
51. (a) 52. (d) 53. (d) 54. (d) 
56. (b) 57. (d) 58. (d) 59. (b) 


Multiple choice questions on 
chapters 17-26 (page 225) 


1. (d) 2. (a) 3. (b) 4. (a) 

6. (a) 7. (c) 8. (c) 9. (c) 

11. (b) 12. (d) 13. (c) 14. (c) 
16. (d) 17. (d) 18. (b) 19. (d) 
21. (b) 22. (c) 23. (a) 24. (c) 
26. (b) 27. (a) 28. (b) 29. (d) 
31. (b) 32. (d) 33. (d) 34. (a) 
36. (a) 37. (d) 38. (c) 39. (b) 
41. (d) 42. (a) 43. (d) 44. (b) 
46. (c) 47. (b) 48. (c) 49. (c) 
51. (c) 52. (d) 53. (b) 54. (a) 
56. (d) 57. (b) 58. (a) 59. (a) 


5. (a) 


10. 
15. 
20. 
25. 
30. 
35. 
40. 
45. 
50. 
55. 
60. 


(c) 
(a) 
(d) 
(a) 
(d) 
(a) 
(d) 
(d) 
(a) 
(d) 
(c) 


Multiple choice questions on 
chapters 27-43 (page 369) 


1. (d) 2. (b) 3. (a) 4. (d) 
6. (d) 7. (c) 8. (d) 9. (b) 
11.) 12a) 13d) 14) 
16.(a)  17.(c) 18.(c) 19. (b) 
21.(b)  22.(c) 23. (a) ~— 24. (c) 
26. (b)  27.(c) ~—- 28. (b)~—- 29. (d) 
31.(b)  32.(a) 33. (a) 34. (d) 
36.(c)  37.(c) 38.(a) 39. (d) 
41.(b) 42.(c) 43.(a) 44. (c) 
46.(b)  47.(d) 48. (a) ~— 49. (d) 
S51.(a)  52.(c) 53.(b) 54. (c) 
56. (b) 


Multiple choice questions on 
chapters 44-61 (page 522) 


1. (b) 2. (d) 3. (a) 4, (a) 
6. (a) 7. (a) 8. (c) 9. (b) 
11.(b) 12() 13.) 14) 
16.(b)  17.(b) 18. (dé) 19. (a) 
21.(d)  22.(c) 23. (a) ~—24. (b) 
26. (a) 27.(c) ~—- 28. (b)—- 29. (c) 
31.(c)  32.(b) 33.(a) 34.(d) 
36.(a)  37.(c) 38.(d) 39. (c) 
41.(d)  42.(b) 43.(d) 44. (c) 
46.(d)  47.(a) 48. (c) — 49. (b) 
Sl.(c) 52.(c) 53.(b) 54. (a) 
56.(a)  57.(d) 58. (c) 


5. (c) 


10. 
15. 
20. 
25. 
30. 
35. 
40. 
45. 
50. 
55. 


(b) 
(a) 
(a) 
(d) 
(b) 
(d) 
(b) 
(d) 
(a) 
(a) 
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Periodic functions 273 
plotting 287 
time 186, 190 

Permutations 113, 331 
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Phasor 189 
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Plotting periodic functions 287 

Point estimate 359 

Points of inflexion 396 
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simultaneous equations 70 
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by completing the square 82 
factorization 80 
formula 84 


graphically 259, 260, 266 
practical problems 85 
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Ratio and proportion 3 
Real part of complex number 291 
Reciprocal 9 
Reciprocal matrix 509 
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Sphere 145 
Square 131 
root 9 


Standard derivatives 384 
deviation 322, 323 
error of the means 357 
form 13 
integrals 408 
Stationary points 396 
Statistics 307 
Straight line graphs 231, 266 
practical problems 237 
Student’s ¢ distribution 364, 365 
Successive differentiation 390 
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Surface area of common 
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Talley diagram 312, 313, 315 
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Theorem of Pappus 471 
Pythagoras 171 
Terminating decimal 5 
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Transposition of formulae 74 
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Trigonometric approximation for 
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